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BIOMETRIKA 


ON THE REMAINING TABLES FOR DETERMINING THE 
VOLUMES OF A BI-VARIATE NORMAL SURFACE. 

Editorial. 

We start with the fundamental tetrachoric table 


a 

b 

a + b 

c 

d 

c + d 

a + c 

b+d 

N 


and assume the frequency distribution to be normal; we suppose 

1 


(b + d)/N = ^ e " ***** - i (1" «») 

(c + d)/N - f " «'- Wdy - * (1 - a k ) 


•(i). 


and we take as our standard case h and k both positive. We can always arrange 
our table so that this shall be so. But having done this the correlation will some¬ 
times be positive and sometimes negative. 

The equation for r is known to be 
d 


N 


= T 0 (A)T 0 (A) + T 1 (A)Ti(i)r+ T 2 (h)r t (k)r*+ ... + r n (h) r n (k)r n + ... (ii), 


where r n is the tetrachoric function of the nth order, and r 0 (h) = £ (1 — a h ), 
to (*) (!-«*)• 

Tables of for the triple entry h , h , r, r being positive, have been published 

in Biometrika* , and for r=-*80 to —TOO in the same Journal f. Both these 
tables were computed by Dr Alice Lee. The present tables complete the whole 
series by providing the values of d/N from r==*00 to — *75. They have been 
computed by Margaret Moul, Ethel M. Elderton, E. C. Fieller, J. Pretorius and 
A. E. R. Church, all members of the Galton Laboratory. Up to r ** — *60 the values 
of d/N were obtained by aid of Dr Lee’s table of the first twenty tetrachoric func¬ 
tions J. After r = — *60 it was found that twenty tetrachoric functions to only seven 
figures were not adequate and the integral value of d/N was obtained by quadrature, 
Weddle's formula being used, in the maimer indicated in Biometrika , Vol. vm. 


# Vol. xix. (1927), pp. 864—404. 
t Biometrika , Vol. xvn. pp. 848—854. 

Biometrika xxu 


t Vol. xi. pp. 284—291. 
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p. 386. The difference between the table there provided for r = *80 to 1*00 being 
that the present table is worked to more decimal places for the high values of h and 
k , those of the 1917 table having for certain cases been found inadequate. 

The complete tables thus furnished will serve three fundamental purposes: 
(i) to find r from any fourfold table, (ii) to find r from any cell of a table when the 
table is known or assumed to be normal in character, and (iii) to find when r has 
been ascertained for a table, for example by the product-moment method, what 
should be the theoretical contents of a given cell. 

The general method of interpolating into tables of triple entry like the present 
has been discussed at adequate length in the paper of 1927 *. Examples of the 
use of these methods were provided, but it appeared that to work out effectively 
by these methods the contents of all the cells of a normal table we required 
the d/N tables for r negative. These are now supplied in association with the 
tables published in this Journal, Vol. xi. pp. 284—291. 

It must be remembered that in our standard table we suppose d to be the 
contents of the quadrant for which the limits of integration are x = h to oo, y — k 
to oo , h and k being positive. It may be needful at times to find a, b or c from d, 
or on the contrary d from a, h or c. Since h and k arc supposed known the 
connecting equations clearly are : 

£(!+«»)-JO-«*)+ y 

jfH 1 -a h )-~ ■ . .(iii)- 

c wi \ d 

^-*<1 -“*)-# 

Now let n 8t be the contents of the cell in the $th row and £th column of a 
correlation table. 



Biometrika , Vol. xix. pp. 855—358. 
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Let n u equal the total frequency or volume of the normal surface in the quadrant 
standing on YAX i; nj that in the quadrant Y'BX i; n v that in the quadrant 
YCXi ; and n v * that in Y'DXi'. Then n v — V f where V is the volume 

standing on X\BDXi'. But V= n v ' — n u \ 

Accordingly n at **n v — n u - n v ' -f nj .(iv). 

Now it is clear that the h lt A 2 giving the lines FFi and F'F/, and the A?i, k% 
giving the lines XX\ and X'Xi , will be known; also r, the correlation coefficient, 
will be known. Thus either n vt n U9 n v \ nj form the ci's of four tetrachoric tables 
and are known, or, if they be the a, b or c’s, the corresponding d can be obtained 
from the tables and their values found from Equations (iii) above. 

Thus we deduce the “normal value” of n at . We propose first to illustrate this 
process. 

Illustration /. In a table for the correlation of Father and Son for stature we 
find, for the heights of Fathers 68"-875—69"*875, twelve Sons of the heights 
66"*875—67"*875. This is a perfectly arbitrary cell taken out of a table of 
20 x 17 cells*. The correlation coefficient of this table worked by the product- 
moment method is *5189. The problem we put before ourselves is this: Supposing 
the table corresponds to a normal surface, are twelve individuals a reasonable 
frequency for this cell ? As much of the table as concerns our present purpose can 
be written as follows: 


Sons* Stature 

Fathers’ Stature 

Totals 

Below G8"-875 

68"’876—69"*875 

Above 69" - 875 

Below 66" "875 

206 

9 

10 

225 

66"-876—67"'875 

105 

m 

12 

129 

Above 67"'87G 

326 

104 

216 

646 

Totals 

637 

125 

238 

1000 


Clearly /i tt = 19, nj «= 10, n v — 43, 7i/ = 22, 

and n 9t = 12 = n v — n u — n v ' + nj = 43 — 19 — 22 4-10. 

We can now examine the requisite four tables which have to be solved to obtain 
n 8t for the normal surface. They are: 


0) 

(ii) 

(iii) 

(iv) 

206 

(«.) 

19 

225 

215 

M 

10 

225 

311 

(».) 

43 

354 

332 

{<) 

22 

354 

431 

344 

775 

547 

228 

775 

326 

320 

646 

430 

216 

646 

637 

363 

1000 

762 

238 

- 

1000 

637 

363 

1000 

762 

238 

1000 


* See Biometriha , Vol. xiv. p. 151, Table XV. 


1—2 
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If we re-arrange these tables in standard form, we have: 


(i) 

di) 


(«i) 

(M 


(«a) 

(fi 2 ) 


(“a) 

431 

344 

775 

547 

228 

775 

326 

(C.) 

(<*, = «„) 


(«a) 

(d 2 =«„') 


( c ») 

206 

19 

225 

215 

10 

225 

311 

637 

3C3 

1000 

762 

238 

1000 

637 



and we see at once that ad — be is negative for all of them, or the d/N is to be 
found from the present issue of tables ; i.e. r = — *5189. In the next place in every 
case the n u , n u \ n Vi n v f of the quadrant to be found is the d of the standard form. 
Hence we have, by Equation (iv), 

_ XT (^8 d\ C?4 d£\ 


* \N N N + . 


where the d/N’ s are to be found from our present table. To use these, however, we 
require to ascertain the A and k corresponding to the above four tables. This is 
most easily done by the use of the first and last columns in Table XXIX of the 
Tables for Statisticians, Part I, which give h (or k) for £ (1 — a). In the present 
case we have: 

£(l-a Al ) = -363, £(1-0:*,) =-225, or: A* = -35045, A* = -75541, 

£(1-«»,) =-238, £(l-a*,) = -225, or: A a = 71275, A a = -75541, 

£(1-«*,) =-363, £ (1 — a*,) = ’354, or: A, =-35045, A s = -37454, 

£( 1-0 = ‘ 238 , £(1 — a*,) = "354, or: A 4 = 71275, A« = -37454. 

For most cases A and k to five decimal figures are fully adequate*. 

If the four tables be now worked out by the interpolation formula for (i) use 
of four entries, and (ii) for twelve entries (i.e. formulae (a) and (£) of Biometrika, 
Vol. xix. p. 356), we find: 


(/ 3 ) 

27113 

12752 

56437 

28-348 

(«) 

27-313 

12-847 

56-674 

28-467 

Observed values: 

19 

10 

43 

22 

In both cases linear interpolation alone has been used to deduce r = — 


from the tables for r = - -50 and r = — -55, after the readings have been obtained 
for these from the corresponding A’s and k’s either by (a) or (ft). It will be seen at 
once that (a) and (/9) are in very close agreement, and that, at any rate in this 
portion of the tables, the hyperbolic formula (a) is fully adequate for most practical 
statistical purposes. 

* A table of h to 4 (1 — a h ) with far more figures will shortly be published. 
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But the deviations from the observed values of d in the four cases are very 
considerable. Notwithstanding, if we proceed to determine n at we have: 

from ( j3 ): n Bt * d* — di — d 4 + d 2 

= 56*437 - 27113 - 28*348 + 12*752 = 13*728, 

from (a): n st - 56*674 - 27*313 - 28*467 + 12*847 = 13*741, 

or ($) only improves on (a) by *013, a quantity of no practical importance. 

Now the standard error of 13*74 in 1000 = * 3 68 nearly, 

corresponding to a probable error of 2*48. 

Clearly 13*74 ± 2*48 easily covers the probability of 12 arising in a random 
sample. Or, the observed cell content of 12 is quite consistent with the table for 
the correlation of fathers and sons statures being of a normal type. 

Illustration II. We will take another example from the same correlation table, 
which indicates a greater variety in the methods of treatment; namely, the cell 
for fathers of stature 67"*875—68"*875 and for sons 67"*875—68"*875. It contains 
27 cases, and the full table condensed for our purposes is as follows: 


Sons’ Stature 

Fathers’ Stature 

Totals 

Below 67"-875 

67"'875—68 ,,- 875 

Above 68"*875 

Below 67"’875 

277 

34 

43 

354 

07"-875—68"-875 

89 

0 

65 

181 

Above 68"’875 

132 

78 

255 

465 

Totals 

498 

139 

363 



We have at once : 

n u = 77, n u ' — 43, n v = 169, n v ' = 108. 
Thus our four tables take the forms: 


(i) 

(ii) 

ini) 

(iv) 

277 

(«») 

77 

354 

311 

«) 

43 

354 

366 


535 

427 

«) 

108 

535 

221 

425 

646 

326 

320 

646 

132 

333 

465 

210 

255 

465 

498 

502 

1000 

637 

363 

1000 

498 


1000 

637 

363 

1000 
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Or, arranged in standard form : 


0 ) 

(ii) 

a x = 426 

<!>!** 221 

646 

a 2 ~326 

6,-320 

646 

(»«) 
c,= 77 

(4 = 277 

354 

02 = 311 

M 

43 

354 

602 

498 

1000 

637 

363 

1000 


(iii) 

(iv) 

(»..) 

a 3 = 16» 

63=366 

535 

a 4 = 427 

«) 

6 4 = 108 

535 

03 = 333 

(4 = 132 

465 

c 4 = 210 

(4 = 265 

465 

502 

498 

1000 

637 

363 

1000 


We see at once that: 

n u * Ci, and r is positive in Table (i) = + *5189, 

nj = d 2 , and r is negative in Table (ii) = - *5189, 
n v = a 8 , and r is negative in Table (iii) = — *5189, 
n v ' = & 4 , and r is positive in Table (iv) = -f *5189. 

We have thus: n “ = N (|" ~ I + 1)' 

There are thus two tables to be worked from the tables in Biometrika , 
Vol. XIX. pp. 373—404, i.e. (i) and (iv), and two tables from the present tables, 
i.e. (ii) and (iii). 

Accordingly, in only one case is the n u or n v equal to d, namely nj = d a . For 
the other cases we require to use the formulae given in Equations (iii). 

Further, we shall need to use special interpolation formulae for three of the 
cases, as we are at the edges^of our tables for d/N. We may arrange our work as 
shown on the following page, where a, 7, 7 bis , and 8 refer to the formulae in 
Biometrika, Yol. xix. pp. 356—358. 

It is, we think, clear that a difference of the order 0223 is not of much statistical 
importance in a cell containing 28, and thus the formula a might have been used 
throughout. We give the work up to third differences, which much increases the 
labour, in order to show the reasonable effectiveness of the shorter hyperbolic 
formula. 
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The following table shows the order of differences from the observed values: 




rf 3 

d t 


(i) From /3 and y formulae 

(ii) From o formula 

256*681 

256*651 

56*437 

56*674 

145*088 

145*171 

250*355 

250*288 

(iii) Observed values 

277 

43 

132 

255 

(iv) Difference (i) — (ii) 

(v) Difference (i)—(iii) ... 

+ *030 

- 20*319 

- *237 

+ 13*437 

- *083 

+ 13*088 

-"i- 

+ *067 

- 4*645 

(vi) S.D. of (i) . 

(vii) Ratio of (v) to (vi) 

13*813 

- 1*47 

7*297 

+ 1*84 

11*137 

+ 1*18 

13*700 

| - *34 


The ratio (vii) is in no case beyond the bounds of random sampling, and since 
n u contains nj } n v * contains n u ' and n v contains n U) nj and n v * wo should expect a 
high correlation between all these deviations. If we consider the actual number 27 
in the chosen cell it is clearly an easy random sample from a population containing 
either 28-4 or 28*8 in this cell. 

We will now take illustrations of the reverse process of finding r from the 
observed d/N. 

Illustration III. The following table indicates the relation between Athletic 
Capacity and Intelligence in 1708 Schoolboys: 



“Intelligent” 
and above 

“Slow Intelligent” 
and below 

Totals 

Athletic 

581*25 


1148 

Non-athletic 

209*25 


560 

Totals 

790*5 

917*5 

1708 


Re-arranged in standard form : 


a =566*76 

350*75 

6 = 681*25 

rf=209*25 

1148 

660 

917*5 

790*5 

1708 


and the correlation in this form is negative^ i.e. in the original table it is positive 
or the more intelligent boys are the more athletic. 
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We have: 

d/N= -122,5117; £(1 -a h ) = -462,822, £ (1 - a k ) = -327,869. 

Hence by linear interpolation from Table XXIX of Tables for Statisticians, 
h = 09333, k = '44580. 

Our present tables show that, for d/N lying between 115 and 125, and h 
between '0 and 1 and k between 4 and \5, we must deal with the values of r, 
— *20 and — "25. We have first then to find the value of d/N for the above values 
of h and k when r = — '20 and — ’25. 

We need here a “ single finial ” formula for x (h) because we are for this variate 
on the border of our table. The appropriate formula is ybis m , or: 

<2#, X — 0 , 0 + 4>X Z 0,l + Q'ifZ 1 , 0 + 0X Z 1,1 

{(4 + <t>) (fp *1,0 + x 8 ® *1, l) - (1 + </>) (^5® * M + X 8 * z % i)| 

- I f X K 1 + -ty-) {</>** Zo,o + 0V*z liO ) + (1 + x) (t***o,i + 0S'** M )). 

In our case: 

6 = *9333, <f> = 0667 ; * = ’4580, ^ = ’5420; 

<f>yjr = - 03615, <f>x = 03055, Of = -50585, 0 X = ‘42745; 

£ 6<f> = -01038, i f x = -04137. 

For r = — ’ 20 : 

*oo = 142,7384, ,s , 0 = -129,2840, * 01 = 126,0358, * n = 114,0334; 

3* *io = 4265, 3® *» = 5421, S** u = 3979, 8**21 = 4999, 

8 '® *oo = 9853, S'® *io = 9221, S'® * ot = 10914, S'®*u = 10163. 

For r = — '25: 

*oo = 135,2305, * u = 121,8861, * 01 = 118,8755, * u = 106,9947; 

8 * *io = 5012, 8**20 = 6113, 8 »*u= 4684, 8 ®*,i = 5644, 

8 '®*oo = 10508, 8 '® *io= 9851, 8 '®* 0 i= 11470, S'** u = 10691. 

From these two sets of values we can write down the values of *#,*, i.e. those of 
d/N, for the above formula. There results the following numbers: 


x =dlN= When r = - -20 When r - - -26 

ff *o, o *^X i "h Of *i, o Ox, z i, i =’1231,5228 =’1159,1120 

-\0<i> K 4 + ^)(f 8 ®^.o + X 8 *^.i)} - • 1745 “ 2052 

+ J 0<f> j(l + <p) (f 8 ® * a ,o + x 8 * *a,i)j + 579 + 653 

-ilxlO+tH^o + ^^o)! - 5909 - 6312 

- itx {(1 + x) ( 4> 8 '%i + 0***1. i)! 6160 6480 

1230,1993 1157,6929 


See liiometrika, Vol. xtx, p. 368, and Diagram, p. 867. 
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Hence by linear interpolation : 


r 




- *2035. 


If we use only the first term, the hyperbolic formula, we have: 

fi406 

r = ~ * 20 ~ YMi x 05 = “ * 2044 * 

This is not so close to the full interpolation formula value, but would be a 
sufficiently close value of r for most practical purposes. 

Illustration IV . The following table illustrates the influence of Wage of Father 
on the nature of the Mother’s Employment: 


Employment of Mother . 


Wage of Father 

Homework 

Outwork 

Totals 

Under 22/- 

144 

106 

250 

22 /- and over 

168 

39 

207 

Totals 

312 

145 

457 


Clearly d is the category 39, and the correlation in the table thus arranged is 
negative. We have: 

14^ 907 

* (1 - «*) = 457 = ’317,287 ; * (1 -a k ) = ^ = -452,954. 

Accordingly 

d/N = -085,3392, and h = -47530, k = -11821. 

0 = -753O, <£ = -2470; x = -1821, ^- = -8179; 

^ = •20202, <f>x = ’04498, 0^-=-61588, 0 X =-13712; 
b0<f> = -03100, by/r X = -02482. 

The above value of d/N, for a value of h between "40 and *50, and of k between 
*10 and "20, lies between the- values for r =■ — "40 and r = — -45: 

r *o,o = ’099,2408, * ll0 = ’085,5431, * 0,1 =’087,0997, . -074,8716 ; 

r= — -40 | 8 a z 0 ,o = 11853, 8 a * 1>0 = 12327, 8 * * 0>1 = 11026, 3* = 11382, 

U' a *,.o = 7394, 8'*z 1>0 = 6895, 3'%,= 8263, 8 %,,= 7616. 

f*o,o=’091,4776, ^,0 =’078,2330, z 0A = -079,6341, * M =-067,8782; 
r=- "45 | 8 ** 0,0 = 12573, 8 * *i, 0 = 12899, 8 * z 0<1 ** 11675, 8 a = 11878, 

1 8 ' a ^o,o= 8255, 8 ' a * M = 7680, 8 ' a * 0il « 9021, 8 ,a ^’ 1 « 8289. 




Editorial 


11 


Accordingly we have the following values for 

*», x =dlN= 

WzO'O + 4 > X Z °. 1 + + 0X. z i,i “ 

— W {(1 + <f> ) (y/rS 2 z 0 ,o + X^ 2 *o,i)] 

— & @4* 1(1 + ^ ) (V r ^ 2 ^1,0 + X ^ 2 ^1,1)} 

— i X'k {(i + V r ) ( 4 > &' 2z o, o + 0&' 2 zi, o)} 

-ix* {(i+x)(^'Wi+^'% il )j - 

Hence by linear interpolation 


When r= - *40 

-•0869,1705 

4524 

6605 

3167 

2281 

•0867,5128 


When r= - ‘46 

= 0795,5185 
4797 
6909 
3529 
2485 
•0793,7465 


14121 

r = --4°-i|i|ix-05--4096, 

or the correlation of Mother’s increasing Outwork with Father’s decreasing Wage is 

•4096. 

Had we used only the hyperbolic formula, or the first line of the above 
expression for z» t x, we should have found 

r = — • 40 - ^ x ’05 = — ‘40 - ’0107 


•4107, as above. 


Thus, in all the examples tried in this introduction, it would appear as if the 
hyperbolic formula were adequate for either finding a cell content, or determining 
the value of the coefficient of correlation. 



TABLES OF THE VOLUMES OF THE NORMAL SURFACE. 


£ 

d/N for r ** *00 

k 


sa¬ 

il 

h ~ 0 *l 

h -02 

h — 0-3 

h 0*4 




h ~ 0*8 


0*0 

•2600000 

•2300861 

•2103702 

•1910443 

•1722891 

•1542688 

•1371260 

•1209818 

•1069277 

0-0 

01 

•2300801 

•2117684 

•1936130 

•1768266+ 

•1585663 

•1419804 

•1262037 

•1113449 

•0974900 

01 

02 

•2103702 

•1930130 

•1770224 

•1607601 

•1449780 

•1298142 

•1153893 

•1018039 

•0891361 

02 

0-3 

•1910443 

•1768266+ 

•1607601 

•1469917 

•1316594 

•1178887 

•1047890 

•0924615+ 

•0809476+ 

0*3 

04 

•1722891 

•1585663 

•1449780 

•1310594 

•1187342 

•1063163 

•0946017 

•0833764 

•0730008 

04 

05 

•1642688 

•1419804 

•1298142 

•1178887 

•1063163 

•0951954 

•0846174 

•0746649 

•0663663 

0*5 

06 

•1371266 

•1202037 

*1153893 

•1047890 

•0945017 

•0846174 

•0752148 

•0663593 

•0581020 

0*6 

0-7 

•1209818 

•1113449 

■1018039 

•0924515+ 

•0833754 

•0746649 

•0663593 

•0585464 

•0512013 

0*7 

0-8 

•1069277 

•0974900 

•0891301 

•0809475+ 

•0730008 

■0653663 

•0581020 

•0512013 

•0448827 

0*8 

09 

•0920301 

•0846993 

•0774415+ 

•0703273 

•0634231 

•0667895" 

•0504791 

•0445359 

•0389941 

0*9 

10 

•0793270 

•0730087 

•0667527 

•0606204 

■0546692 

•0489511 

•0435117 

•0383888 

>0336120 

1*0 

11 

•0678330 

•0624297 

•0570802 

•0518305- 

•0467470 

•0418581 

•0372068 

•0328203 

•0287410 

1*1 

12 

•0676348 

•0629519 

•0484144 

•0439068 

•0396505+ 

•0356033 

•0315582 

•0278427 

•0243781 

1*2 

1-3 

•0484002 

•0445449 

•0407279 

•0369864 

•0333553 

•0298006 

•0265478 

•0234222 

•0205077 

1*3 

1-4 

•0403783 

•0371620 

•0339776 

•0308562 

•0278270 

•0249165- 

•0221478 

•0195402 

•0171087 

1*4 

15 

•0334036 

•0307428 

•0281085- 

•0255263 

•0230203 

•0206125+ 

•0183221 

•0161649 

•0141535- 

1*5 

16 

•0273990 

■0252171 

•0230563 

•0209382 

•0188826 

•0109076 

•0150289 

•0132594 

•0116095+ 

1*6 

1*7 

•0222827 

•0205078 

•0187505- 

•0170280 

•0163563 

•0137601 

•0122222 

•0107832 

•0094414 

1*7 

1-8 

•0179662 

•0165341 

•0151173 

•0137280 

•0123808 

•0110859 

•0098540 

•0086938 

•0076120 

1*8 

19 

•0143583 

•0132146 

•0120822 

•0109723 

•0098951 

•0088001 

•0078750 

•0069484 

•0060838 

1*9 

2-0 

•0113761 

•0104690 

•0095719 

•0086926 

•0078392 

•0070193 

•0062393 

•0055047 

•0048197 

2*0 

2-1 

•0089322 

•0082207 

•0075163 

•0068258 

•0061557 

•0055118 

•0048994 

•0043225+ 

•0037847 

2*1 

2 2 

•0009517 

0063980 

•0058497 

•0053123 

•0047908 

•0042897 

•0038131 

•0033641 

•0029455+ 

2*2 

23 

•0053621 

•0049349 

•0045121 

•0040976 

•0036953 

•0033088 

•0029411 

•0025948 

•0022720 

2*3 

2-4 

•0040988 

•0037723 

•0034490 

•0031322 

•0028247 

•0025292 

•0022482 

•0019835+ 

•0017367 

2*4 

25 

•0031048 

•0028575+ 

•0020127 

•0023720 

•0021397 

•0019159 

•0017030 

•0015025+ 

•0013156 

2*5 

2 6 j 

•0023306 

•0021449 

•0019611 

•0017810 

•0016061 

•0014382 

•0012783 

•0011278 

•0009876- 

2*6 


u 

d/N for r «■ *00 

k 


>* 

I! 

9 

1*0 

h - l*l 

h = 2-2 

h = 1*3 

h = 1*4 

h - 1*5 

h - 1*6 

h «= 1*7 


0*0 

•0920301 

•0793270 

•0678330 

•0575348 

•0484002 

•0403783 

•0334036 

•0273996 

•0222827 

0*0 

0*1 

•0846993 

■0730087 

•0624297 

•0529519 

•0445449 

•0371620 

•0307428 

•0252171 

•0205078 

0*1 

0*2 

•0774416+ 

•0667527 

•0570802 

•0484144 

•0407279 

•0339776 

•0281085- 

•0230663 

•0187505- 

0*2 

0*3 

•0703273 

•0600204 

•0518365- 

•0439668 

•0369864 

•0308562 

•0255263 

•0209382 

•0170280 

0*3 

0*4 

•0634231 

•0546692 

■0407476 

•0396505+ 

•0333553 

•0278270 

•0230203 

•0188826 

•0153563 

0*4 

0*5 

•0567895- 

•0489511 

•0418581 

•0355033 

•0298666 

•0249105- 

•0206125+ 

•0169070 

•0137501 

0*5 

0*6 

•0504791 

•0435117 

•0372068 

•0315582 

•0265478 

•0221478 

•0183221 

•0150289 

•0122222 

0*6 

0*7 

•0445359 

•0383888 

•0328263 

•0278427 

■0234222 

•0195402 

•0161649 

•0132594 

*0107832 

0*7 

0*8 

•0389941 

•0330120 

•0287416 

•0243781 

•0205077 

•0171087 

•0141535- 

•0116095+ 

•0094414 

0*8 

0*9 

•0338781 

•0292021 

•0249707 

•0211797 

•0178171 

•0148641 

•0122965+ 

•0100864 

•0082027 

0*9 

1*0 

•0292021 

•0251715- 

•0215241 

•0182564 

•0153579 

•0128125- 

•0105993 

•0086942 

•0070705+ 

1*0 

1*1 

•0249707 

•0216241 

•0184053 

•0156110 

•0131325+ 

•0109559 

•0090635- 

•0074344 

•0060460 

1*1 

1*2 

•0211797 

•0182564 

•0160110 

•0132410 

•0111388 

•0092926 

•0076875- 

•0063067 

•0051281 

1*2 

1*3 

•0178171 

•0153579 

•0131325+ 

•0111388 

•0093703 

•0078173 

•0064070 

•0053046 

•0043140 

1*3 

1*4 

•0148641 

•0128125- 

•0109559 

•0092926 

•0078173 

•0066210 

•0053951 

•0044254 

•0036990 

1*4 

1*5 

•0122966+ 

•0105993 

•0090035- 

•0070875- 

•0064670 

•0063951 

•0044632 i 

•0036610 

•0029773 

1*5 

1*6 

•0100864 

•0086942 

•0074344 

•0063057 

•0053046 

•0044254 

•0030610 

•0030030 

•0024422 

1*6 

1*7 

•0082027 

•0070706+ 

•0060460 

•0051281 

•0043140 

•0035990 

•0029773 

•0024422 

•0019861 

1*7 

1*8 

•0066133 

•0067006+ 

•0048745+ 

•0041345- 

•0034781 

•0029010 

•0024004 

•0019690 

•0016013 

1*8 

1*9 

•0062866 

•0045560 

•0038959 

•0033044 

•0027798 

•0023191 

*0019185- 

•0016730 

•0012798 

1*9 

2*0 

•0041874 

*0036094 

•0030864 

*0026179 

•0022022 

•0018372 

•0015199 

•0012467 

•0010139 

2*0 

2*1 

•0032881 

•0028343 

•0024236 

•0020567 

•0017293 

•0014427 

•0011936- 

•0009790 

•0007961 

2*1 

2*2 

•0026691 

•0022069 

•0018862 

•0015999 

•0013469 

•0011228 

•0009288 

•0007019 

•0006196 

2*2 

2*3 

•0019739 

•0017014 

•0014649 

•0012340 

•0010381 

•0008600 

•0007164 

•0006877 

•0004779 

2*3 

2*4 

•0016088 

•0013006 

•0011121 

*0009433 

•0007936+ 

•0006620 

•0Q05477 

•0004492 

•0003653 

2*4 

2*5 

•0011430 

•0009862 

•0008424 

•0007146+ 

•0006011 

•0005015- 

•0004149 

•0003403 

*0002767 

2*5 

2*6 

•0008579 

*0007395+ 

•0006324 

•0006364 

•0004612 

•0003764 

•0003114 

•0002664 

•0002077 

2*6 
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■ 




d/N for r - • 

00 




k 

K 

h => 1-8 

h - 1-9 

h - 2-0 

h = 2 -l 

h = 2-2 

h - 2-3 

h — 2-4 

4-2*5 

4-2-6 


0-0 

•0179662 

•0143583 

•0113751 

•0089322 

•0069517 

•0053621 

•0040988 

•0031048 

•0023306 

0-0 

0-1 

•0166341 

•0132146 

•0104690 

•0082207 

•0063980 

•0049349 

•0037723 

•0028676+ 

•0021449 

0-1 

0-2 

•0161173 

•0120822 

•0095719 

•0075163 

•0058497 

•0045121 

•0034490 

•0026127 

*0019611 

0-2 

0-3 

•0137286 

•0109723 

•0086026 

•0068258 

•0063123 

•0040976 

•0031322 

•0028726 

•0017810 

0-3 

0-4 

•0123808 

•0098951 

•0078392 

•0061557 

•0047908 

•0036953 

•0028247 

•0021397 

•0016061 

0-4 

0-6 

•0110869 

•0088601 

•0070193 

•0055118 

•0042897 

•0033088 

•0025292 

•0019159 

•0014382 

0-5 

0-6 

•0098640 

•0078766 

•0062393 

•0048994 

•0038131 

•0029411 

•0022482 

•0017030 

•0012783 

0-6 

0-7 

•0086938 

•0069484 

•0055047 

•0043226+ 

•0033641 

•0025948 

•0019835+ 

•0016026+ 

•0011278 

0-7 

0-8 

•0076120 

•0060838 

•0048197 

•0037847 

•0029466+ 

•0022720 

•0017367 

•0013156 

•0009875- 

0-8 

0-9 

•0066133 

•0052856 

•0041874 

•0032881 

•0025591 

•0019739 

•0015088 

•0011430 

•0008579 

0-9 

1-0 

•0067006+ 

•0046860 

•0036094 

•0028343 

•0022069 

•0017014 

•0013006 

•0009852 

•0007395+ 

1-0 

1-1 

•0048745* 

■0038959 

•0030864 

•0024236 

•0018802 

•0014549 

•0011121 

•0008424 

•0006324 

1-1 

1-2 

•0041345- 

•0033044 

•0026179 

•0020557 

•0015999 

•0012340 

•0009433 

•0007145+ 

•0005364 

1-2 

1-3 

•0034781 

•0027798 

•0022022 

•0017293 

0013459 

•0010381 

•0007935+ 

•0006011 

•0004512 

1-3 

14 

•0029016 

•0023191 

•0018372 

•0014427 

•0011228 

•0008660 

•0006620 

•0005015“ 

•0003764 

1-4 

1-5 \ 

•0024004 

•0019185- 

•0015199 

•0011936- 

•0009288 

•0007164 

•0005477 

•0004149 

•0003114 

1-5 

1-6 

•0019690 

•0015736 

•0012467 

•0009790 

•0007619 

•0005877 

•0004492 

•0003403 

•0002554 

1-6 

1-7 

•0016013 

•0012798 

•0010139 

•0007961 

•0006196 

•0004779 

•0003653 

•0002767 

•0002077 

1-7 

1-8 

•0012910 

•0010318 

•0008174 

•0006419 

•0004996 

•0003853 

•0002945+ 

•0002231 

•0001675- 

1-8 

1-9 

•0010318 

•0008246 

•0006533 

•0005130 

•0003993 

•0003080 

•0002354 

•0001783 

•0001339 

1-9 

2-0 

•0008174 

•0006533 

•0005176 

•0004064 

•0003163 

•0002440 

•0001865- 

•0001413 

*0001060 

2-0 

2-1 

•0006419 

•0005130 

•0004064 

•0003191 

•0002484 

•0001916 

•0001464 

•0001109 

•0000833 

2-1 

2-2 

•0004996 

•0003993 | 

•0003163 

•0002484 

•0001933 

•0001491 

•0001140 

•0000863 

•0000648 

2-2 

2-3 

•0003853 

•0003080 

•0002440 

•0001916 

•0001491 

•0001160+ 

•0000879 

•0000666 

•0000500- 

2-3 

2-4 

•0002946+ 

•0002354 1 

•0001865“ 

•0001464 

•0001140 

•0000879 

•0000672 

•0000509 

•0000382 

2-4 

2-5 

•0002231 

•0001783 

•0001413 

•0001109 

•0000863 

•0000666 

•0000509 

•0000386 

•0000289 

2-5 

2-6 

•0001675“ 

•0001339 

•0001060 

•0000833 

•0000648 

•0000500“ 

•0000382 

•0000289 

•0000217 

2-6 


h 




d/N for r _ - 

•05 




£ 


h ~ 0-0 

h = 0-1 

h — 0-2 

h *C 0-3 

1! 

h ~ 0-5 

so 

li 

h — 0-7 

h = 0 -$ 


0-0 

•2420389 

•2221648 

•2025669 

•1834338 

•1649406 

•1472439 

•1304779 

•1147519 

•1001483 

0-0 

0-1 

•2221648 

•2038786 

•1868626+ 

•1682597 

•1512608 

•1349993 

•1195981 

•1051570 

•0917509 

0-1 

0-2 

•2025669 

•1868626+ 

•1693814 

•1533116 

•1377895+ 

•1229457 

•1088920 

•0957188 

•0834939 

0-2 

0-3 

•1834338 

•1682597 

•1533116 

•1387327 

•1246556 

•1111983 

•0984617 

•0866272 

•0754557 

0-3 

0-4 

•1649406 

•1512608 

•1377895+ 

•1246556 

•1119782 

•0998633 

•0884013 

•0776660+ 

•0677086 

0-4 

0-5 

•1472439 

•1349993 

•1229457 

•1111983 

•0998633 

•0890353 

•0787944 

•0692055- 

•0603163 

0-5 

0-6 

•1304779 

•1195981 

•1088920 

•0984617 

•0884013 

•0787944 

•0697119 

•0612108 

•0533329 

0-6 

0-7 

•1147619 

•1051570 

•0957188 

■0865272 

•0776650+ 

•0692055- 

•0612108 

•0537306 

•0468015“ 

0-7 

0-8 

•1001483 

•0917509 

•0834939 

•0754557 

•0677086 

•0603163 

•0533329 

•0468015“ 

•0407536 

0-8 

0-9 

•0867220 

•0794297 

•0722620 

•0652871 

•0585674 

•0521580 

•0461055- 

•0404469 

•0362093 

0-9 

1-0 

•0745010 

•0682182 

•0620453 

•0560408 

•0502682 

•0447449 

•0395407 

•0346772 

•0301773 

1-0 

1-1 

•0634879 

•0581182 

•0528445+ 

•0477168 

■0427806 

•0380762 

•0336373 

•0294907 

•0256557 

1-1 

1-2 

•0536621 

•0491100 

•0446412 

•0402978 

•0361184 

•0321368 

•0283815+ 

•0248749 

•0216332 

1-2 

1-3 

•0449829 

•0411657 

•0374000 

•0337512 

•0302417 

•0268996 

•0237489 

*0208080 

•0180903 

1-3 

1-4 

•0373929 

•0342018 

•0310717 

•0280320 

•0251095+ 

•0223277 

•0197062 

•0172603 

•0150011 

1-4 

1-5 

•0308214 

•0281832 

•0255964 

•0230854 

•0206723 

■0183763 

•0162135“ 

•0141964 

•0123341 

1-5 

1-6 

•0251885+ 

•0230258 

•0209062 

•0188496 

•0168740 

•0149951 

•0132259 

•0115767 

•0100547 

1-6 

1-7 

•0204082 

•0186605+ 

•0169286 

•0152586 

•0136551 

•0121307 

•0106960 

•0093591 

•0081259 

1-7 

1-8 

•0163918 

•0149757 

•0135890 

•0122446 

•0109544 

•0097283 

•0085749 

•0075006 

•0065100 

1-8 

1-9 

•0130509 

•0119198 

•0108128 

•0097401 

•0087109 

•0077334 

•0068143 

•0059585+ 

•0051699 

1-9 

2-0 

•0102994 

•0094041 

•0085281 

•0076796 

•0068660 

•0060935“ 

•0053674 

•0046918 

•0040693 

2-0 

2-1 

•0080561 

•0073535+ 

•0066665+ 

•0060013 

*0053638 

•0047587 j 

■0041903 

*0036616 

•0031747 

2-1 

2-2 

•0062452 

•0056989 

•0051648 

•0046480 

•0041528 , 

•0036832 

•0032421 

•0028320 

0024546 

2-2 

2-3 

•0047980 

•0043769 

•0039655+ 

•0035676 

•0031865“ 

*0028251 

•0024860 

•0021708 

•0018808 

2-3 

2-4 

•0036529 

•0033313 

*0030173 

•0027136 

•0024229 

•0021474 

•0018890 

•0016489 

•0014281 

2-4 

2-5 

•0027560 

•0025125+ 

•0022749 

•0020453 

•0018256 

•0016175“ 

•0014223 

•0012411 

•0010745+ 

2-5 

2-6 

•0020603 

•0018775“ 

•0016996 

•0015276 

•0013630 

•0012072 

•0010612 

•0009257 

•0008011 

2-6 














14 


Volumes of the Normal Surface 


Jc 




d/N for r =» — 

•05 




£ 


h**0-9 

h^l-0 

h = VI 

h = 7*2 

II 

Co 

h *= V4 

h~l-5 

h~l-6 

h «= 1*7 


OS 

•0867220 

•0745010 

•0634879 

•0536621 

•0449829 

•0373929 

•0308214 

•0261886+ 

•0204082 

OS 

0-1 

•0794297 

•0682182 

•0581182 

•0491100 

•0411557 

•0342018 

•0281832 

•0230258 

•0186606+ 

01 

02 

•0722620 

•0620463 

•0528445+ 

•0446412 

•0374000 

•0310717 

•0255964 

•0209062 

•0169286 

02 

0-3 

•0662871 

•0560408 

•0477168 

•0402978 

•0337512 

•0280320 

•0230854 

•0188496 

•0162686 

OS 

0-4 

•0686674 

•0602582 

•0427806 

•0361184 

•0302417 

•0251095+ 

•0206723 

•0168740 

•0136661 

04 

05 

•0621680 

•0447449 

•0380762 

•0321368 

•0268996 

•0223277 

•0183763 

•0149951 

•0121307 

05 

0-6 

•0461056- 

•0396407 

■0336373 

•0283815+ 

•0237489 

•0197062 

•0162135- 

•0132259 

•0106960 

OS 

0-7 

•0404469 

•0346772 

•0294907 

•0248749 

•0208080 

•0172603 

•0141964 

•0115767 

•0093591 

0-7 

OS 

•0352093 

•0301773 

•0256557 

•0216332 

•0180903 

•0150011 

•0123341. 

•0100547 

•0081259 

OS 

OS 

•0304097 

•0260554 

•0221442 

•0186661 

•0156040 

•0129350- 

•0106318 

•0086640 

•0069995+ 

09 

10 

•0260564 

•0223172 

•0189610 

•0159776 

•0133520 

•0110644 

•0090911 

•0074059 

•0059810 

IS 

1-1 

•0221442 

•0189610 

•0161041 

•0135656 

•0113325+ 

•0093877 

•0077107 

•0062792 

•0050693 

1-1 

12 

•0186661 

•0159776 

•0135656 

•0114234 

•0095396 

•0078997 

•0064863 

•0052802 

•0042612 

1-2 

13 

•0156040 

•0133520 

•0113325+ 

■0095396 

•0079637 

•0065924 

•0054109 

•0044032 

•0035522 

13 

1-4 

•0129350- 

•0110644 

•0093877 

•0078997 

•0065924 

•0054552 

■0044759 

•0036410 

•0029362 

14 

15 

•0106318 

•0090911 

•0077107 

•0064863 

•0054109 

■0044759 

•0036711 

•0029852 

•0024065" 

IS 

1-6 

•0086640 

•0074059 

•0062792 

•0052802 

•0044032 

•0036410 

•0029852 

•0024265+ 

•0019554 

IS 

17 

•0069995+ 

•0059810 

•0050693 

•0042612 

•0035522 

•0029362 

■0024065- 

•0019554 

•0015751 

1-7 

IS 

•0056057 

•0047883 

(X)40569 

•0034090 

•0028407 

•0023473 

•0019230 

•0015620 

•0012578 

IS 

19 

•0044601 

•0037999 

•0032183 

■0027033 

•0022518 

•0018600 

•0015232 

•0012368 

•0009955+ 

19 

20 

•0035016 

•0029889 

0025305- 

•0021248 

•0017693 

•0014608 

•0011959 

•0009706 

•0007810 

20 

21 

•0027307 

•0023301 

•0019720 

•0016552 

•0013778 

■0011371 

•0009305+ 

•0007550" 

•0006072 

21 

2-2 

■0021106 

•0018003 

•0015230 

•<X)12779 

■0010633 

■0008773 

•0007176 

■0005820 

■0004679 

22 

2-3 

•0016166 

•0013784 

•0011657 

•0009777 

•0008132 

•0006707 

•0005484 

•0004446 

•0003573 

2 S 

24 

•0012271 

•0010469 

•0008842 

•0007413 

•0006163 

•0005081 

•0004153 

0003366 

•0002704 

2-4 

25 

•0009229 

•0007864 

•0006645+ 

•0005569 

•0004629 

•0003814 

•0003117 

•0002525“ 

•0002027 

25 

2S 

•0006879 

•0005859 

•0004949 

•0004146 

•0003445- 

•0002837 

•0002317 

•0001876 

•0001506 

26 






d/N lor r = — 

•05 




b 


h w IS 

o* 

II 

h = 2 S 

h ~ 2-1 

h ~ 2-2 

h - 2 3 

h = 2-4 

h ^ 2 S 

h = 2 S 

K 

00 

•0163918 

•0130509 

•0102994 

•0080561 

•0062452 

•0047980 

•0036529 

•0027560 

•0020603 

00 

01 

•0149757 

•0119198 

•0094041 

•0073636' 

•0056989 

•0043769 

•0033313 

•0025125+ 

•0018775- 

0-1 

02 

•0135890 

•0108128 

•0085281 

•0066665+ 

■0051648 

•0039655+ 

•0030173 

•0022749 

•0016996 

0-2 

03 

•0122446 

•0097401 

•0076796 

•0060013 

•0046480 

■0035676 

•0027136 

•0020453 

•0015276 

0-3 

04 

•0109544 

•0087109 

•0068660 

■0063638 

•0041628 

•0031865- 

■0024229 

•0018256 

•0013630 

0-4 

0-5 

•0097283 

•0077334 

•0060935- 

•0047587 

•0036832 

■0028251 

•0021474 

•0016176- 

•0012072 

0-5 

OS 

•0085749 

•0068143 

■0053674 

•0041903 

•0032421 

•0024860 

•0018890 

•0014223 

•0010612 

0-6 

07 

•0075006 

•0069686+ 

•0046918 

•0036616 

•0028320 

•0021708 

•0016489 

•0012411 

•0009267 

0-7 

OS 

•0065100 

•0051699 

•0040693 

•0031747 

•0024546 

•0018808 

•0014281 

■0010745+ 

•0008011 

0-8 

OS 

•0056057 

•0044501 

•0035016 

•0027307 

•0021106 

•0016166 

•0012271 

•0009229 

0006879 

0-9 

10 

•0047883 

•0037999 

•0029889 

•0023301 

•0018003 

•0013784 

•0010459 

•0007864 

•0005859 

1-0 

1-1 

•0040569 

•0032183 

•0025305- 

•0019720 

•0015230 

■0011657 

•0008842 

•0006645+ 

•0004949 

1-1 

1-2 

•0034090 

•0027033 

•0021248 

•0016562 

•0012779 

•0009777 

•0007413 

•0005569 

•0004146 

1-2 

IS 

•0028407 

•0022518 

•0017693 

•0013778 

•0010633 

•0008132 

•0006163 

•0004629 

•0003445- 

| IS 

14 

•0023473 

•0018600 

•0014608 

•0011371 

•0008773 

•0006707 

•0005081 

•0003814 

•0002837 

1-4 

IS 

•0019230 

•0015232 

•0011959 

•0009305+ 

•0007176 

•0005484 

•0004153 

•0003117 

•0002317 

1-5 

IS 

•0016620 

•0012368 

•0009706 

•0007550- 

•0005820 

■0004446 

•0003366 

•0002525- 

•0001876 

1-6 

1-7 

•0012578 

•0009955+ 

•0007810 

•0006072 

•0004679 

•0003573 

•0002704 

•0002027 

•0001506 

1-7 

IS 

•0010039 

•0007943 

*0006229 

•0004841 

•0003729 

•0002846 

•0002153 

•0001614 

•0001198 

IS 

IS 

•0007943 

•0006282 

•0004924 

•0003826 

•0002946 

•0002247 

•0001699 

•0001273 

•0000945+ 

1-9 

2 S 

•0006229 

•0004924 

•0003858 

•0002996 

•0002306 

•0001759 

•0001329 

•0000996 

•0000739 

2-0 

2-1 

•0004841 

•0003826 

•0002996 

•0002326 

•0001790 

•0001364 

•0001031 

•0000772 

•0000572 

2-1 

2-2 

•0003729 

*0002946 

•0002306 

•0001790 

•0001376 

•0001049 

•0000792 

•0000593 

•0000439 

2-2 

2 S 

•0002846 

•0002247 

•0001759 

•0001364 

•0001049 

•0000799 

•0000603 

•0000451 

•0000334 

2-3 

2-4 

•0002153 

•0001699 

•0001329 

•0001031 

•0000792 

•0000603 

•0000455+ 

•0000340 

•0000252 

2-4 

25 

•0001614 

•0001273 

•0000996 

•0000772 

•0000593 

•0000451 

•0000340 

•0000254 

•0000188 

2-5 

2 S 

•0001198 

•0000945+ 

•0000739 

•0000572 

•0000439 

•0000334 

•0000252 

•0000188 

*0000139 

2-6 
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15 






d/N for r - - 

•10 




* 

K 

II 

h ~ 0 -l 

h = 0-2 

h = 0-3 

>* 

II 

<2> 

h » 0-5 

Si¬ 

ll 

6 > 

h =* 0-7 

h -» 0-8 

0-0 

•2340579 

•2142237 

•1947447 

•1758059 

•1676766 

•1402058 

•1238186 

•1085141 

•0943638 

0-0 

0-1 

•2142237 

•1959834 

•1780814 

•1606873 

•1439559 

•1280229 

•1130022 

•0989832 

•0860300 

0-1 

0-2 

•1947447 

•1780814 

•1617382 

•1458694 

•1306156 

•1160997 

•1024242 

•0896694 

•0778926 

0-2 

0-3 

•1768059 

•1006873 

•1458694 

•1314918 

•1176800 

•1045474 

•0921830 

•0806592 

•0700264 

0-3 

0-4 

■1675766 

•1439559 

•1306156 

•1176809 

•1052651 

•0934667 

•0823672 

•0720298 

•0624986 

0-4 

0-5 

•1402068 

•1280229 

•1160997 

•1045474 

•0934667 

•0829447 

•0730533 

•0638480 

•0553668 

0-5 

0-6 

•1238186 

•1130022 

•1024242 

•0921830 

•0823672 

•0730633 

•0643044 

•0501083 

•0486780 

0-6 

0-7 

•1085141 

•0989832 

•0896694 

•0806592 

•0720298 

■0638480 

•0561683 

♦0490321 

•0424673 

0-7 

0-8 

•0943638 

•0860300 

•0778926 

•0700264 

•0624986 

•0553668 

•0486780 

•0424673 

•0367586 

0-8 

0-9 

•0814116+ 

•0741815+ 

•0671275- 

•0603139 

•0537987 

•0476312 

•0418612 

•0364888 

•0315637 

0-9 

1-0 

•0696744 

•0634520 

•0573857 

•0515310 

•0469372 

•0406461 

•0366910 

•0310987 

•0208838 

1-0 

1-1 

•0691461 

•0538329 

•0486583 

•0436682 

•0389044 

•0344021 

•0301896 

•0262878 

•0227100 

1-1 

1-2 

•0497937 

•0452957 

•0409178 

•0366996 

•0326759 

•0288763 

•0253243 

•0220369 

•0190251 

1-2 

1-3 

•0415716 

•0377945+ 

•0341215+ 

•0305853 

•0272151 

•0240352 

•0210650“ 

•0183184 

•0158042 

1-3 

1-4 

•0344147 

•0312697 

•0282138 

•0252744 

•0224752 

•0198364 

•0173736 

•0150983 

•0130171 

1-4 

1-5 

•0282474 

•0256509 

•0231301 

•0207074 

•0184023 

•0162311 

•0142065' 

•0123376 

•0106297 

1-5 

1-6 

•0229861 

•0208607 

•0187992 

•0168195- 

•0149376 

•0131665+ 

•0115165- 

•0099946 

•0086051 

1-6 

1-7 

•0186426 

•0168179 

•0151465- 

•0135429 

•0120197 

•0105876 

■0092545- 

•0080260 

•0069053 

1-7 

1-8 

•0148273 

•0134400 

•0120967 

•0108090 

•0095871 

•0084391 

*0073715- 

•0063885+ 

•0054926 

1-8 

1-9 

•0117620 

•0106459 

•0095758 

•0085509 

•0075792 

•0066672 

•0058197 

•0050401 

•0043302 

1-9 

2-0 

•0092319 

•0083578 

•0075129 

•0067044 

•0059386 

•0052204 

•0045537 

•0039409 

•0033834 

2-0 

2-1 

•0071875' 

•0065029 

•0058417 

■0052097 

•0046115- 

■0040510- 

•0035311 

•0030538 

•0026198 

2-1 

2-2 

•0055456 

•0050142 

•0045014 

•0040117 

•0035487 

•0031152 

•0027135+ 

•0023450- 

•0020103 

2-2 

2-3 

•0042401 

•0038313 

■0034373 

•0030613 

•0027061 

•0023739 

•0020663 

•0017844 

•0015286 

2-3 

2-4 

•0032124 

•0029009 

•0026009 

•0023148 

•0020448 

•0017925+ 

•0015591 

•0013455- 

•0011517 

2-4 

2-5 

•0024117 

•0021764 

■0019500- 

•0017343 

•0015310 

•0013411 

•0011657 

•0010052 

•0008598 

2-5 

2-6 

•0017939 

•0016178 

•0014486 

•0012875“ 

•0011357 

•0009942 

•0008635+ 

•0007441 j 

•0006360 

2-6 


b 




d/N for r = — 

•10 




k 

K 

03 

11 

h ~ l -0 

h ^ l -1 

h ^ 1-2 

h ~ 1-3 

II 

h = 1-5 

h «= 1-6 

h - 1-7 


0-0 

•0814116+ 

•0696744 

•0591461 

•0497937 

■0415716 

•0344147 

•0282474 

•0229861 

•0185426 

0-0 

0-1 

•0741815+ 

•0634520 

•0538329 

•0452957 

•0377945+ 

•0312697 

■0256509 

•0208607 

•0168179 

0-1 

0-2 

•0671275- 

•0573867 

•0486583 

•0409178 

•0341215+ 

•0282138 

•0231301 

•0187002 

•0151465- 

0-2 

0-3 

•0603139 

•0515310 

•0436682 

•0366996 

•0305863 

•0252744 

*0207074 

•0168195“ 

•0135429 

0-3 

0-4 

•0537987 

•0459372 

•0389044 

•0326759 

•0272151 

•0224752 

•0184023 

•0149376 

•0120197 

0-4 

0-5 

•0476312 

•0406461 

•0344021 

•0288763 

•0240352 

•0198364 

•0162311 

•0131005+ 

•0105876 

0-5 

0-6 

•0418612 

•0356916 

•0301896 

•0253243 

•0210650- 

•0173736 

•0142065+ 

•0115105- 

•0092545- 

0-6 

0-7 

•0364888 

•0310987 

•0262878 

•0220369 

•0183184 

•0150983 

•0123376 

•0099946 

•0080260 

0-7 

0-8 

•0315637 

•0208838 

•0227100 

•0190251 

•0158042 

•0130171 

•0106297 

•0086051 

■0069053 

0-8 

0-9 

•0270866- 

•0230544 

•0194622 

•0162932 

•0135256 

•0111327 

•0090846 

•0073490 

•0058932 

0-9 

1-0 

•0230544 

•0196102 

•0106436+ 

•0138403 

•0114814 

•0094435+ 

•0077007 

•0062251 

•0049883 

1-0 

1-1 

•0194622 

•0165435+ 

•0139468 

•0116598 

•0096658 

•0079445+ 

•0064737 

•0052294 

•0041874 

1-1 

1-2 

•0162932 

•0138403 

•0116598 

•0097410 

•0080693 

•0066276 

•0053967 

•0043562 

•0034856 

1-2 

1-3 

•0135256 

•0114814 

•0096658 

•0080093 

•0066797 

•0054823 

•0044608 

•0035981 

•0028768 

1-3 

1-4 

•0111327 

•0094435+ 

•0079445+ 

•0066276 

•0054823 

•0044962 

•0036557 

•0029465+ 

•0023541 

1-4 

1-5 

•0090846 

•0077007 

•0064737 

•0053967 

•0044608 

•0030567 

•0029701 

•0023921 

•0019097 

1-5 

1-6 

•0073490 

•0062251 

•0052294 

•0043562 

•0035981 

•0029465+ 

•0023921 ! 

•0019251 

•0015357 

1-6 

1-7 

•0058932 

*0049883 

•0041874 

•0034856 

*0028768 

•0023541 

•0019097 

•0015357 

•0012241 

1-7 

1-8 

•0046842 

•0039620 

•0033234 

■0027644 

•0022799 

•0018642 

•0015111 

•0012142 

•0009671 

1-8 

1-9 

•0036902 

•0031190 

•0026143 

•0021729 

•0017907 

•0014631 

•0011850+ 

•0009516- 

•0007572 

1-9 

2-0 

•0028812 

•0024334 

•0020382 

•0016927 

•0013939 

•0011380 

•0009210 

•0007389 

•0005876 

2-0 

2-1 

•0022294 

•0018815- 

•0016747 

•0013068 

•0010753 

•0008772 

•0007094 

•0005687 

•0004519 

2-1 

2-2 

•0017094 

•0014416 

•0012056 

•0009998 

•0008220 

•0006700 

•0005414 

•0004337 I 

•0003443 

2-2 

2-3 

•0012988 

•0010945+ 

•0009147 

•0007579 

•0006227 

■0005071 

•0004095- 

•0003277 

•0002600 

2-3 

2-4 

•0009779 

•0008234 

•0006876 

•0005693 

•0004673 

•0003803 

•0003069 

•0002454 

•0001945+ 

2-4 

2-5 

•0007295+ 

•0006138 

•0006121 

•0004237 

•0003475+ 

•0002826 

•0002278 

•0001820 

•0001442 

2-5 

2-6 

*0005392 

•0004533 

•0003779 

•0003124 : 

•0002561 

i 

•0002081 | 

•0001676 

•0001338 

•0001059 , 

2-6 
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Volumes of the Normal Surface 


h 




d/N f or r - - 

•10 




z. 


h — 1-8 

A = 1-9 

h « 2-0 

h ~ 2 -l 

2-2 

h — 2-3 

h ~ 2-4 

h ** 2-5 

h -26 


0-0 

•0148273 

•0117620 

•0092319 

•0071875+ 

•0055456 

•0042401 

•0032124 

•0024117 

•0017939 

00 

0-1 

•0134400 

•0106459 

•0083578 

•0065029 

•0050142 

•0038313 

•0029009 

•0021764 

•0010178 

01 

0-2 

•0120967 

•0095768 

•0075129 

•0058417 

•0045014 

•0034373 

•0026009 

•0019500“ 

•0014486 

02 

0-3 

•0108090 

•0085509 

■0067044 

■0052097 

•0040117 

•0030613 

•0023148 

•0017343 

•0012875“ 

0-3 

04 

•0096871 

•0075792 

•0069380 

•0046115“ 

•0035487 

•0027061 

•0020448 

•0016310 

•0011367 

04 

0-5 

•0084391 

•0066672 

•0052204 

•0040510 

•0031152 

•0023739 

•0017925+ 

•0013411 

•0009942 

0-5 

06 

•0073716“ 

•0068197 

•0045537 

•0035311 

•0027135+ 

■0020663 

•0016591 

•0011657 

•0008635+ 

0-6 

07 

•0063886+ 

•0050401 

•0039409 

•0030538 

•0023450“ 

•0017844 

■0013455“ 

•0010052 

•0007441 

07 

0-8 

•0064926 

•0043302 

•0033834 

•0026198 

•0020103 

•0015286 

•0011517 

•0008598 

•0006360 

0-8 

0-9 

•0046842 

•0036902 

•0028812 

•0022294 

•0017094 

•0012988 

•0009779 

•0007296+ 

•0005392 

09 

1-0 

•0039620 

•0031190 

•0024334 

•0018816- 

•0014416 

•0010945+ 

•0008234 

-00061& 

•0004533 

1-0 

11 

•0033234 

•0026143 

•0020382 

0015747 

•0012066 

•0009147 

•0006876 

•0005121 

•0003779 

1-1 

12 

•0027644 

•0021729 

•0016927 

•0013068 

•0009998 

•0007579 

•0005693 

•0004237 

•0003124 

1-2 

13 

•0022799 

•0017907 

•0013939 

•0010753 

•0008220 

■0006227 

•0004673 

•0003475+ 

•0002561 

13 

14 

•0018642 

•0014631 

•0011380 

•0008772 

•0006700 

•0006071 

•0003803 

•0002826 

•0002081 

14 

1-6 

•0015111 

•0011850+ 

•0009210 

•0007094 

•0005414 

•0004095“ 

•0003069 

•0002278 

•0001676 

1-6 

10 

•0012142 

•0009515“ 

•0007389 

•0005687 

•0004337 

•0003277 

•0002454 

•0001820 

•0001338 

1-6 

1-7 

•0009671 

•0007572 

•0005876 

•0004519 

•0003443 

•0002600 

•0001945+ 

•0001442 

•0001059 

17 

1-8 

•0007634 

•0005973 

•0004631 

•0003558 

•0002709 

■0002044 

•0001528 

•0001132 

•0000831 

1-8 

19 

•0005973 

•0004669 

•0003618 

•0002777 

•0002113 

■0001593 

•0001190 

•0000880 

•0000646 

1-9 

2 0 

•0004631 

•0003618 

•0002800 

•0002148 

•0001633 

■0001230 

•0000918 

•0000679 

•0000497 

2-0 

21 

•0003658 

•0002777 

•0002148 

•0001647 

•0001251 

■0000941 

•0000702 

•0000519 

•0000379 

2-1 

2 2 

•0002709 

•0002113 

•0001633 

•0001251 

•0000949 

•0000714 

•0000532 

•0000393 

•0000287 

2-2 

2*3 

•0002044 

•0001593 

•0001230 

•0000941 

■0000714 

•0000536 

■0000399 

•0000294 

•0000215+ 

2-3 

2 4 

•0001528 

•0001190 

•0000918 

•0000702 

•0000532 

■0000399 

•0000297 

•0000219 

•0000160 

2-4 

2-6 

•0001132 

•0000880 

•0000679 

•0000519 

•0000393 

•0000294 

•0000219 

•0000161 

•0000118 

2-5 

2 6 

•0000831 

•0000646 

•0000497 

•0000379 

•0000287 

•0000215+ 

•0000160 

•0000118 

•0000086 

2-6 


L 




d/N for r -~- — 

■15 




2. 

K 

h ~ 0-0 

II 

A *= 0-2 

11 

ksS 

A = 0-4 

<£> 

II 

A = 0-6 

A = 0-7 

A = 0-8 

tC 

0-0 

•2260363 

•2062428 

•1868846 

•1681429 

•1601813 

•1331410 

•1171378 

•1022603 

•0885689 

0-0 

0-1 

•2062428 

■1880530 

•1702809 

•1530921 

•1366354 

•1210385“ 

•1064057 

•0928162 

•0803228 

0-1 

0-2 

•1868846 

•1702809 

•1540752 

•1384176 

•1234424 

•1092644 

•0959769 

■0836495+ 

•0723285+ 

0-2 

0-3 

•1681429 

•1530921 

•1384176 

•1242545+ 

•1107231 

•0979258 

•0859451 

•0748422 

•0646567 

0-3 

0-4 

•1501813 

•1366354 

•1234424 

•1107231 

•0985844 

•0871169 

•0763930 

•0664667 

•0573689 

0-4 

0-5 

•1331410 

•1210385“ 

•1092644 

•0979258 

•0871169 

•0769171 

•0673895“ 

•0585797 

■0505160 

0-5 

0-6 

•1171378 

•1064057 

•0959769 

•0859451 

•0763930 

•0673895“ 

•0589890 

•0512304 

•0441371 

0-6 

0-7 

•1022603 

•0928162 

•0836495+ 

•0748422 

•0664657 

•0585797 

•0512304 

•0444507 

•0382597 

0-7 

0-8 

•0885689 

•0803228 

•0723285+ 

•0646567 

•0573689 

•0505160 

•0441371 

•0382597 

•0328990 

0-8 

0-9 

•0760961 

•0689532 

•0620368 

•0554073 

•0491173 

•0432098 

•0377177 

•0326634 

•0280592 

0-9 

1-0 

•0648481 

•0587107 

•0527752 

•0470928 

•0417081 

•0366570 

•0319669 

•0276660 

•0237339 

1-0 

1-1 

■0548072 

•0495769 

•0445248 

•0396943 

•0351225+ 

•0308393 

•0268672 

•0232209 

•0199075+ 

1-1 

1-2 

•0459342 

•0415138 

•0372495+ 

•0331774 

•0293282 

•0257265+ 

•0223907 

•0193323 

•0165567 

1-2 

1-3 

•0381724 

•0344680 

•0308989 

•0274950+ 

•0242816 

•0212786 

•0185009 

•0159575“ 

•0136522 

1-3 

1-4 

•0314513 

•0283732 

•0254115“ 

•0225904 

•0199306 

•0174483 

•0151551 

•0130581 

•0111599 

1-4 

1-5 

•0256900 

•0231544 

•0207178 

•0183999 

•0162174 

•0141832 

•0123065“ 

•0105925“ 

•0090431 

1-5 

1-6 

•0208013 

•0187307 

•0167436 

•0148557 

•0130805+ 

•0114281 

•0099056 

•0085169 

•0072633 

1-6 

1-7 

•0166950+ 

•0150190 

•0134126 

•0118885+ 

•0104573 

•0091268 

•0079025+ 

•0067874 

•0057821 

1-7 

1-8 

•0132807 

•0119360 

•0106489 

•0094294 

•0082857 

•0072240 

•0062483 

•0053608 

•0045618 

1-8 

1-9 

•0104705- 

•0094012 

•0083791 

•0074121 

•0065063 

•0056666 

•0048960 

•0041961 

•0035667 

1-9 

2-0 

•0081807 

•0073381 

•0065338 

•0057738 

•0050630 

•0044049 

•0038018 

•0032546 

•0027634 

2-0 

2-1 

•0063340 

•0056760 

•0050488 

•0044569 

•0039041 

•0033930 

•0029252 

•0025015“ 

•0021215“ 

2-1 

2-2 

•0048595+ 

•0043504 

•0038657 

•0034090 

•0029830 

•0025897 

•0022302 

•0019050“ 

•0016138 

2-2 

2-3 

•0036942 

•0033039 

•0029328 

•0025836 

•0022583 

•0019584 

•0016847 

•0014374 

•0012163 

2-3 

2-4 

•0027826 

•0024860 

•0022045“ 

•0019399 

•0016939 

•0014673 

•0012608 

•0010746 

•0009082 

2-4 

2-5 

•0020765+ 

•0018533 

•0016417 

•0014432 

•0012588 

•0010892 

•0009349 

•0007959 

•0006719 

2-5 

2-6 

•0015352 

•0013690 

•0012113 

•0010637 

•0009267 

•0008010 

•0006867 

•0005839 

•0004924 

2-6 
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7, 




d/N for r — — 

•15 





K 

> 

Jl 

h — 1-0 

II 

1-2 

k — 1-3 

II 

h - 1-5 

1-6 

h~ 1-7 


0-0 

•0760961 

•0648481 

•0548072 

•0459342 

•0381724 

•0314513 

•0256900 

•0208013 

•0106950+ 

0-0 

0-1 

•0689632 

•0587107 

•0495769 

•0415138 

•0344680 

•0283732 

•0231544 

•0187307 

•0150190 

0-1 

0-2 

■0620308 

•0527752 

•0445248 

•0372495' 

•0308989 

•0254115“ 

•0207178 

•0167436 

•0134120 

0-2 

03 

•0554073 

•04704)28 

•0396943 

•0331774 

•0274950+ 

•0225904 

•0183999 

•0148557 

•0118885+ 

0-3 

0-4 

•0491173 

•0417081 

•0351225+ 

•0293282 

•0242816 

•0199306 

•0102174 

•0130805+ 

•0104573 

0-4 

0-5 

•0432098 

•0366570 

•0308393 

•0257265+ 

•0212786 

•0174483 

•0141832 

•0114281 

•0091268 

0-5 

0-6 

•0377177 

•0319669 

■0268672 

•0223907 

•0185009 

•0151551 

•0123065“ 

•0099056 

•0070025+ 

0-6 

0-7 

•0326634 

•0276560 

•0232209 

•0193323 

•0159575“ 

•0130581 

•0105925- 

•0085169 

•0007874 

0-7 

0-8 

•0280592 

■0237339 

•0199075' 

•0165507 

•0130522 

•0111599 

•0090431 

•0072033 

•0057821 

0-8 

0-9 

•0239075- 

•0202016 

•0169272 

•0140633 

•0115839 

•0094591 

•0076506 

•0061430 

•0048848 

0-9 

1-0 

•0202016 

•0170525+ 

•0142736 

•0118461 

•0097472 

•0079506 

•0064285+ 

♦0051520 

•0040022 

1-0 

1-1 

•0109272 

•0142736 

•0119349 

•0098945+ 

•0081325‘ 

•0060263 

•0053517 

•0042842 

•0033991 

1-1 

1-2 

•0140633 

•0118461 

•0098945' 

•0081940 

•0007274 

•0054754 

•0044172 

•0035321 

(X127992 

1-2 

1-3 

•0115839 

•0097472 

•0081325“ 

•0007274 

•0055172 

•0044853 

•0036144 

•0028868 

•0022851 

1-3 

1-4 

•0094591 

•0079506 

•0066263 

•0054754 

•0044853 

•0036422 

•0029317 

•0023388 

•0018492 

1-4 

1-6 

•0076566 

•0064285-* 

•0053517 

•0044172 

•0036144 

•0029317 

•0023570 

•0018781 

•0014832 

1-5 

b6 

•0061430 

•0051520 

•(K142842 

•0035321 

•(K)28868 

•0023388 

■0018781 

•0014948 

■0011791 

1-6 

1-7 

•0048848 

•0040922 

•0033991 

•0027992 

•0022851 

•0018492 

•0014832 

•0011791 

•0009289 

1-7 

1-8 

•0038496 

•0032213 

•0026727 

•0021984 

•0017920 

•0014489 

•0011608 

•0009217 

•0(X)7252 

1-8 

1-9 

j •0030065“! 

•0025129 

•0020825+ 

•0017110 

•(X) 13935+ 

•0011250+ 

•0009002 

•0007139 

•0005611 

1-9 

2-0 

•0023267 

•0019425+ 

•0016080 

♦0013195+ 

•0010734 

•0008056 

•(XXX5918 

•0005479 

•0004301 

2-0 

2-1 

•0017842 

•0014879 

•0012302 

•0010083 

•0008193 

•0006599 

•0005207 

•0004167 

•0003207 

2-1 

2-2 

•0013557 

•0011292 

•0009325+ 

*0007035 

•0006190 

•(XX >4984 

•0003973 

•0003140 

(XX)2458 

2-2 

2-3 

•0010206 

•0008491 

•0007004 

•0005727 

■0004642 

•0003730 

■(K)02970 

•0002344 

•0001833 

2-3 

2-4 

•0007612 

•0000326 

•0005211 

*0004250 

•0003446 

*0002765' 

•0002199 

•0001733 

•0001354 

2-4 

2-5 

•0005025“ 

♦0004668 

•0003842 

•0003134 

■0002534 

•0002031 

•0001613 

•0001270 

•0000991 

2-5 

2-6 

■0004117 

•0003413 

•0002805' 

! *0002280 

•0001840 

•0001478 

•0001172 

•0000922 

•0000718 

o.fi 






d/N fur r = — 

•15 




z. 

9C 

h - 1-8 

h = 19 

h - 2-0 

h - 2-1 

h =» 2-2 

h =» 2-3 

h — 2-4 

& 

II 

h =* 2-6 


0-0 

•0132807 

•0104705 

•0081807 

•(X)63340 

•0048595+ 

•0036942 

•0027826 

•0020765+ 

•0015352 

0-0 

0-1 

•0119360 

•0094012 

•0073381 

•0056760 

•0043504 

•0033039 

■0024860 

•0018533 

•0013690 

0-1 

0-2 

•0100489 

•0083791 

•0065338 

•0050488 

•0038057 

•0029328 

•0022045“ 

•0016417 

•0012113 

0-2 

0-3 

•0094294 

•0074121 

•(K157738 

•0044569 

•0034090 

•0025836 

•(X)19399 

•0014432 

•0010637 

0-3 

0-4 

•0082857 

•0065063 

■0050630 

•0039041 

•0029830 

•0022583 

•0010939 

•0012588 

•0009207 

0-4 

0-5 

•0072240 

•0056660 

•0044049 

•0033930 

•0025897 

•(X) 19584 

•0014673 

•0010892 

•0008010 

0-5 

0-6 

•0062483 

•0048960 

•0038018 

•0029252 

•0022302 

•0016847 

•0012608 

•0009349 

•0006867 

0-6 

0-7 

•0053608 

•0041901 

•(X132546 

•0025015 

•0019050" 

•0014374 

•0010746 

•0007959 

*0005839 

0-7 

0-8 

•0045618 

•0035667 

•0027634 

*0021215“ 

•0016138 

•0012103 

•0009082 

•0006719 

•0004924 

0-8 

0-9 

•0038490 

•0030065“ 

•0023267 

•0017842 

•0013557 

•0010206 

•0007612 

•0005025“ 

•0004117 

0-9 

1-0 

•0032213 

•0025129 

•0019425' 

•0014879 

•0011292 

•0008491 

•0006326 

•0004668 

•0003413 

1-0 

1-1 

•0020727 

•0020825+ 

•0016080 

•(X)12302 

•0009325+ 

•0007(X)4 

•0005211 

•0003842 

•0002805+ 

bl 

1-2 

•0021984 

•0017110 | 

•0013195+ 

•0010083 

•0007635“ 

•0005727 

•0004256 

•0003134 

•0002286 

1-2 

1-3 

•0017920 

•0013935+ 

•0010734 

•0008193 

*(XX)6196 

•0004642 

•0003446 

•0002534 

•(XX) 1840 

1-3 

1-4 

•0014489 

•0011250+ 

•0008656 

•(XX16599 

•0004984 

•0003730 

•0002765+ 

•0002031 

•0001478 

1-4 

1-5 

•0011608 

•0009002 

•0006918 

•(XK15267 

•0003973 

•0002970 

•0002199 

•0001613 

•0001172 

1-5 

1-6 

•0009217 

•0007139 

•0005479 

•0004167 

•0003140 

•0002344 

•0001733 

•0001270 

•0000922 

1-6 

1-7 

•0007252 

•0005011 

•0004301 

•0003267 

■0(K)2458 

•0001833 

•0001354 

•0000991 

•0000718 

1-7 

1-8 

•0005055+ 

•0004370 

•0003346 

•0002538 

•(XX) 1908 

•0001420 

•0001048 

•0000766 

•0000554 

1-8 

b9 

•0004370 

•0003372 

•0002579 

•0001954 

•0001407 

•0001091 

•0000804 

•0000580 

•0000424 

1-9 

2-0 

•0003340 

•0002579 

•0001909 

•0001490 

•0001117 

•0000830 

•0000611 

•0000445+ 

•0000321 

2-0 

2-1 

•0002538 

•0001954 

•0001490 

•0001120 

•0000843 

•0000626 

•0000460 

•0000335“ 

•0000241 

2-1 

2-2 

•0001908 

•0001467 

0001117 

•0000843 

•0000631 

•0000407 

•0000343 

•0000249 

•0000179 

2-2 

2-3 

•0001420 

•0001091 

•0000830 

•0000620 

•0000467 

•0000346 

•0000253 

•0000184 

•0000132 

2-3 

2-4 

•0001048 

•0000804 1 

•0000611 

•0000460 

•0000343 

•0000253 

•0000185+ 

•0000134 

•0000097 

2-4 

2-5 

•0000766 

•0000580 

•0000445+ 

•0000335“ 

•(XXK)249 

•0000184 

•0000134 

•0000097 

•0000070 

2-5 

2-6 

•0000554 

■ 

•0000424 

•0000321 

•0000241 

•<KXX)179 

•0000132 

•0000097 

•0000070 

•0000050+ 

2-6 


Biometrika xxn 
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Volumes of the Normal Surface 


b 




d/N f or r - - 

•20 




£ 


h = 0-0 

h ~ 0-l 

fl 

to 

h — 0-3 

— 

II 

h « 0-5 

h 0-6 

h = 0-7 

h — 0-8 


0-0 

•2178529 

•1982010 

•1789662 

•1604263 

•1427384 

•1260358 

•1104246 

•0959826 

•0827586 

0-0 

0-1 

•1982010 

•1800670 

•1624318 

•1454567 

•1292840 

•1140334 

•0997991 

•0866492 

•0746254 

0-1 

02 

•1789662 

•1624318 

• 1463745 “ 

•1309401 

•1162561 

•1024289 

•0895418 

•0776536 

•0667991 

0-2 

0-3 

•1604263 

•1454567 

•1309401 

•1170068 

•1037703 

•0913243 

• 0797415 “ 

•0690724 

•0593454 

0-3 

04 

•1427384 

•1292840 

•1162561 

•1037703 

■ 0919265 “ 

•0808068 

•0704739 

• 0609706 “ 

• 0523195 “ 

0-4 

0-5 

•1260358 

•1140334 

•1024289 

■0913243 

•0808068 

• 0709475 “ 

•0617999 

•0533996 

•0457647 

0-5 

0-0 

•1104246 

•0997991 

•0895418 

• 0797415 “ 

•0704739 

•0617999 

•0537647 

•0463976 

•0397124 

0-6 

07 

•0959826 

•0866492 

•0776536 

• 06 W 724 

• 0609705 “ 

•0533996 

•0463976 

•0399881 

•0341813 

0-7 

0-8 

•0827586 

•0746254 

•0667991 

•0593454 

• 0523195 “ 

•0457647 

•0397124 

•0341813 

•0291784 

0-8 

0-9 

•0707737 

•0637436 

•0569899 

•0505683 

•0445252 

•0388967 

•0337082 

•0289744 

•0246999 

0-9 

1-0 

•0600228 

•0539961 

•0482160 

•0427293 

•0375747 

•0327817 

•0283709 

• 0243534 ' 

•0207319 

1-0 

hi 

•0504773 

•0453540 

• 0404485 + 

•0358000 

•0314402 

•0273932 

•0236752 

•0202946 

•0172523 

1-1 

1-2 

•0420888 

•0377702 

•0336424 

• 0297375 “ 

•0260814 

•0226934 

.0195863 

•0167660 

•0142324 

1-2 

13 

•0347923 

•0311833 

•0277397 

•0244877 

•0214482 

• 0186365 “ 

•0160624 

•0137300 

•0116383 

. 1-3 

1-4 

•0285107 

•0255208 

•0226730 

•0199882 

•0174834 

•0151704 

• 0130565 + 

•0111446 

•0094330 

1-4 

1-6 

•0231580 

•0207028 

•0183683 

•0161714 

•0141254 

•0122394 

•0105189 

• 0089655 + 

•0075774 

1-5 

hG 

•0186430 

•0166452 

• 0147485 + 

•0129669 

• 0113105 “ 

•0097864 

•0083986 

•0071478 

•0060321 

1-6 

h7 

•0148751 

• 0 J 32631 

•0117359 

•0103039 

• 0089750 + 

• 0077545 + 

•0066451 

•0056471 

• 0047585 “ 

1-7 

1-8 

•0117614 

•0104729 

•0092543 

•0081138 

•0070573 

•0060887 

■0052099 

•0044208 

• 0037195 “ 

1-8 

1*9 

•0092152 

• 0081945 “ 

•0072310 

•0063309 

•0054986 

■0047370 

•0040473 

•0034291 

•0028807 

1-9 

2-0 

•0071542 

•0063531 

•0055983 

•0048944 

•0042448 

• 0036515 ' 

•0031151 

•0026353 

•0022104 

2-0 

2-1 

•0055032 

•0048802 

•0042943 

•0037490 

•0032467 

•0027887 

• 0023755 “ 

• 0020065 + 

•0016803 

2-1 

2-2 

•0041940 

•0037141 

• 0032635 + 

• 0028450 - 

•0024601 

•0021099 

• 0017945 + 

•0015134 

• 0012655 “ 

2-2 

2-3 

•0031660 

•0028003 

•0024571 

•0021388 

•0018467 

•0015814 

•0013430 

•0011308 

•0009441 

2-3 

2-4 

• 0023685 + 

•0020916 

•0018326 

•0015928 

■0013732 

■0011742 

•0009956 

•0008370 

•0006977 

2-4 

2-5 

• 0017550 “ 

• 0016476 + 

•0013539 

•0011751 

• 0010115 + 

•0008636 

•0007311 

•0006137 

■0005107 

2-5 

2-6 

•0012881 

•0011342 

•0009908 

•0008587 

•0007380 

•0006291 

•0005318 

•0004456 

•0003703 

2-6 
















d/N f or r = - 

•20 




b 


h = 0-9 

h - 1-0 

tl 

csi 

II 

h — 1-3 

h - 1-4 

*0 

il 

A - 1-6 

h — 1-7 

tC 

0-0 

•0707737 

•0600228 

•0504773 

•0420888 

•0347923 

•0285107 

•0231580 

•0186436 

•0148751 

0-0 

0-1 

•0637436 

•0539961 

•0453540 

•0377702 

•0311833 

•0255208 

•0207028 

•0166452 

•0132631 

0-1 

0-2 

•0569899 

•0482160 

• 0404485 4 

•0336424 

•0277397 

•0226730 

•0183683 

• 0147485 + 

•0117359 

0-2 

0-3 

•0505683 

•0427293 

•0358000 

• 0297375 ” 

•0244877 

•0199882 

•0161714 

•0129669 

•0103039 

0-3 

0-4 

•0445252 

•0375747 

•0314402 

•0260814 

•0214482 

•0174834 

•0141254 

• 0113105 “ 

• 0089750 + 

0-4 

0-5 

•0388967 

•0327817 

•0273932 

•0226934 

• 0186365 - 

•0151704 

•0122394 

•0097864 

• 0077545 + 

0-5 

0-6 

•0337082 

•0283709 

•0236752 

•0195863 

•0160624 

• 0130565 4 

•0105189 

•0083986 

•0066451 

0-6 

0-7 

•0289744 

•0243534 

•0202946 

•0167660 

•0137300 

•0111446 

• 0089655 + 

•0071478 

•0056471 

0-7 

0-8 

•0246999 

•0207319 

•0172523 

•0142324 

•0116383 

•0094330 

•0075774 

•0060321 

• 0047585 “ 

0-8 

0-9 

•0208798 

•0175008 

•0145427 

•0119797 

•0097819 

•0079166 

•0063498 

•0050472 

•0039754 

0-9 

1-0 

•0175008 

•0146477 

•0121642 

• 0099975 + 

•0081512 

•0065870 

•0052753 

•0041867 

*0032926 

1-0 

1-1 

•0145427 

•0121542 

•0100704 

•0082712 

•0067336 

•0054331 

• 0043445 + 

•0034427 

•0027032 

1-1 

1-2 

•0119797 

• 0099975 + 

•0082712 

•0067832 

•0055138 

•0044421 

• 0035466 + 

•0028059 

•0021997 

1-2 

1-3 

•0097819 

•0081512 

•0067336 

•0055138 

•0044751 

•0035996 

•0028694 

•0022666 

•0017741 

1-3 

1-4 

•0079166 

•0065870 

•0054331 

•0044421 

•0035996 

•0028909 

•0023008 

•0018146 

•0014180 

1-4 

1-5 

•0063498 

•0052753 

• 0043445 + 

• 0035465 + 

•0028694 

•0023008 

•0018283 

• 0014395 + 

•0011231 

1-5 

1-6 

•0050472 

•0041867 

•0034427 

•0028059 

•0022666 

•0018146 

• 0014395 + 

•0011316 

■0008814 

1-6 

1-7 

•0039754 

•0032926 

•0027032 

•0021997 

•0017741 

•0014180 

•0011231 

•0008814 

•0006854 

1-7 

1-8 

•0031026 

•0025657 

•0021031 

•0017087 

•0013759 

•0010979 

•0008681 

•0006802 

•0005281 

1-8 

1-9 

•0023992 

•0019809 

■0016212 

• 0013150 + 

•0010571 

•0008422 

•0006648 

•0005201 

•0004030 

1-9 

2-0 

•0018381 

•0015152 

•0012381 

•0010026 

•0008047 

•0006400 

•0005044 

•0003939 

•0003048 

2-0 

2-1 

•0013951 

•0011482 

•0009367 

•0007573 

•0006068 

•0004818 

•0003791 

• 0002955 + 

•0002283 

2-1 

2-2 

•0010490 

•0008619 

•0007020 

•0005667 

•0004533 

•0003593 

•0002822 

•0002197 

•0001694 

2-2 

2-3 

•0007813 

•0006410 

•0005212 

•0004200 

•0003354 

•0002654 

•0002081 

•0001617 

• 0001245 “ 

2-3 

2-4 

• 0006765 “ 

•0004721 

*0003833 

•0003083 

•0002458 

•0001942 

•0001520 

•0001179 

•0000906 

2-4 

2-5 

•0004213 

• 0003445 “ 

•0002792 

•0002242 

• 0001785 ” 

•0001408 

•0001100 

•0000852 

•0000663 

2-5 

2-6 

•0003049 

•0002489 

•0002014 

• 0001615 “ 

•0001283 

•0001010 

•0000788 

•0000609 

•0000467 

2-6 















Volumes of the Normal Surface 
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k 




d/N for r - - 

•20 






h-1-8 

cs 

II 

h^2-0 

h - 2-7 

h -r 2-2 

h^2 3 

h - 2-4 

*9 

II 

h~2-6 

K 

OS 

*0117614 

•0092152 

•0071542 

•0055032 

•0041940 

•0031666 

•0023685+ 

•0017550* 

•0012881 

00 

0-1 

•0104729 

•0081945“ 

•0063531 

•0048802 

•0037141 

•0028003 

•0020916 

•(H)15475+ 

•0011342 

01 

02 

•0092543 

•0072310 

•0055983 

•0042943 

•0032635+ 

•0024571 

•0018326 

•0013539 

•0009908 

0 2 

03 

•0081138 

•0063309 

•0048944 

•0037490 

•0028450- 

•0021388 

•0015928 

•0011751 

•0008587 

OS 

0 4 

*0070573 

•0054986 

•0042448 

•(X >32467 

•0024601 

•0018467 

•0013732 

•0010115+ 

•0007380 

0’4 

0-5 

•0060887 

•0047370 

•0036515+ 

•0027887 

•(X)21099 

•0015814 

•0011742 

•0008636 

•0006291 

0 3 

00 

■0052099 

•0040473 

•0031151 

•0023755- 

•IK)17945+ 

•(X)13430 

•0009956 

•0007311 

*(X)05318 

06 

0-7 

•0044208 

•0034291 

■0026353 

•(X)2(X)05+ 

(XU5134 

*(X>11308 

•0008370 

•0006137 

•0004456 

0-7 

OS 

■0037195*“ 

•0028807 

•0022104 

•0010803 

(X) 12655- 

•0009441 

•0006977 

•0005107 

•0003703 

OS 

OS 

•0031026 

•0023992 

•0018381 

(XU3951 

•(X)10490 

•0007813 

•0005765“ 

•0004213 

•0003049 

OS 

10 

•0025657 

•0019809 

■0015152 

•04)11482 

•(HM)8619 

•(XXW410 

•0004721 

•0003445“ 

•0002489 

ho 

hi 

•0021031 

•0016212 

•0012381 

•0009367 

•(XX17020 

•0005212 

•0003833 

•0002792 

•0002014 

hi 

h2 

•0017087 

•0013150' 

•0010026 

•(XX)7573 

•(XX)5667 

•(XX >4200 

•OCX >3083 

*(XX)2242 

•0001615- 

12 

IS 

•0013759 

•0010571 

•0008047 

•0006068 

•0004533 

•0003354 

•0002458 

•0001785“ 

•(XX)] 283 

IS 

hi 

•0010979 

•0008422 

•00064CX) 

•0004818 

•0003593 

•0002654 

•(XX)1942 

•0001408 

•0001010 

1-4 

IS 

•0(K)8081 

■0006648 

•0005044 

•04)03791 

•0002822 

•(XX>2081 

•CXX)1520 

•0001100 

*(XXX)788 

IS 

ho 

•0006802 

•0005201 

■0003939 

•0002955+ 

•(XX12197 

•(XX)1617 

•0001179 

•0000852 

*(XXX)609 

IS 

17 

•0005281 

•0004030 j 

•0003048 

•0002283 

•(XX) 1694 

*0001245 

•(XXXMXX) 

•0000653 

•0000467 

1-7 

IS 

| *0004061 

1 -0003095 

•0002336 

•0001747 

*(HX>1294 

•(XXX)949 

•CXXX1690 

•(XXX1496 

*(XXX)354 

IS 

hi) 

•<XX)3095~ 

•0002354 

•0001774 

•(XX >1324 

•(XX10979 

*(XXX)717 

•0000520 

•CXXX)374 

•0000266 

IS 

2-0 

•0002336 

•0001774 

•0001335- 

•0000994 

■(XXX)734 

•0000537 

•(XXX1389 

•(X100279 

•0000198 

20 

2 1 

•0001747 

•0001324 

•(XXX1994 

•(XXX >740 

•IX XX >545+ 

■(MXX)398 

•CXXX>288 

*(XXX)2(X> 

•0000146 

2-1 

2'2 

•0001294 

•0000979 

•000O734 

•(XXX)545+ 

•0( MX >401 

•0000292 

■(XXX>211 

•0000151 

•CXXX)107 

2‘2 

23 

•(MKM1949 

■0000717 

•(XXX>537 

•0000398 

•(XXX1292 

*(XXX)212 

•0000153 

*(XXX)109 

*(XXXX)77 

2-3 

2 4 

•(XXJ0690 

•(XX >0520 

•0CXXJ389 

*(XXX>288 

•(XXX3211 

•004X)153 

•cxxxmo 

•0000078 

•0000055+ 

24 

2S 

•CXXX>496 

•<XHX)374 

•(XXX)279 

•0000206 

•0000151 

•(XXX) 109 

•CXXXX)78 

•0000056 

•0000039 

2S 

2S 

•0000354 

•(XXX1266 

•(XXK)198 

•0000146 

•(XXX) 107 

•0000077 

•0000055+ 

■(XXXX>39 

•0000028 

2S 


k 

d/N for r = - -25 

T. 


h - OS 

h~0-l 

h - OS 

h~0S 

h = 0S 

h = 0S 

II 

h — 0-7 

h - OS 

K 

00 

•2097847 

•J 900757 

•1709684 

•1526363 

•1352305 

•1188755+ 

•1036675- 

•0896727 

•0769282 

OS 

0-1 

•1900757 

*172(X>36 

•1545135+ 

•1377626 

*1218861 

•1069947 

•0931724 

•0804759 

•0689346 

OS 

OS 

•1709684 

• 1545135 > 

•1386173 

•1234203 

•1090429 

•0955823' 

•0831112 

•0716771 

•0613028 

0-2 

OS 

•1526363 

•1377626 

•1234203 

•1097345“ 

•0968110 

•0847343 

•0735666 

•0633471 

•0540926 

OS 

OS 

•1352305“ 

•1218861 

•1090429 

•0968110 

•0852824 

•0745302 

•0646066 

•0555433 

•0473520 

OS 

OS 

•1188755+ 

•1069947 

•0955823 

•0847343 

•0745302 

•0650321 

•0562833 

•0483089 

•0411162 

OS 

OS 

•1036675 

•0931724 

•0831112 

•0735666 

•0646066 

•0562833 

•0486322 

•0416726 

•0354080 

OS 

07 

•0896727 

•0804759 

•0716771 

•0633471 

•0555433 

•0483089 

•0416726 

•0356484 

•0302373 

0-7 

OS 

•0769282 

•0689346 

•0613028 

•0540926 

•0473520 

•0411162 

•03.54080 

•0302373 

•0256025+ 

0-8 

OS 

•0654427 

•0585527 

•0519882 

•0457995“ 

•0400200 

•0346964 

•0298281 

•0254276 

•0214917 

OS 

10 

•0551995+ 

•0493107 

•0437121 

•0384453 

•0335425“ 

•0290263 

•0249099 

•0211972 

•0178837 

10 

PI 

•0461592 

•0411692 

•0364354 

•0319918 

•0278643 

•0240706 

•0206204 

•0175153 

•0147502 

1-1 

P2 

•0382634 

•0340717 

•0301040 

•0263877 

•0229434 

•0197847 

•0169182 

•0143444 

•0120574 

1-2 

IS 

•0314390 

•0279489 

•0246526 

•0215721 

•0187233 

•0161167 

•0137565+ 

•0116420 

•0097675- 

IS 

IS 

•0256019 

•0227218 

•0200078 

•0174771 

•0151421 

•0130103 

•0110846 

•0093632 

•0078406 

1-4 

is 

•0206614 

•0183060 

*0160915“ 

•0140313 

•0121347 

•0104072 

•0088502 

•0074616 

•0062362 

IS 

IS 

•0165231 

•0146144 

•0128239 

•0111620 

•0096357 

•0082486 

•0070012 

•0058914 

•0049143 

IS 

h7 

•0130929 

•0115604 

•0101260 

•0087978 

•0075807 

•0064772 

•0054873 

•(X)46085+ 

•0038365+ 

1-7 

IS 

•0102794 

•0090602 

*0079218 

*0068701 

•0059086 

•0050390 

•0042606 

•0035713 

•0029672 

IS 

IS 

•0079956 

■0070347 

•0061396 

•0053147 

•0045623 

•0038833 

•0032771 

•0027414 

•0022732 

IS 

20 

•0061611 

•0054110 

•0047138 

•0040729 

•0034896 

•0029645+ 

•0024968 

•0020845+ 

•0017250 4 

2S 

2S 

•0047029 

•0041228 

•0035850+ 

•0030916 

•0026438 

•0022416 

•0018842 

•0015700 

•(X)12965+ 

2-1 

2-2 

•0035560 

•0031116 

•0027006 

•0023245+ 

•0019840 

•0016789 

•0014084 

•0011711 

•0009652 

2-2 

2S 

•0026632 

•0023261 

•0020151 

•0017311 

•0014746 

•0012453 

•0010426 

•0008652 

•0007116 

2S 

24 

•0019755+ 

•0017222 

•0014891 

•0012768 

•0010855- 

*0009149 

•0007644 

•0006330 

•0005195+ 

2-4 

2S 

•0014514 

*0012629 

•0010898 

•0009326 

•0007913 

•0006656 

*0005550- 

•0004586 

•0003756 

2S 

2S 

•0010560 

•0009171 

•0007899 

•0006746 

•0005713 

•0004795+ 

•0003990 

•0003291 

*0002690 

2S 


2—2 



20 


Volume* of the Normal Surf are 


k 




d/N for r - - 

•25 




k 

h - 0-9 

h « hO 

h~l*l 

h =* h2 

h - 13 

h = 1*4 

II 

K* 

II 

h ■* hi 


0*0 

•0654427 

•0551995+ 

•0461592 

•0382634 

•0314390 

•0256019 

•0206614 

•0165231 

•0130929 

0*0 

(kl 

•0585527 

■0493107 

•0411692 

•0340717 

•0279489 

•0227218 

•0183060 

•0146144 

•0115604 

0*1 

0*2 

•0519882 

•0437121 

•0364354 

•0301040 

•0246526 

•0200078 

•0160915- 

•0128239 

•0101260 

0*2 

0*3 

•0457995- 

•0384453 

•0319918 

•0263877 

•0215721 

•0174771 

•0140313 

■0111620 

•0087978 

0*3 

0-4 

•0400260 

•0335425- 

•0278643 

•0229434 

•0187233 

•0151421 

•0121347 

•0096357 

•0075807 

0*4 

0 5 

•0346964 

•0290263 

•0240706 

•0197847 

•0161167 

•0130103 

•0104072 

•0082486 

•0064772 

0*5 

0-6 

•0298281 

•0249099 

•0206204 

•0169182 

•0137566+ 

•0110846 

•0088502 

•0070012 

•0054873 

0*6 

0-7 

■0254276 

•0211972 

•0175153 

•0143444 

•0116420 

•0093632 

•0074616 

•0058914 

•0046086+ 

0*7 

OS 

•0214917 

•0178837 

•0147502 

•0120574 

•0097675- 

•0078406 

•0062362 

•0049143 

•0038365+ 

0*8 

04) 

•0180082 

•0149575 4 

•0123138 

•0100468 

•0081232 

•0065081 

•0051662 

•004063K 

•0031658 

0*9 

10 

•0149575+ 

■0124005- 

•0101894 

•0082976 

•0066959 

•0053541 

•0042418 

•0033294 

•0025889 

1*0 

1*1 

•0123138 

•0101894 

•0083566 

•0067919 

•0054701 

•0043653 

•0034515- 

•0027036 

•0020980 

hi 

12 

•0100408 

•0082976 

•0067919 

•0055093 

•0044284 

•0035269 

•0027830 

•0021755+ 

•0016847 

1*2 

hS 

•0081232 

•0066959 

•0054701 

•0044284 

•0035524 

•0028235 

•0022234 

•0017345 

•0013404 

1*3 

h4 

•0065081 

•0053541 

•0043653 

•0035269 

■0028235- 

•0022396 

•0017599 

•0013701 

•0010566 

1*4 

h5 

•0051662 

•0042418 

•0034515“ 

•0027830 

•0022234 

•0017599 

•0013801 

■0010722 

•0008251 

1*5 

1*6 

•0040631 

•0033294 

•0027036 

•0021755+ 

•0017345- 

•0013701 

•0010722 

•0008312 

•0006383 

1*6 

h7 

•0031658 

•0025889 

■0020980 

•0016847 

■0013404 

•0010566 

•0008251 

■0006383 

•0004891 

1*7 

1-8 

*0024435- 

•0019942 

•0016127 

•0012923 

•0010261 

•0008071 

•0006289 

•0004855- 

•0003712 

1*8 

19 

•0018682 

•0015215+ 

•0012279 

•0009819 

•0007780 

•0006106 

•0004748 

•0003657 

•0002790 

1*9 

2-0 

•0014148 

•0011499 

•0009261 

■0007390 

•0005842 

•0004576 

•0003550+ 

•0002729 

•0002077 

2*0 

21 

•0010612 

•0008607 

•0006917 

■0005508 

•0004345+ 

•0003396 

•0002629 

•0002016 

•0001532 

2*1 

2-2 

•0007883 

•0006380 

•0005117 

•001)4066 

•0003201 

•0002496 

•0001928 

•0001475+ 

•0001118 

2*2 

2-3 

•0005800 

•0004684 

•0003749 

■0002972 

■0002335- 

•0001817 

•0001400 

■0001069 

•0000809 

2*3 

24 

•0004226 

•0003406 

•0002720 

•0002152 

•0001687 

•0001309 1 

*0001007 

•0000767 

•0000579 

2*4 

2-5 

•0003049 

•0002452 

•0001954 

•0001542 

•0001206 

■0000935- 

•0000717 

•0000545+ 

•0000410 

2*5 

2-6 

•0002178 

•0001748 

•0001390 

•0001095" 

•0000854 

•0000660 

•0000506 

•0000383 

•0000288 

2*6 

i 


b 




d/N for r = 

- *25 




k 


h ®= 1*8 

h 1*9 

li 

h « 2*1 

h — 2*2 

h - 2*3 

h = 2*4 

h = 2*5 

h - 2*6 

0*0 

•0102794 

•0079956 

•0061611 

•0047029 

•0035560 

■0026632 

•0019755+ 

•0014514 

*0010560 

0*0 

0*1 

•0090602 

•0070347 

•0054110 

•0041228 

•0031116 

•0023261 

•0017222 

•0012629 

•0009171 

0*1 

0*2 

•0079218 

•0061396 

•0047138 

•0035850+ 

•0027006 

•0020151 

•0014891 

•0010898 

•0007899 

0*2 

0*3 

•0068701 

•0053147 

•0040729 

•0030916 

•0023245+ 

■0017311 

•0012768 

•0009326 

•0006746 

0*3 

0*4 

•0059086 

•0045623 

•0034896 

•0026438 

•0019840 

•0014746 

*0010855- 

*0007913 

•0006713 

0*4 

0*5 

•0050390 

•0038833 

•0029645+ 

•0022416 

■0016789 

•0012453 

•0009149 

•0006656 

•0004795+ 

0*5 

0*6 

•0042606 

*0032771 

•0024968 

•0018842 

•0014084 

•0010426 

•0007044 

■0005550- 

•0003990 

0*6 

0*7 

•0035713 

•0027414 

•0020845+ 

*0015700 

•0011711 

•0008652 

♦0006330 

•0004586 

•0003291 

0*7 

0*8 

•0029672 

•0022732 

•0017250+ 

•0012965+ 

•0009652 

•0007116 

•0005195+ 

•0003756 

•0002690 

0*8 

0*9 

•0024435- 

•0018682 

•0014148 

•0010612 

•0007883 

•0005800 

•0004226 

•0003049 

•0002178 

0*9 

1*0 

•0019942 

•0015215+ 

•0011499 

•0008607 

•0006380 

•0004684 

•0003406 

♦0002452 

•0001748 

1*0 

1*1 

•0016127 

•0012279 

•0009261 

•0000917 

•0005117 

•0003749 

•0002720 

•0001954 

•0001390 

1*1 

1*2 

•0012923 

•0009819 

•0007390 

•0005508 

•0004066 

•0002972 

•0002152 

•0001542 

•0001095- 

1*2 

1*3 

•0010261 

•0007780 

•0006842 

•0004345+ 

•0003201 

•0002335“ 

•0001687 

*0001206 

•0000854 

1*3 

1*4 

•0008071 

•0006106 

•0004576 

•0003396 

•0002496 

•0001817 

•0001309 

•0000935“ 

•0000660 

1*4 

1*5 

•0006289 

•0004748 

•0003550+ 

•0002629 

•0001928 

•0001400 

•0001007 

•0000717 

•0000500 

1*5 

1*6 

•0004855- 

•0003657 

•0002729 

•0002016 

•0001475+ 

•0001069 

•0000767 

•0000545+ 

•0000383 

1*6 

1*7 

•0003712 

•0002790 

•0002077 

•0001532 

•0001118 ; 

•0000809 

•0000579 

•0000410 

•0000288 

1*7 

1*8 

•0002811 

•0002108 

•0001566 

•0001152 

•0000839 

•0000606 

•0000433 

•0000306 

•0000214 

1*8 

1*9 

•0002108 

*0001578 

•0001170 

•0000859 

•0000624 

•0000449 

•0000320 

•0000226 

•0000158 

1*9 

2*0 

•0001506 

•0001170 

•0000805- 

•0000633 

•0000459 

•0000330 

•0000235" 

•0000165+ 

•0000115+ 

2*0 

2*1 

•0001152 

*0000859 

•0000633 

•0000463 

•0000335- 

•0000240 

•0000170 

•0000120 

•0000083 

2*1 

2*2 

•0000839 

•0000624 

•0000459 

•0000335- 

*0000242 

•0000173 

•0000122 

•0000086 

•0000060 

2*2 

2*3 

•0000606 

•0000449 

•0000330 

•0000240 

•0000173 

•0000123 

•0000087 

•0000061 

•0000042 

2*3 

2*4 

•0000433 

•0000320 

•0000235- 

•0000170 

•0000122 

•0000087 

•0000061 

*0000043 

•0000030 

2*4 

2*5 

•0000306 

•0000220 

*0000165+ 

•0000120 

•0000086 

•0000061 

•0000043 

•0000030 

•0000021 

2*5 

2*6 

•0000214 

■0000158 

•0000115+ 

•0000083 

•0000060 

•0000042 

•0000030 

•0000021 

*0000014 

2*6 
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z. 




d/N for r — — 

•30 




k 


h - 0-0 

h = 0-l 

h~0-2 

h — 0-3 

<£> 

II 

•< 

h = 0-5 

h =■ 0-6 

h 0-7 

h *= 0-8 

0-0 

•2016067 

•1818424 

•1628676 

•1447517 

•1276390 

•1116448 

•0968546 

•0833226 

•0710731 

0-0 

0-1 

•1818424 

•1638633 

•1465053 

•1299903 

•1144249 

•0999093 

•0865163 

•0742903 

•0632482 

0-1 

0-2 

•1628676 

•1465053 

•1307846 

•1158412 

•1017888 

•0887140 

•0766782 

•0657166 

•0558396 

0-2 

0-3 

•1447617 

•1299903 

•1158412 

•1024233 

•0898340 

•0781481 

•0674161 

•0576653 

•0489003 

0-3 

0-4 

•1276390 

•1144249 

•1017888 

•0898340 

•0786444 

•0682825+ 

•0587896 

•0501855+ 

•0424703 

0-4 

0-5 

•1116448 

•0999093 

•0887140 

•0781481 

•0682825+ 

•0591692 

•0508408 

•0433110 

•0365760 

0-5 

0-6 

•0968546 

•0865163 

•0766782 

•0674161 

•0587896 

•0508408 

•0435950- 

•0370605+ 

•0312307 

0-6 

0-7 

■0833226 

•0742903 

•0657166 

•0576653 

•0501855+ 

•0433110 

•0370605+ 

•0314383 

•0264353 

0-7 

0-8 

•0710731 

•0632482 

•0558396 

■0489<X)3 

•0424703 

•0365760 

•0312307 

•0264353 

•0221793 

0-8 

0-9 

•0601022 

•0533813 

•0470347 

•0411056 

•0356261 

•0306163 

•0260852 

•0220311 

•0184427 

0-9 

1-0 \ 

•0603807 

•0446585- 

•0392691 

•0342476 

•0296193 

•0253991 

•0215924 

•0181957 

•0151972 

1-0 

1-1 

•0418580 

•0370290 

•0324931 

•0282782 

•0244039 

•0208808 

•0177116 

•0148913 

•0124087 

1-1 

1-2 

•0344655- 

•0304268 

•0266436 

•0231378 

•0199240 

•0170096 

•0143952 

•0120751 

•0100384 

1-2 

1-3 

•0281215* 

•0247746 

•0216479 

•0187585 1 

•0161171 

•0137285- 

•0115916 

•0097007 

•0080453 

1-3 

1-4 

•0227354 

•0199871 

•0174269 

•0150675+ 

•0129167 

•0109772 

•0092470 

•0077202 

•0063874 

1-4 

1-5 

•0182110 

•0159753 

•0138984 

•0119899 

•0102550- 

•0086949 

•0073071 

•0060861 

•0050232 

1-5 

1-6 

•0144511 

•0126494 

•0109805c 

•(X194512 

•0080649 

•0068220 

•0057195” 

•0047522 

•0039127 

1-6 

1-7 

•0113598 

•0099216 

•0085931 

•0073794 

•0062823 

•0053015”' 

•0044340 

•0036751 

•0030183 

1-7 

1-8 

•0088452 

•0077081 

(X)66608 

•0057067 

•0048469 

■0040804 

•0034044 

•0028148 

•0023060 

1-8 

1-9 

•0068216 

•0059312 

•0051136 

•(XH3708 

•0037034 

•0031102 

•(X125886 

•0021349 

•0017446 

1-9 

2-0 

•0052104 

•0045200 

•0038878 

■0033153 

•0028023 

•0023476 

•0019491 

•0016035” 

•0013069 

2-0 

2-1 

•0039414 

•0034112 

•0029272 

•0024902 

•0020997 

•0017547 

■0014532 

•0011925” 

•0009695+ 

2-1 

2-2 

•0029525’ 

•0025494 

•0021825 

•0018521 

•00J5579 

•0012987 

•0010728 

•0008781 

•0007121 

2-2 

2-3 

•0021901 

•0018866 

•0016113 

•0013641 

•0011445+ 

■0009517 

•0007842 

•0006402 

•0005178 

2-3 

2-4 

•0016086 

•OOI3825" 

•0011778 

•0009946 

•0008325’ 

•0006905- 

•0005675” 

•0004621 

•0003728 

2-4 

2-5 

•0011699 

•0010030 

•0008524 

•0007181 

•0005995+ 

•0004960 

•0004066 

•0003302 

•0002657 

2-5 

2-6 

•0008424 

•0007205 

*0006108 

•0005133 

■0004274 

•0003527 

•(XJ02884 

•0002336 

•0001875” 

2-6 













k 




d/N for r = — 

•30 




k 


h - 0-9 

h - 1-0 

l! 

<>* 

11 

h — 1-3 

h — 1-4 

h ■* 1-5 

II 

II 

N 

0-0 

•0601022 

•0503807 

•0418580 

•0344655- 

•0281215+ 

•0227354 

•0182110 

•0144511 

•0113598 

0-0 

0-1 

•0533813 

•0446585” 

•0370290 

•0304268 

•0247746 

•0199871 

•0159753 

•0126494 

•0099216 

0-1 

0-2 

•0470347 

•0392691 

•0324931 

•0266436 

•0216479 

•0174269 

•0138984 

•0109805+ 

•0085931 

0-2 

0-3 

•0411056 

•0342476 

•0282782 

■0231378 

•0187585 f 

•0150675+ 

•0119899 

•0094512 

•0073794 

0-3 

0-4 

•0356261 

•0296193 

•0244039 

•0199240 

•0161171 

•0129167 

•0102550” 

•0080649 

•0062823 

0-4 

0-5 

•0306163 

•0253091 

•0208808 

•0170096 

•0137285 

•0109772 

•0086949 

•0068220 

•0053015” 

0-5 

0-6 

•0260852 

•0215924 

•0177116 

•0143952 

•0115916 

•0092470 

•0073071 

•0057195” 

•0044340 

0-6 

0-7 

•0220311 

•0181957 

•0148913 

•0120751 

•0097(K)7 

•0077202 

•(K)60861 

•0047522 

•0036751 

0-7 

0-8 

•0184427 

•0151972 

•0124087 

•0100384 

•(X >80453 

•0063874 

•0050232 

•0039127 

•0030183 

0-8 

0-9 

•0153006 

•0125788 

•0102467 

*(K)82697 

•0066118 

•0052366 

•0041080 

•0031919 

•0024562 

0-9 

1-0 

•0125788 

•0103171 

•0083842 

•0067503 

•0053839 

•0042535+ 

•0033285+ 

•0025797 

•0019801 

1-0 

1-1 

•0102467 

•0083842 

•(XHV7970 

•(X)54591 

•0043433 

•0034229 

•0026718 

•0020655” 

•0015813 

1-1 

1-2 

•0082697 

•0067503 

•0054591 

•(XM3737 

•0034711 

■0027286 

•0021241 

•0016381 

•0012509 

1-2 

1-3 

•0066118 

•0053839 

•0043433 

•0034711 

•0027478 

•0021546 

•0016732 

•0012869 

•0009801 

1-3 

1-4 

•0052366 

•0042535+ 

•0034229 

•0027286 

■0021546 

•0016851 

•0013052 

•0010012 

•0007605+ 

1-4 

1-5 

•0041080 

•0033285+ 

•0026718 

•0021241 

•0016732 

•0013052 

•0010084 

•0007714 

•0005845” 

1-5 

1-6 

•0031919 

•0025797 

•0020655 

•00J6381 

•0012869 

•0010012 

•0007714 

•0005886 

•0004448 

1-6 

1-7 

•0024562 

•0019801 

•0015813 

•0012509 

•(XX19801 

•0007605+ 

•0005845- 

•0004448 

•0003352 

1-7 

1-8 

•0018717 

•0015051 

•0011989 

•0009459 

*0007392 

•0005721 

•0004384 

•0003328 

•0002501 

1-8 

1-9 

•0014125“ 

•0011329 

•000901K) 

•0007083 

•0005620 

•0004261 

•0003257 

•0002465” 

•0001847 

1-9 

2-0 

•0010554 

•0008443 

•0006690 

•0005251 

•0004081 

•0003142 

•0002395- 

•0001808 

•0001351 

2-0 

2-1 

•0007808 

•0006231 

•0004924 

•0003854 

•0002988 

•0002294 

•0001744 

*0001313 

•0000978 

2-1 

2-2 

•0005720 

•0004552 

•0003588 

•0002801 

•CXX)2166 

•OCX) 1658 

•0001257 

•0000944 

*0000701 

2-2 

2-3 

•0004149 

•0003293 

•0002588 

. -0002015+ 

•0001554 

•0001186 

•0000897 

•0000671 

•0000498 

2-3 

2-4 

*0002979 

•0002358 

•0001849 

•0001435+ 

•0001104 

•0000840 

•0000634 

•0000473 

•0000350“ 

2-4 

2-5 

•0002118 

•0001672 

•0001307 

•0001012 

•0000776 

•0000589 

•0000443 

•0000330 

•0000243 

2-5 

2-6 

•0001490 

•0001173 

•0000915” 

•0000706 

•0000540 

•0000409 

•0000307 

•0000228 

•0000167 

2-6 
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Volumes of the Normal Surface 


k 




d/N for r — — 

•30 




k 


h - 1-8 

h = 1-9 

h — 2-0 

h - 2-1 

1! 

to 

to 

2-3 

h = 2-4 

h ■- 2-5 

h — 2-6 


0-0 

•0088452 

•0068216 

•0052104 

*0039414 

•0029525- 

•0021901 

•0016086 

■(>011600 

•0008424 

0-0 

0-1 

•0077081 

•0059312 

•0045200 

•0034112 

•0025494 

•0018866 

•0013825- 

•0010030 

•0007205- 

0-1 

0-2 

•0000608 

•0061136 

•0038878 

•0029272 

•0021825“ 

•0016113 

•0011778 

•0008524 

•0006108 

0-2 

0-3 

•0057007 

•0043708 

•0033153 

•0024902 

•(X)1852I 

•0013641 

•0009946 

•0007181 

•0005133 

0-3 

04 

■0048469 

•0037034 

•0028023 

•0020997 

•0015579 

•0011445+ 

•0008325 

•0005996+ 

•0004274 

0-4 

0-5 

•0040804 

•0031102 

•0023476 

*0017547 

•0012987 

•0009517 

•(MX)6905- 

•0004960 

•0003527 

0-5 

0 6 

•0034044 

•0025886 

•0019491 

•0014532 

•0010728 

•0007842 

*0006675- 

•(XX)4066 

•0002884 

0-6 

0-7 

•0028148 

•0021349 

♦0016035" 

•0011925 

•0008781 

•0006402 

•(MM>4621 

•0003302 

•0002336 

0-7 

0-8 

•0023060 

•0017446 

•0013069 

•0009095+ 

•0007121 

•0005178 

*(XM>3728 

•0002657 

•0001875" 

0-8 

0-9 

•0018717 

•0014125* 

•0010554 

•0007808 

*(MX)5720 

•0004149 

•0002979 

•0002118 s 

•0001490 

0-9 

hO 

•0015051 

♦0011329 

•0008443 

•0006231 

•0004552 

*0003293 

•0003358 

•0001672 

•0001173 

1-0 

11 

•0011989 

•0009000 

■0006690 

•0004924 

•0003588 

•0002588 

•ooomo 

•OCX) 1307 

•0000915- 

1-1 

1-2 

•0009459 

•0007083 

•0005251 

•0003854 

•0002801 

•0002015+ 

•0001485+ 

•0001012 

•0(XM>706 

1-2 

13 

♦0007392 

•0005520 

•0004081 

•0002988 

•0002166 

•0001554 

•OOOllfe 

•0000776 

•0000540 

1-3 

b4 

•0005721 

•(XM34261 

•0003142 

•0002294 

•0001658 

•0001186 

•000084$ 

•0000589 

•0000409 

1-4 

15 

•0004384 

•0003257 

•0002395" 

•0001744 

•(XI01257 

•(MMM1897 

•(XMX)634 

•00(X)443 

•0000307 

1-5 

1-6 

•0003328 

•0002465- 

•0001808 

•0001313 

•0000944 

*0000671 

•(XMM)473 

•CMXX>330 

•0000228 

1-6 

17 

♦0002501 

•0001847 

•0001351 

•0000978 

■0000701 

•0000498 

•(MMX >350“ 

•0000243 

•0000167 

1-7 

1-8 

•0001861 

•0001371 

•0001000 

•(MXM)722 

•(XXX1516 

•(XMX>365+ 

•(MXX>256 

MMMX) 177 

•(MXX)122 

1-8 

1-9 

•0001371 

•0001007 

•0000733 

•0000527 

•(M >00376 

*(XXM)266 

•CXXMH85* 

•0000128 

•0000088 

1-9 

2-0 

*0001000 

•0000733 

•0000531 

•0000382 

■(MMM)271 

•(MMxmn 

(MMM)133 

•(MyXM>92 

•CXXXX)63 

2-0 

2-1 

•0000722 

•0000527 

•0000382 

•0000273 

•(MMX) 194 

•(XX M) 136 

•(MMMM>94 

•(MKKXM>5- 

•(MXXM>44 

2-1 

2-2 

•0000516 

•0000376 

•0000271 

•0000194 

■0000137 

•(MM MX >96 

•(M MMX >66 

•(MMXX)45 _I 

•CMXMM >31 

2-2 

2-3 

•0000365+ 

•0000266 

•0000191 

•(MMX)] 36 

■(MMMM396 

•(XXMMHV7 

•(MMMXH6 

•0(MXX)32 

•(XXXXJ21 

2-3 

2-4 

•0000256 

•0000185+ 

•0000133 

•0000094 

•(XXMX)66 

•0000046 

•(MXXX332 

•CMXXX>22 

•0000015- 

2-4 

2-5 

•0000177 

•0000128 

•0000092 

•(MXXX)65- 

•0000045+ 

•(XXXX)32 

•(MXXM>22 

•0CXXM>J5~ 

•00(XX>10 

2-5 

2-6 

•0000122 

•0000088 

•0000063 

•CMMXM)44 

•0fMMM)31 

•(XXMM)21 

•(XXXM)15" 

| -0(XXX>1(> 

•00000066 

2-6 


k 




d/N for r = 

- -35 






<6 

h^O-1 

h » 0-2 

It - o-:i 

h - 0-4 

h 0-5 

h - 0-6 

II 

h - 0-8 

K 

0-0 

•1930908 

•1734734 

•1546379 

•1367490 

•1199435- 

•1043271 

•0899735- 

•0769240 

•0651894 

0-0 

0-1 

•1734734 

•1555469 

•1383798 

■1221186 

•1068829 

•0927635+ 

•0798213 

•0680873 

•0575650+ 

0-1 

0-2 

•1546379 

•1383798 

•1228525- 

•1081845- 

•0944794 

•0818138 

•0702367 

•0597702 

•0504113 

0-2 

0-3 

•1367490 

•1221186 

•1081845“ 

•0950584 

•0828288 

•0715590 

•0612874 

•0520282 

•0437730 

0-3 

0-4 

•1199435“ 

•1068829 

•0944794 

•0828288 

•0720054 

•0620606 

•0530233 

•0449010 

•0376812 

0-4 

0-5 

•1043271 

•0927635+ 

•0818138 

•0715590 

•0620606 

•0533593 

•0454760 

•0384122 

•0321524 

0-5 

0-6 

•0899735- 

•0798213 

•0702367 

•0612874 

•0530233 

•0454760 

•0386590 

•0325697 

•0271903 

0-6 

0-7 

•0769240 

•0680873 

•0597702 

•0520282 

•0449010 

•0384122 

•0325697 

•0273672 

•0227868 

0-7 

0-8 

•0651894 

•0575650+ 

•0504113 

•0437730 

■0376812 

•0321524 

•0271903 

•0227858 

•0180190 

0-8 

0-9 

•0547521 

•0482324 

•0421344 

•0364938 

•0313341 

•0266664 

•0224905“ 

•0187959 

•0165635- 

0-9 

1-0 

•0455699 

•0400453 

•0348946 

•0301457 

•0258156 

•0219113 

•0184297 

•0153596 

•0126824 

1-0 

1-1 

•0375802 

•0329419 

•0286315+ 

■0246704 

•0210705“ 

•0178352 

•0149599 

•0124328 

•0102364 

1-1 

1-2 

•0307040 

•0268460 

•0232727 

•0199998 

•0170352 

•0143798 

•0120277 

•0099675+ 

*(X)81830 

1-2 

1-3 

•0248509 

•0216723 

•0187380 

*0160594 

•0136414 

•0114829 

•0095774 

•0079140 

•0064781 

1-3 

1-4 

•0199230 

•0173292 

•0149429 

•0127718 

•0108186 

•0090810 

*0075523 

•0062224 

•0060784 

1-4 

1-5 

•0158197 

•0137235+ 

•0118016 

•0100765- 

•0084967 

•0071115 ** 

•0058972 

•0048444 

•0039419 

1-5 

1-6 

•0124404 

•0107629 

•0092301 

•0078451 

•0066078 

•0055145+ 

•0045595“ 

•0037343 

•0030295- 

1-6 

1-7 

•0096879 

•0083586 

•0071482 

•0060584 

•0050881 

•0042339 

•0034902 

•0028500- 

•0023049 

1-7 

1-8 

•0074704 

•0064276 

•0054813 

•0046323 

•0038791 

•0032183 

•0026450+ 

•0021533 

*0017364 

1-8 

1-9 

•0057037 

•0048938 

•0041614 

•0035067 

•0029278 

•0024218 

•0019844 

•0016105- 

•0012945- 

1-9 

2-0 

•0043116 

•0036888 

•0031278 

•0026279 

! -0021876 

•0018040 

•0014737 

•0011923 

•0009554 

2-0 

2-1 

•0032267 

•0027527 

•0023272 

•0019495+ 

•0016180 

•0013303 

•0010833 

•0008735" 

•0006979 

2-1 

2-2 

•0023905+ 

•0020334 

•0017141 

(M114316 

•0011846 

•0009709 

•0007882 

•0006337 

•0005046 

2-2 

2-3 

•0017632 

•0014870 

•0012497 

•0010406 

•0008584 

•0007014 

♦0005676 

•0004549 

•0003611 

2-3 

2-4 

•0012727 

•0010762 

•0009018 

•0007486 

•0006156 

•0005015- 

•0004046 

•0003232 

•0002557 

2-4 

2-5 

•0009144 

•0007710 

*0006441 

•0005331 

•0004370 

•0003548 

•0002854 

•0002272 

•0001792 

2-5 

2-6 

•0006503 

•0005467 

•0004553 

•0003756 

•0003070 

•0002485“ 

•0001992 

•0001581 

•0001243 

2-6 
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23 


]g 




d/N for r - - 

•35 




j. 


n 

h = l*0 

1*1 

h 1*2 

h « 1*3 

h « 1*4 

h =• 1*5 

h « 1*6 

h-1-7 


0*0 

■0647521 

•0455699 

•0375802 

•0307040 

•0248509 

•0199230 

•0158197 

•0124404 

•0096879 

0*0 

0*1 

•0482324 

•0400453 

•0329419 

•0268460 

•0216723 

•0173292 

•0137236+ 

•0107629 

•0083586 

0*1 

0*2 

•0421344 

•0348946 

•0286316+ 

•0232727 

•0187380 

•0149429 

•0118016 

•0092301 

•0071482 

0*2 

0*3 

•0364938 

•0301457 

•0246704 

•0199998 

•0160594 

•0127718 

•0100765- 

•0078451 

•0060584 

0*3 

0*4 

•0313341 

•0268156 

•0210706" 

■0170352 

•0136414 

•0108186 

•0084967 

•0066078 

•0050881 

0*4 

0-5 

•0266664 

•0219113 

•0178352 

•0143798 

•0114829 

•0090810 

•0071115+ 

•0055145+ 

•0042339 

0*5 

0*6 

•0224905- 

•0184297 

•0149599 

•0120277 

•0095774 

•0075523 

•0058972 

•0045595“ 

•0034902 

0*6 

0*7 

•0187969 

•0153596 

•0124328 

•0099675-* 

•0079140 

•0062224 

•0048444 

•0037343 

•0028500“ 

0*7 

0-8 

•0156636- 

•0126824 

•0102364 

•<X)81830 

•0064781 

•0050784 

•0039419 

•0030295“ 

•(X)23049 

0*8 

0*9 

•0127667 

•0103736 

•0083488 

•0066544 

•0052524 

•0041052 

•0031768 

•0024340 

•0018462 

0*9 

1*0 

•0103736 

•0084048 

•0067444 

•0053597 

•0042178 

•0032866 

•0025356 

•0019367 

•0014644 

1*0 

1*1 

•0083488 

•0067444 

•0053960 

•0042753 

•CX)33542 

•0026056 

•0020040 

•0015259 

•0011502 

1*1 

h2 

•0066544 

•0063597 

•0042753 

•0033771 

•0026414 

•0020455+ 

•0016683 

•0011904 

•0008944 

1*2 

1*3 

•0052624 

•0042178 

•0033542 

•0026414 

•0020596 

•0015900 

•0012152 

•0009194 

•0006886 

1*3 

14 

•0041052 

•0032866 

•0026056 

•0020455 f 

•0015900 

•0012236 

•0009322 

•0007031 

•0005249 

1*4 

h5 

•0031768 

•0025366 

•0020040 

•0015683 

•0012152 

•0009322 

•0007079 

•0(X)5322 

•0003960 

1*5 

1*6 

•0024340 

•0019367 

•0015259 

•0011904 

•0009194 

•0007031 

•0005322 

•0003988 

•0002958 

1*6 

1*7 

•0018462 

•0014644 

•0011502 

•(XX)8944 

•< XMJ6886 

•0005249 

•0003960 

•0002958 

•0002186 

1*7 

hs 

•0013863 

•0010961 

•0008582 

•0006652 

■0005105+ 

•0003878 

•0002916 

*0002171 

•0001600 

1*8 

hO 

•0010304 

•0008121 

•0006338 

•0004897 

•0003746 

•0002836 

•0002126 

•0001577 

•0001158 

1*9 

2*0 

*0007581 

•0005956 

•0004633 

•0003568 

•0002720 

■0002053 

•0001534 

•0001134 

•0000830 

2*0 

2*1 

•0005520 

•0004323 

•0003352 

•0002573 

•0001955+ 

•0001471 

•6001095+ 

•(XXX)807 

•0000589 

2*1 

2*2 

•0003978 

•0003105+ 

•0002400 

•0001836 

•01XJ1391 

•(KX)1043 

•0000774 

•0000568 

•0000413 

2*2 

2*3 

*(XX)2838 

•0002208 

•0001701 

•0001297 

•0000979 

•0000731 

•0000541 

•0000396 

•00(X)287 

2*3 

2*4 

•0002003 

•0001553 

■0001193 

•0000906 

•0000682 

•0000508 

■0000374 

•0000273 

•0000197 

2*4 

2*3 

•0001399 

•0001081 

•0000828 

•0000627 

•0000470 

•0000349 

•0000257 

•0000186 

•0000134 

2*5 

2*6 

•0000967 

•(XXX)745+ 

•0000568 

•(XXM)429 

•0000321 

•0000237 

■0000174 

•0000126 

•(MXXXKH) 

2*6 


k 




d/N for r = 

- *35 




b 


h - 1*8 

h = 1*9 

h 2*0 

h — 2*1 

h « 2*2 

li 

*N0 

* 

>* 

II 

t+D 

& 

Csi 

11 

h «* 2*6 


0*0 

•0074704 

•0057037 

•0043116 

•0032267 

•0023905+ 

•0017532 

■0012727 

•0009144 

•0006503 

0*0 

0*1 

•0064276 

•0048938 

•0036888 

•0027527 

•0020334 

•0014870 

•0010762 

•0007710 

•0005467 

0*1 

0*2 

•0054813 

•0041614 

•0031278 

•(X)23272 

■0017141 

•0012497 

•0009018 

•0006441 

•0004553 

0-2 

0*3 

•0046323 

•0035067 

•0026279 

•0019495+ 

•001431(5 

*0010406 

•0007486 

•0005331 

•0003756 

0*3 

0*4 

•0038791 

•0029278 

•0021876 

•0016180 

•0011846 

■0008584 

•0006156 

•0004370 

•0003070 

0*4 

0*5 

•0032183 

•0024218 

•0018040 

•O0J3303 

•0009709 

•0007014 

•0005015“ 

*(XX)3548 

•0002485“ 

0*5 

0*6 

•0020450+ 

•0019844 

•0014737 

•(X)10833 

*0007882 

•0005676 

•0004040 

•0002854 

•(XX) 1992 

0*6 

0*7 

•0021533 

•0016105- 

•0011923 

•0008735" 

•0006337 

•0004549 

•0003232 

•0002272 

•0001581 

0*7 

0*8 

•0017364 

•0012945“ 

•0009554 

■0006979 

•0005046 

■0003611 

•0002507 

•0001702 

•0001243 

0*8 

0*9 

•0013803 

•0010304 

•0007581 

•(XX >5520 

•0003978 

•0002838 

•0002003 

•0001399 

•0000967 

0*9 

1*0 

•0010961 

•0008121 

•0005950 

•0004323 

■0003105+ 

•0002208 

•0001553 

•0001081 

•0000745+ 

1*0 

1*1 

•0008582 

•0006338 

•0004633 

•0003352 

•0002400 

•0001701 

•0001193 

•0000828 

•0000568 

1*1 

1*2 

•0006652 

•0004897 

•0003568 

•0002573 

*0001830 

•0001297 

•0000906 

•0000627 

•0000429 

1*2 

1*3 

•0005105+ 

•0003746 

•0002720 

•0001955+ 

•0001391 

•0000979 

•0000682 

•0000470 

•0000321 

1*3 

1*4 

•0003878 

•0002836 

•0002053 

•0001471 

*0001043 

•0000731 

•0000508 

•0000349 

•00(fo237 

1*4 

1*5 

•0002916 

•0002126 

•0001534 

•0001095+ 

•0000774 

•0000541 

•0000374 

•0000257 

•0000174 

1*5 

1*6 

•0002171 

•0001577 

•0001134 

•0000807 

•0000568 

•0000396 

•0000273 

•0000186 

•0000126 

1*6 

1*7 

•0001600 

•0001158 

•0000830 

■0000589 

•0000413 

•0000287 

•0000197 

•0000134 

•0000090 

1*7 

1*8 

•0001166 

•0000842 

•0000601 

•0000425“ 

•0000297 

•0000206 

•0000141 

•0000095+ 

*0000064 

1*8 

1*9 

•0000842 

•0000605+ 

•0000431 

•0000303 

•0000212 

•0000146 

•0000100 

•0000067 

•0000045" 

1*9 

2*0 

•0000601 

*0000431 

•0000306 

•0000215- 

•0000149 

•0000102 

•0000070 

•0000047 

•0000031 

2*0 

2*1 

•0000425“ 

•0000303 

•0000215- 

•0000150“ 

•(XXX)104 

•0000071 

•0000048 

•0000032 

•0000021 

2*V 

2*2 

•0000297 

•0000212 

•0000149 

•0000104 

•0000072 

•0000049 

•0000033 

•0000022 

•0000015“ 

2*2 

2*3 

•0000206 

•0000146 

•0000102 

•0000071 

•0000049 

•0000033 

•0000022 

•0000015- 

•0000010 

2*3 

2*4 

*0000141 

•0000100 

•0000070 

•0000048 

•0000033 

•0000022 

•0000015+ 

•0000010 

•00000065+ 

2*4 

2*5 

•0000095+ 

•0000067 

•0000047 

•0000032 

•0000022 

•0000015- 

•0000010 

•00000066 

•00000043 

2*5 

2*6 

•0000064 

•0000045“ 

•0000031 

•0000021 

•0000015" 

•0000010 

•00000065+ 

•00000043 

•00000028 

2*6 
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Volumes of the Normal Surface 


k 




d/N f or r - - 

•40 




fa 

h~0*0 

h~0*l 

h = 0'2 

to 

to 

i! 

h — 0*4 

5s- 

H 

to 

6* 

to 

to 

li 

ft — 0-7 

h — 0*8 


0*0 

•1846051 

•1649375+ 

-1402498 

•1286015“ 

•1121213 

•0969041 

•0830109 

•0704688 

•0592739 

0*0 

0*1 

•1649375+ 

•1470976 

•1301130 

•1141238 

•0992408 

•0855431 

•0730781 

•0618629 

•0518859 

0-1 

0*2 

•1462498 

•1301130 

•1147993 

•1004304 

•0870997 

■0748716 

•0637817 

•0538376 

•0450220 

0*2 

0*3 

•1286015“ 

•1141238 

•1004304 

•0870248 

•0757849 

•0649617 

•0551797 

•0464393 

•0387180 

0*3 

04 

•1121213 

•0992408 

•0870997 

■0757849 

•0653598 

•0558634 

•0473112 

•0396968 

•0329946 

0*4 

0-3 

•0969041 

-0855431 

•0748716 

•0649617 

■0558634 

•0476054 

•0401955+ 

•0336222 

•0278577 

0*5 

06 

■0830109 

•0730781 

•0637817 

•0551797 

•0473112 

•0401955+ 

*0338341 

•0282120 

•0233001 

0*6 

0*7 

•0704688 

•0018629 

•0538376 

•0464393 

•0396968 

•0336222 

•0282120 

•0234486 

•0193028 

0*7 

0-8 

•0592739 

•0518859 

•0450220 

•0387180 

•0329946 

•0278577 

•0233001 

•0193028 

•0158373 

0*8 

0‘9 

•0493939 

•0431106 

♦0372953 

•0319746 

•0271625“ 

•0228601 

•0190578 

•0157369 

•0128673 

0*9 

10 

•0407727 

•0354798 

•0305998 

•0261523 

•0221454 

•0185770 

•0154358 

•0127023 

•0103511 

1*0 

11 

•0333350“ 

•0289192 

♦0248638 

•0211823 

■0178787 

•0149482 

•0123788 

•0101519 

•(X)82441 

1*1 

1-2 

•0269907 

•0233427 

*0200057 

•0169884 

•0142916 

•0119090 

•0098283 

•0080323 

•0065000 

1*2 

13 

•0216403 

•0186565“ 

•0159379 

•0134897 

•0113103 

•0093927 

•0077249 

•0062911 

•0050728 

1*3 

14 

•0171794 

♦0147632 

•0125707 

•0106043 

•0088609 

•0073332 

•0060100 

•0048771 

•0039185+ 

1*4 

15 

•0135022 

•0115654 

•0098152 

•0082518 

•0068715+ 

•0056670 

•0046280 

•0037422 

•0029957 

1*5 

16 

•0105054 

•0089689 

*0075860 

•0063559 

•0052743 

•0043344 

•0035270 

•0028416 

•0022664 

1*6 

17 

•0080910 

•0068845" 

•0058032 

•0048453 

•0040067 

•(X132809 

•(X126601 

•0021353 

•0016967 

1*7 

1*8 

•0061678 

•0052303 

•0043936 

■0036556 

■0030121 

•0024576 

•(X)19853 

•0015878 

•0012570 

1*8 

1-9 

•0046534 

♦0039326 

•0032920 

•0027293 

•0022408 

•0018217 

•(X)14662 

•0011682 

•0009213 

1*9 

20 

♦0034746 

•0029262 

•0024409 . 

•0020104 

•0016495+ 

•0013360 

•0010713 

•0008504 

•0006681 

2*0 

21 

•0025673 

•0021545+ 

•0037908 

•0014741 

*0012014 

•0009695' 

•0007745“ 

•0006J 24 

•0004793 

2*1 

2-2 

•0018771 

•0015697 

*0013000 

•0010662 

•0008658 

•0006960 

*0005639 

•0004364 

•0003402 

2*2 

23 

•0013580 

•0011316 

•0009338 

*(XX)7630 

*0000173 

•0004944 

•0003919 

•0003076 

•0002389 

2*3 

24 

•0009720 

•0008070 

•<XX)6635+ 

•0005401 

•0004364 

•0003474 

•(XX>2743 

•0002144 

•0001659 

2*4 

25 

•0006884 

•0005695“ 

■0004665" 

•0003783 

•0003038 

•0002414 

•0001899 

■0001479 

•0001140 

2*5 

2-6 

•0004823 

•0003975+ 

•0003244 

•0002621 

•0002097 

•(XX) 1660 

•0001301 

•0001009 

•0000774 

2*6 






d/N for r — ~ 

•40 




i. 


h - 0*9 

to 

il 

h = 1*1 

h -r 1*2 

h - 1*3 

**• 

ii 

Sr* 

! 1! 

h - 1*6 

h - 1*7 


0*0 

0493939 

•0407727 

•0333350 

•0269907 

•0216403 

•0171794 

•0135022 

•0105054 

•0080910 

0*0 

0*1 

0431106 

•0354798 

•0289192 

•0233427 

♦0186565- 

•0147632 

•0115654 

•(X189689 

•0068845“ 

0*1 

0*2 

0372953 

•0305998 

•0248638 

•0200057 

•0159379 

•0125707 

•0098152 

•0075860 

•0058032 

0*2 

0*3 

0319746 

•0261523 

•0211823 

•0169884 

•0134897 

•0106043 

•0082518 

•0063559 

•(X148453 

0*3 

0*4 

0271625“ 

•0221454 

•0178787 

•0142916 

•0113103 

•0088609 

•0068715' 

•0052743 

•0040067 

0*4 

0*5 

0228601 

•0185770 

•0149482 

•0119090 

•0093927 

•0073332 

•0056670 

•0043344 

•0032809 

0*5 

0*6 

011X1578 

•0154358 

•0123788 

•0098283 

•0077249 

•0060100 

•0046280 

•0035270 

•0026601 

0*6 

0*7 

0157359 

-.0127023 

•0101519 

•0080323 

•0062911 

•0048771 

•0037422 

•0028416 

•0021353 

0*7 

0*8 

0128673 

•0103511 

•0082441 

•0065000- 

•0050728 

•0039185+ 

•0029957 

•0022664 

•0016967 

0*8 

0*9 

0104184 

•0083521 

•0062286 

•0052076 

•0040496 

•0031168 

•0023740 

•0017894 

•0013347 

0*9 

1*0 

0083521 

•0066720 

•0052764 

*0041303 

•0032002 

•0024539 

•0018622 

•0013984 

•0010390 

1*0 

1*1 

0062286 

*0052764 

•0041576 

•(X132427 

•0025032 

•0019123 

•0014457 

•0010815' 

•0008005+ 

1*1 

1*2 

0052076 

4X141303 

•(X132427 

•0025198 

•0019379 

•0014749 

•0011108 

•0(X)8278 

•0006104 

1*2 

1*3 

0040496 

•0032002 

•0025032 

•0019379 

•0014848 

•0011258 

•0008446 

•0006270 

*0004605+ 

1*3 

1*4 

0031168* 

•0024539 

•0019123 

•0014749 

•0011258 

•0008503 

•0006355- 

•0004699 

•0003438 

1*4 

1*5 

0023740 

•0018622 

*0014457 

•(XU1108 

•0008446 

•0006355- 

•0004731 

•0003485- 

•0002539 

1*5 

1*6 

0017894 

*0013984 

•0010815+ 

•0008278 

•0006270 

•0004699 

•0003485“ 

*0002557 

•0001856 

1*6 

1*7 

0013347 

•0010390 

•0008005+ 

•0006104 

•0004605+ 

•0003438 

•0002539 

•0001856 

*0001342 

1*7 

1*8 

0009850“ 

•0007639 

•0005863 

•0004453 

•0003347 

•0002488 

•0001831 

•0001332 

•0000959 

1*8 

1*9 

0007192 

•0005556 

*0004248 

•0003214 

•0002406 

•0001782 

•0001305+ 

•0000946 

•0000679 

1*9 

2*0 

0005196 

•0003998 

•0003045- 

•0002295* 

•0001711 

•0001262 

•0000921 

•0000665“ 

•0000475“ 

2*0 

2*1 

0003713 

•0002846 

•0002159 

•0001621 

•0001203 

•0000884 

•0000643 

•0000462 

•0000329 

2*1 

2*2 

0002625+ 

•0002004 

•0001514 

•0001132 

•0000837 

•0000613 

•0000443 

•0000318 

•0000225+ 

2*2 

2*3 

0001836 

•0001396 

•0001051 

•0000782 

*0000576 

•0000420 

*0000303 

•0000216 

•0000152 

2*3 

2*4 

0001270 

•0000962 

•0000721 

•0000535“ 

■0000392 

•0000280 

*0000204 

•0000145+ 

•0000102 

2*4 

2*5 

0000869 

•0000656 

•0000489 

•0000361 

•0000264 

•0000191 

•0000137 

•0000097 

•0000068 

2*5 

2*6 

0000588 

•0000442 

•0000329 

•0000242 

•0000176 

•0000127 

•0000090 

•0000063 

*0000044 

2*6 
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z. 




d/N for r — — 

•40 




h 


h - IS 

Os 

II 

- 

h = 2-0 

h — 2-1 

h — 2-2 

h — 2-3 

h « 2-4 

2-5 

h * 2-6 


0-0 

*0061678 

•0046534 

•0034746 

•0025673 

•0018771 

•0013580 

•0009720 

•0006884 

•0004823 

0-0 

0-1 

•0052303 

•0039326 

•0029262 

•0021545+ 

•0015697 

•0011316 

•0008070 

•0005695“ 

•0003975+ 

0-1 

0-2 

•0043936 

•0032920 

•0024409 

•0017908 

•0013000 

•0009338 

•0006635+ 

•0(X)4665- 

•0003244 

0-2 

OS 

•0036566 

•0027293 

•(XJ20164 

♦0014741 

•0010662 

•0007630 

•0005401 

•0003783 

•0002621 

OS 

04 

•0030121 

•0022408 

•0016495+ 

•0012014 

•0008658 

•0006173 

•0004354 

•0003038 

•0002097 

0-4 

OS 

•0024576 

•0018217 

•0013360 

•0009695' 

•0006960 

•0004944 

•0003474 

•0002414 

•0001660 

0-5 

OS 

•0019853 

•0014662 

•0010713 

■(XX)7745~ 

•(XX)5539 

•0003919 

•0002743 

•0001899 

•0001301 

0-0 

0-7 

•(K)15878 

•0011682 

•0008504 

•0006J24 

•0004364 

•0003076 

•0002144 

•0001479 

•0001009 

0-7 

OS 

•0012570 

•0009213 

•0006681 

•0004793 

■0003402 

•0002389 

•0001659 

•0001140 

•0000774 

OS 

OS 

•0009850 - 

•0007192 

•0005196 

•(XX)3713 

•0002625+ 

•0001836 

•0001270 

•0000869 

•0000588 

0-9 

VO 

•0007639 

•0005556 

•0003998 

•0002846 

•0002004 

•0001396 

■0000962 

•0000656 

•0000442 

VO 

VI 

•0006863 

•0004248 

•0003045“ 

•0002159 

•0001514 

•0001051 

•0000721 

•0000489 

•0000329 

1-1 

V2 

•0004453 

•0003214 

•0002295“ 

•0001621 

(XX11132 

•0000782 j 

•0000535" 

•0000361 

•0000242 

1-2 

VS 

•0003347 

•0002406 

•0001711 

•(XX) 1203 

•(XXX)837 

•0000576 1 

•0000392 

•0000264 

•0000176 

IS 

V4 

•0002488 

•0001782 

•0001262 

•0000884 

•0000613 

•1XX)0420 

•0000280 

•0000191 

•0000127 

V4 

15 

•0001831 

•0001305+ 

•0(XX)921 

•(XXXX143 

•(XXX)443 

•0000303 

•0000204 

•0000137 

•0000090 

1-5 

VO 

•0001332 

•(XXXH146 

•0000665“ 

•(XXX)462 

•0000318 

•0000216 

•0000145+ 

•0000097 

•0000063 

VO 

1-7 

•000095Q 

•(XXX1679 

•0000475" 

•0000329 

•(XXX)225+ 

•0000152 

•0000102 

•00(XX)68 

•0000044 

1-7 

IS 

•0000683 

•0000481 

•(XXX1336 

•0000231 

*(XXX)158 

•0000106 

•0000071 

•(XXXX)47 

•<XXXX)30 

IS 

VO 

•0000481 

•(XXX1338 

•00(X)234 

•(XXX) 161 

•0000109 

•0000073 

•0000049 

-0000032 

•0000021 

V9 

2‘0 

■0000336 

(XXX)234 

•(XXX) 162 

•0000111 

•(XXXX)75- 

•(XXXX)50+ 

•0000033 

•(XXXX)22 

•0000014 

2-0 

2-1 

•0000231 

•(XHXH61 

•oooom 

•0000075+ 

•CXXXX)51 

■(XXJ0034 

•0000022 

•0000014 

•(XXXXXX)3 

2-1 

2*2 

•0000158 

•<XXX)109 

*0000075" 

•(XXXR)51 

•(XXXX)34 

•0000023 

•0000015- 

•00000096 

•0000(XX)1 

2-2 

2-3 

•0000106 

•(XXXX173 

•(XXXX)50+ 

1 -<XKXX>34 

•(XXKXJ23 

■(XXXX)15“ 

•(XXXXX197 

•(XXXXX)63 

•fXXXXX)40 

2-3 

24 

•0000071 

•(XXXX149 

*(XXXX)33 

•0000022 

■0000015" 

•(XXXXX)97 

•00000063 

•00000041 

•(XXXXX)26 

2-4 

2-5 

•(XKKX)47 

•(XXXX132 

•0000022 

•<XXXX)14 

•00000096 

•(XM)00063 

•(XMXXXMl 

•00000026 

•00000016 

2-5 

2-0 

•0000030 

•(XXXH321 

■0(XXX)14 

•(XXHXK)93 

■00000061 

■<XKKXX)40 

•(KXXXX126 

•(XXXXXN6 

•00000010 

2-0 


k 




d/N for r - - 

•45 




b 


h - 0-0 

h = 0-l 

h - 0-2 

h - OS 

1; 

h — 0-5 

II 

cs 

r 

h OS 


0-0 

•1757120 

•1561080 

•1376688 

•1202786 

•1041466 

•0893558 

•0759529 

•0639494 

•0533250“ 

0-0 

0-1 

•1561980 

•1384562 

•1216724 

•1059795” 

■0914776 

•0782330 

•0662783 

•0556144 

•0462137 

0-1 

0-2 

•1376688 

•1216724 

■1065976 

•0925575- 

•0796341 

•0678782 

•0573101 

•0479215 

•0396794 

0-2 

0-3 

•1202786 

•1059795" 

•0925575 

•0801067 

•0686927 

•0583523 

•04!XH)52 

•0409059 

•0337468 

OS 

0-4 

■1041466 

•0914776 

•0790341 

•0686927 

•0587040 

•049602!) 

•0416600 

•0345840 

•0284250+ 

0-4 

0-5 

•0893558 

•0782330 

•0078782 

•0583523 

•0496929 

•0419144 

•0350104 

•0289554 

•0237083 

0-5 

0-0 

•0759529 

•0662783 

•0573101 

•0490952 

•04166(X) 

•0350104 

•0291344 

*0240040 

•0195779 

0-0 

0-7 

•0639494 

•0556144 

•0479215“ 

•0409059 

•0345840 

•0289554 

•0240040 

♦0197(X)2 

•0160044 

0-7 

OS 

•0533250" 

•0402137 

•0396794 

•0337468 

•0284250+ 

•0237083 

■0195779 

♦0160044 

■0129498 

OS 

0-9 

•0440315“ 

•0380241 

•0325291 

•0275627 

•0231280 

•0192155+ 

•0158053 

•0128686 

•0103701 

0-9 

VO 

•0359976 

•0309738 

•0263994 

•0222842 

•0186265" 

•0154146 

•0126282 

•0102400 

•0082177 

VO 

1-1 

•0291344 

•0249759 

•0212069 

•0178322 

•0148467 

•0122375" 

•0099846 

•0080629 

■0064436 

1-1 

1-2 

•0233403 

•0199337 

•0168606 

•0141220 

•0117108 

•0096136 

•0078114 

*(X)62816 

•0049987 

1-2 

1-3 

•0185067 

•0157451 j 

•0132658 

•0110669 

•0091402 

•0074725“ 

•0060464 

•0048417 

•0038363 

IS 

1-4 

•0145219 

•0123069 

•0103280 

•0085813 

*(X)70583 

•0057464 

*(XH63(X) 

♦0036916 

•(X)29J24 

7 -4 

1-5 

•0112758 

•0096183 

•0079557 

•0065832 

•0053923 

•0043715+ 

•0035072 

•0027843 

•0021870 

1-5 

VO 

•0086629 

•0072834 

•0060629 

♦0049962 

*(X)40752 

•0032896 

•(X)26278 J 

•0020770 

■0016242 

1-6 

V7\ 

•0065845+ 

•0055136 

•0045707 

•0037508 

•0030463 

•0024485 1 

■0019474 

•0015324 | 

•0011929 

1-7 

1S\ 

•0049511 

•0041288 

•0034084 

•0627852 

•0022524 

•0018025“ 

•0014273 ! 

•0011181 

•0008665* 

1-8 

1 -9 

•0036827 

•0030583 

•0025139 

•0020455+ 

•0016470 

•0013123 

•0010345- 

•0008068 

■0006224 

1-9 

2-0 

•0027094 

•0022406 

•0018340 

•0014857 

•0011911 

•0009448 

■0007414 

•0005756 

•0004420 

2-0 

2-1 

•0019715+ 

•0016235" 

•0013231 

•0010672 

•(XX)8518 

•0006726 1 

*(KX)5254 

•0004061 

•1XX)3104 

2-1 

2-2 

•0014188 

•0011633 

•0009440 

•0007580 

•0006023 

•0004735- 1 

•0003682 

•0002832 

•0002155 

2-2 

2-3 

•0010097 

•0008243 

•0006660 

•0005324 

•0004211 

•0003295+ 

*(XX)2551 

•0001953 

(XX)1479 

2-3 

2-4 

•0007106 

•0005776 

•0004646 

•0003697 

•0002911 

•0002268 

•0001747 

•0001332 

•(XX) 1004 

2-4 

2-5 

•0004945+ 

•0004002 

•0003204 

•0002539 

•0001990 

•0001543 

•0001183 

•0000897 

•0000674 

2-5 

2-0 

•0003403 

•0002741 

•0002185+ 

•0001723 

•0001344 

•0001038 

•0000792 

•0000598 

•0000446 

2-0 
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Volumes of the Normal Surface 


k 




“ d/N for r = - 

•45 




k 


h = 0-9 

n 

h^l-1 

h = 1-2 

h = 1-3 

II 

h =* 1-5 

ft — 1-6 

N 

II 


0-0 

•0440315“ 

•0359976 

•0291344 

•0233403 

•0185067 

■0145219 

•0112758 

•0086629 

•0066846+ 

0-0 

0-1 

•0380241 

•0309738 

•0249759 

•0199337 

•0157451 

•0123069 

4X)95183 

•0072834 

•0055136 

0-1 

0-2 

•0325291 

•0263994 

•0212069 

•0168606 

■0132658 

■0103280 

•0079557 

•0060629 

•0045707 

0-2 

0-3 

•0275627 

•0222842 

•0178322 

•0141220 

•0110669 

•0085813 

•0065832 

•0049962 

•0037508 

0-3 

0-4 

•0231280 

•0186265" 

•0148467 

•0117108 

•0091402 

•0070583 

•0053923 

•0040752 

•0030463 

0-4 

0-5 

•01921551 

•0154146 

•0122375" 

•0096136 

(X174725" 

•0057464 

•0043715+ 

•0032896 

•00244861 

0-5 

0-6 

•0158053 

•0126282 

4X199846 

•0078114 

•0060464 

4X146300 

•0035072 

•0026278 

•0019474 

0-6 

0-7 

•0128686 

•0102400 

■(X)80629 

•0062816 

4X148417 

•0036916 

4X127843 

4X120770 

•0015324 

0-7 

0-8 

■0103701 

•0082177 

•0064436 

•0049987 

•0038363 

•0029124 

•0021870 

•0016242 

•0011929 

0-8 

0-9 

•0082700 

•0065261 

•0050954 

•0039359 

•0030075+ 

•0022732 

•0016994 

•0012565- 

•0009187 

0-9 

1-0 

•0065261 

•0051281 

•0039867 

•0030661 

•0023326 

•01)17552 

4K113063 

•0009615“ 

•0006998 

1-0 

1-1 

•0050954 

•0039867 

•0030859 

•0023629 

•0017896 

•CXJ13406 

•0009932 

41007277 

•0005272 

1-1 

1-2 

■0039359 

•0030661 

•0023629 

•0018012 

•0013581 

•(8110128 

•0007469 

4XX15447 

•0003928 

1-2 

1-3 

•0030075+ 

•0023326 

•(H)] 7896 

•0013581 

•0010194 

•0007507 

•0005555^ 

•0004032 

•0002894 

1-3 

1-4 

•0022732 

•0017552 

•0013406 

•0010128 

4XX17567 

•0^05591 

•0004086 

•0002952 

•0002109 

1-4 

1-5 

•0016994 

•0013063 

•0009932 

•0007469 

•0005555+ 

•0G04086 

♦0002971 

•0002137 

4)001519 

1-5 

1-0 

•0012565“ 

■0009615- 

•(KK17277 

•0005447 

•0004032 

•00(12952 

•0002137 

•(.XX) 1529 

•0001082 

1-6 

1-7 

•0009187 

•0006998 

•0005272 

•(MX13928 

•0002894 

■0002109 

•0001519 

4XX1J082 

•0000761 

1-7 

1-8 

•0006643 

•0005037 

•0003777 

•0002801 

•0002054 

•0001 JO 

•0001068 

•0000757 

*0000531 

1-8 

1-9 

•0004749 

•0003584 

+1002675+ 

•0001975“ 

•0001441 

4X101040 

•0000742 

4XXX1524 

•0000365+ 

1-9 

2-0 

•0003357 

•0002522 

4XXU874 

•(XX) 1376 

•OOOl(XX) 

4XXX1718 

•0000510 

4XXX1358 

4 XXX1248 

2-0 

2-1 

•0002347 

•0001754 

•0001297 

•0000948 

•0000686 

•0000490 

•0000346 

•0000242 

4 XXX) 167 

2-1 

2-2 

•0001622 

•0001207 

•(HHH1888 

•0000646 

4KXX1465- 

4XKX)33l 

4MXK1232 

4 XXX) 162 

4X11X1111 

2-2 

2-3 

•0001108 

•0000820 

•0000601 

•0000435+ 

•(XXX1311 

4XXX1220 

•0000154 

•0000107 

4)000073 

2-3 

2-4 

•0000748 

•0000551 

•0000402 

•0000290 

4XX10206 

•0000145+ 

•(XXX1101 

•0000070 

•0000047 

2-4 

2-5 

•0000499 

•0000366 

•0000266 

•(XXX)l 91 

4 XXX1135+ 

•0000095“ 

•(XXXX166 

4XXXX145- 

4XXXX130 

2-5 

2-6 

•0000330 

•0000234 

•0000174 

•0000124 

•0000087 

•0000061 

•0000042 

•0000029 

4XXXK119 

2-6 


1m 




d/N for r - - 

•45 




j. 

rC 

h - 1-8 

h - 1-9 

ft - 2-0 

h — 2-1 

h - 2-2 

h « 2-3 

** 

II 

II 

h~2-6 

fC 

0-0 

•0049511 

4X136827 

•0027094 

•0019715+ 

4X114188 

•0010097 

■(XX17106 

•0004945+ 

•(XX13403 

0-0 

0-1 

4X141288 

•(X130583 

4X122406 

•0016235- 

•0011633 

•0008243 

•0005776 

•0004(X)2 

•0002741 

0-1 

0-2 

■0034084 

*0025139 

•0018340 

•0013231 

•(XX19440 

•0006660 

4XX14646 

4XX13204 

•0002185-^ 

0-2 

0-3 

•0027852 

4X12U4554 

4X114857 

•0010672 

•0007580 

•0005324 

4)003697 

•0002539 

•0001723 

0-3 

0-4 

4X122524 

•0016470 

4X111911 

4 XX18518 

4 XX16023 

•0004211 

•0002911 

•0001990 

•0001344 

0-4 

0-5 

•OOJ8025- 

4X113123 

4)009448 

•0006726 

4XX14735- 

•00032954 

4XX12268 

•0001543 

•0001038 

0-5 

0-6 

•0014273 

4X110345- 

4XX17414 

•0005254 

4XX13682 

•0002551 

•0001747 

4X10] 183 

•0000792 

0-6 

0-7 

•0011181 

4XX18068 

4 XX15756 

4X104061 

4XK12832 

•0001953 

•0001332 

•0000897 

•0000598 

0-7 

0-8 

•0008665+ 

4XX16224 

4X104420 

4)003104 

•0002165- 

•0001479 

•0001004 

•0000674 

•0000440 

0-8 

0-9 

4X106643 

4XX14749 

•0003357 

•0002347 

4)001622 

•0001108 

•0000748 

•0000499 

•0000330 

0-9 

1-0 

•(KX15037 

4XK13584 

4XX12522 

•0001754 

•0001207 

•0000820 

•(XXX1551 

•0000360 

•0000234 

1-0 

1-1 

•0003777 

•0002675+ 

4XXH874 

*0001297 

4MX10888 

4)000601 

4XXK14()2 

•0000260 

•0000174 

l-l 

1-2 

•0002801 

•0001075- 

4XXH376 

4XHX1948 

•0000646 

•0000435+ 

•0000290 

•0000191 

•0000124 

1-2 

1-3 

•0002054 

•0001441 

•0001000 

4XXX1686 

*0000465 

•0000311 

4XXX1206 

•(XXX) 135+ 

•0000087 

1-3 

1-4 

•0001490 

•0001040 

•0000718 

•00CX1490 

•0000331 

•0000220 

•0(XX)145+ 

•0000095- 

•0000061 

1-4 

1-5 

•0001068 

•0000742 

•0000510 

4XXX1346 

•0000232 

•0000154 

•0000101 

•0000066 

•0000042 

1-5 

1-6 

•0000757 

4XXX1524 

■0000358 

•(XXX1242 

4 XXX) 162 

•0000107 

•0000070 

•0000045- 

*0000029 

1-6 

1-7 

•0000531 

4XXX1365+ 

4XXX1248 

•(XXX1167 

•0000111 

•0000073 

•0000047 

•0000030 

•0000019 

1-7 

1-8 \ 

■0000368 

•(XXX1252 

•(XXX) 170 

•0000114 

•0000075+ 

•0000049 

4)000032 

•0000020 

•0000013 

1-8 

1-9 

•0000252 

•0000172 

•(XKM)llO 

•(XXXX177 

•0000051 

41000033 

•0000021 

•0000013 

•00000085“ 

1-9 

2-0 

•0000170 

•00001 16 

4XXXX178 

•00CXX151 

•0000034 

•0000022 

•0000014 

•0(XXXX)88 

•00000055+ 

2-0 

2-1 

•0000114 

4KXXX177 

•(XXXX151 

•0000034 

•0000022 

•0000014 

•00000090 

•00000057 . 

•00000037 

2-1 

2-2 

•0000076+ 

•0000051 

4XXKX134 

4X100022 

4KXKX114 

•00000092 

*00000058 

•00000036 

•00000022 

2-2 

2-3 

4XXX1049 

•0000033 

4KJ00022 

•0000014 

•00000092 

•00000059 

•00000037 

•00000023 

•00000014 

2-3 

2-4 

•0000032 

•0000021 

•0000014 

•00000090 

•(XXXK1058 

4X1000037 

•00000023 

•00000014 

•00000009 

2-4 

2-5 

•0000020 

•0000013 

•00000088 

•00000057 

•00000036 

•00000023 

•00000014 

*00000009 

•00000005+ 

2-5 

2-6 

•0000013 

•00000085“ 

1 

•00000037 

*00000022 

•00000014 

•00000009 

•00000005+ 

•00000002 

2-6 
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£ 

d/N for r = — *60 

b 



11 

Oi 

II 

h ** 0'3 

il 

h = 0-5 

h — 0-6 

h a* 0’7 

oo 

II 

fZ 

0-0 

•1666067 

•1472109 

•1288543 

•1117443 

•0959897 

•0816598 

•0687848 

•0573588 

•0473431 

0-0 

0-1 

•1472109 

•1295818 

•1130210 

•0976550+ 

•0835700 

•0708178 

•0594141 

•0493418 

•0405553 

01 

0-2 

•1288543 

•1130216 

•0982164 

•0845419 

•0720605- 

•0608253 

•0508211 

•0420282 

•0343956 

02 

0-3 

•1117443 

■0976550+ 

•0845419 

•0724876 

•0615434 

•0517301 

•0430398 

•0354399 

•0288762 

03 

04 

•0959897 

•0835700 

•0720665“ 

•0615434 

•0520307 

•0435548 

•0360817 

•0295794 

•0239929 

04 

0,5 

■0816508 

•0708178 

•0608253 

•0517301 

•0435548 

•0302982 

•0299375+ 

•0244321 

•0197268 

0 5 

0-6 

•0687848 

•0594141 

•0508211 

•0430398 

•0360817 

•0299375+ 

•0245803 

•0199680 

•0160471 

0-6 

0-7 

•0573588 

•0493418 

■0420282 

•0354399 

•0295794 

•0244321 

•0199080 

•0161454 

•0129134 

0-7 

0-8 

•0473431 

•0405553 

•0343956 

•0288762 

•0239929 

•0197268 

•0160471 

•0129134 

•0102785+ 

0 8 

0-9 

•0386718 

•0329853 

•0278526 

•0232782 

•0192530 

•0157559 

•0127561 

•0102154 

•0080912 

09 

bO 

•0312570 

■0265442 

•0223135+ 

•0185637 

•0152821 

•0124469 

•0100285- 

•0079918 

•0062984 

bO 

hi 

•0249952 

■0211319 

•0170829 

•0146428 

•0119973 

•0097244 

•0077966 

•0061823 

•0048478 

bl 

h2 

■OJ97727 

■0106407 

•0138601 

•0114231 

•0093142 

•0075127 

•0059935- 

*(X)47286 

•(X13089O 

b2 

1-3 

•0154710 

•0129603 

•0107439 

*0088123 

•0071504 

•0057388 

•0045553 

(X)35756 

•0027751 

1-3 

14 

•0119721 

•0099821 

•0082354 

•0067219 

•0054273 

•0043340 

•0034227 

•0026728 

•0020636 

14 

H\ 

•0091615+ 

•0076023 

•0062416 

•0050694 

•0040726 

•0032357 

•0025422 

•0019748 

•0015167 

15 

1-6 

■0009322 

•0057246 

•0040709 

•0037790 

•0030210 

•0023879 

•(X)18663 

•0014421 

•0011017 

1-6 

1-7 

•0051861 

•0042617 

•0034644 

•0027856 

•0022150- 

■0017417 

•0013541 

•0010408 

•0007909 

17 

hS 

•(X138356 

•0031363 

•0025367 

•0020292 

•0016052 

*0012556 

•(MXJ9710 

•0007424 

•0005010 

h8 

hi) 

•CM 128042 

•0022814 

•0018359 

•0014610 

•0011497 

•0008945+ 

•0000881 

•0005232 

•0003932 

1-9 

2-0 

•0020265- 

•0016403 

•0013132 

•0010396 

•0008138 

•0000298 

•0004818 

•0003644 

•0002723 

2‘0 

2-1 

■0014474 

•0011050 

•0009283 

•0007310 

•(XM(5092 

■0004381 

•0003334 

•(XX >2507 

•0001804 

21 

22 

•0010217 

•0008185+ 

•0006484 

•0005079 

•0003934 

•0003011 

(XH)2279 

•0001704 

•(XX)1260 

2-2 

2-3 

*0007128 

•0005680 

•0004476 

! *0003487 

■0002686 

•0002045 1 

•0001539 

•0001144 

•0000841 

2-3 

2-4 \ 

■0004913 

•0003895 

•0003053 

•0002365 1 

•0001812 

•0001372 

•(XX) 1027 

•0000759 

•0000555+ 

24 

2-o 

•IKK13347 

•0002639 

•0002058 

•0001580 

•0001208 

■0000909 

•0000677 

•0000498 

•(XXX1362 

25 

2-0 

•0002253 

•0001707 

•0001370 

•0001050" 

•<KKK)795- 

•0<XX>596 

•0000441 

*(MXX)323 

•0000233 

2-6 


k 




d/N for r = — 

•50 






h = 0-9 

h - bO 

k - bl 

h - 1-2 

h - b3 

Sa¬ 

il 

*** 

h -= b5 

h - b6 

h = 1-7 

K 

0-0 

•0386718 

•0312570 

•0249952 

•0197727 

•0154710 

•0119721 

•0091615+ 

(X(69322 

•0051801 

0-0 

0-1 

•0329853 

•0265442 

•0211319 

•0166407 

•0129603 

•0099821 

•0076023 

•0057240 

•0042617 

01 

0-2 

•0278526 

•0223135 1 

•0170829 

•0138001 

•0107439 

•0082354 

•0062410 

•0046709 

•0034644 

0-2 

0-3 

•0232782 

•0185637 

•0146428 

•0114231 

•0088123 

•0067219 

•0050694 

•0037790 

•0027856 

0-3 

04 

•0192530 

•0152821 

■0119973 

•0093142 

•0071504 

•0054273 

•0040720 

•0030210 

•0022150 

04 

0 5 

•0157559 

•0124469 

•0097244 

•0075127 

•0057388 

•0043340 

•0032357 

•CX123879 

•0017417 

0-5 

0-0 

•0127501 

•0100285™ 

•0077966 

•0059935" 

•0045553 

•0034227 

*(X)25422 

•0018663 

•0013541 

Of) 

0-7 

•0102154 

•0079918 

•(X (01823 

•0047280 

•(X135756 

•0020728 

•(M (19748 

•0014421 

•(X(10408 

0-7 

0-8 

•0080912 

•0062984 

•0048478 

•(X)36890 

•0027751 

•0020030 

•0015107 

•0011017 

•0007909 

0-8 

01) 

•0063376 

•0049085+ 

•0037587 

•0028455- 

*0021294 

•0015751 

•0011515- 

•0008319 

•0005940 

0-9 

10 

•0049086+ 

•0037823 

•0028814 

•0021699 

•0010152 

•0011884 

•(XX (8641 

*(XX)6209 

•0004409 

7-0 

bl 

•0037587 

•W28814 

•0021830 

•0016357 

•0012111 

♦0008803 

•(XX(6409 

•0004580 

•(XX)3234 

bl 

12 

•0028455“ 

•0021699 

•0016357 

•0012188 

•0008975- 

•0006532 

♦0004698 

(X)03339 

•0002345- 

1-2 

b3 

•0021294 

•0016152 

•0012111 

•(XX)8975- 

•0006574 

•0004758 

•0003403 

•0002405+ 

•(XX)168() 

1-3 

14 

•0015751 

•0011884 

•0008863 

•0006532 

•0004758 

•000:1425+ 

•0002436 

•0001712 

•0001189 

14 

b5 

•0011515- 

•0008641 

•0006409 

•0004698 

•0003403 

•0002436 

•0001723 

•0001204 

■0000831 

1-5 

1-6 

•0008319 

•0006209 

•0004580 

•0003339 

•0002405+ 

■0001712 

•0001204 

•(XXX1837 

•0000574 

1-0 

17 

•0005940 

•0004409 

•0003234 

•0002345- 

•0001080 

•0001189 

•(X(00831 

•0000574 

•0000392 

1-7 

1-8 

•0004190 

•0003093 

•0002257 

•0001027 

•0001159 

•0000815+ 

•(XXX)5G7 

•0000389 

•(X)00264 

1-8 

b9 

•0002921 

•0002144 

•0001556 

■0001115+ 

•0000790 

•0(XX)553 

•0000383 

•0000261 

*0000176 

1-9 

2-0 

•0002012 

•0001469 

•0001059 

•0000755- 

•0000532 

•0000370 

•0000254 

•0000173 

•0000116 

2-0 

21 

•0001369 

•0000994 

•0000713 

•0000505+ 

•0000354 

•0000245- 

•0000167 

•00(X)113 

•0000075 4 

2-1 

2-2 

•0000920 

•0000664 

•0000474 

•0000334 

•0000232 

•0000160 

•0000108 

*(XXXX(73 

•0000048 

2-2 

2-3 

•0000611 

■0000439 

•0000311 

•0000218 

•0000151 

•0000103 

•0000070 

•0000046 

•0(XXX)31 

2-3 

24 

•0000401 

•0000286 

•0000201 

•0000140 

■0000097 

•0000066 

•0000044 

•0000029 

•0000019 

24 

2-5 

•0000260 

*0000184 

■0000129 

•0000089 

•0000061 

•0000042 

•0000028 

•0000018 

•0000012 

2-5 

2-6 

• 

•0000106 

•0000117 

•0000082 

•0000056 : 

•0000039 

•0000026 

•0000017 

•0000011 

•00000072 

2-6 
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Volumes of the Normal Surface 








d/N for r -* - 

•50 




k 


h — 1-8 

h =» 1-9 

h - 2-0 

h ■= 24 

h -=2-2 

h «* 2-3 

h = 24 

h * 2-5 

II 


0-0 

•0038356 

•0028042 

•0020265- 

■0014474 

•0010217 

•0007128 

•0004913 

•0003347 

•0002253 

0-0 

04 

•0031363 

•0022814 

•0016403 

•0011656 

•0008185+ 

•0005680 

•0003895“ 

•0002039 

•0001767 

04 

0-2 

•0025367 

•0018359 

•0013132 

•0009283 

•0006484 

•0004476 

•0003053 

•0002058 

•0001370 

0-2 

0-3 

•0020292 

•0014610 

•0010396 

•0007310 

■0005079 

•0003487 

•0002365+ 

•0001586 

•0001050“ 

0-3 

04 

•0016052 

•0011497 

•0008138 

■0005692 

•0003934 

•0002686 

•0001812 

•0001208 

•0000795“ 

04 

0-5 

•0012556 

•0008945+ 

•0006298 

■0004381 

■0003011 

•0002045+ 

•0001372 

•0000909 

•0000590 

0-5 

0-6 

•0009710 

•0006881 

•0004818 

•0003334 

•0002279 

•(XX) 1639 

•0(X)1027 

•0000677 

•0000441 

0-0 

0-7 

•0007424 

•0005232 

•0003644 

•0002.507 

•0001704 

•0001144 

•0000759 

•0000498 

•0000323 

0-1 

0-8 

•0005610 

•0003932 

•0002723 

•0001864 

■0001260 

•0000841 

■0000656+ 

•0000302 

•0000233 

0-8 

0-9 

•0004190 

•0002921 

•0002012 

•0001369 

•0000920 

•0000611 

*0000401 

•0000200 

•0000160 

0-9 

1-0 

•0003093 

•0002144 

•0001469 

•0000994 

•0000664 

•0000439 

•0000280 

•0000184 

•0000117 

1-0 

hi 

•0002257 

•0001566 

•0001059 

•0000713 

•0000474 

•0000311 

•0000201 

•0000129 

•0000082 

14 

j b2 

•0001627 

•0001110+ 

•0000755' 

•0000505+ 

•0000334 

•(XXX)218 

•0000140 

•0000089 

•0000056 

1-2 

b3 

•0001169 

•0000790 

•0000532 

•0000354 

•0000232 

•0000151 

•0000097 

•0000061 

•0000039 

1-3 

14 

•0000815+ 

•0000553 

•0000370 

•0000245- 

•0000160 

•0000103 

■0000066 

•0000042 

•0000020 

14 

b5 

•0000567 

•0000383 

•(KXXI254 

•0000167 

•0000108 

•0000070 

*(XXXX)44 

•0000028 

•0000017 

1-5 

bO 

•0000389 

•0000261 

•0000173 

•0000113 

•0000073 

•(XXX3046 

•0000029 

•0000018 

•ixxxxni 

1-0 

14 

•0000264 

•0000176 

•0000116' 

•0000075+ 

■0000048 

•0000031 

•0000019 

•0000012 

♦00000072 

1-7 

b8 

•0000177 

•0000117 

•0000077 

•0000050“ 

•0000032 

•0000020 

•0000012 

•000(XX)76 

•00000046 

1-8 

b9 

•0000117 

•0000077 

•(XXXX150+ 

•0000032 

•0000020 

•0000013 

•00000079 

•00000048 

•0(XXXM)25- 

1-9 

2-0 

•0000077 

•0000050+ 

■0000032 

■0000021 

•0000013 

■00000081 

•00000050+ 

•(XXXXX129 

•00000018 

2-0 

24 

•0000050" 

•0000032 

•0000021 

*0000013 

•(HKKKX)82 

•00000051 

•(XXXXX)31 

•00000019 

•00000011 

2-1 

2-2 

•0000032 

•0000020 

•0000013 

•00000082 

■00000051 

•00000031 

•00000019 

(xxxxxni 

•00000007 

2-2 

2-3 

•0000020 

•0000013 

•00000081 

•00000051 

•00000031 

*00000020 

■00000012 

•00000007 

•000(KXK)4 

2-3 

24 

•(X (00012 

•00000079 

•00000050+ 

*00000031 

•00000019 

•00000012 

•0(XXXXX)7 

•OOCKXXXM 

•00000002 

2-4 

2-5 

•00000076 

•00000048 

•00000029 

•00000019 

•00000011 

■000<XXX)7 

■00000004 

•0(XXXXX)2 

•fxxxxxxn 

2-5 

2-6 

•00000046 

•00000025- 

•00000018 

•00000011 

•00000007 

•00000004 

•(XXXXXX)2 

•00000001 

•00000000 

2-0 
















d/N for r — - 

•55 




k 


h « 0-0 

1! 

h - 0-2 

CV> 

Jt 

sa¬ 

il 

h 0-5 

<£> 

1. 

h — 0-7 

h « 0-8 


0-0 

1573139 

•1379225+ 

•1197565- 

•1029553 

•0876156 

•0737906 

•0614915“ 

•0506918 

•0413324 

0-0 

04 

1379225+ 

•1204240 

•1041166 

•0891146 

•0754916 

•0632813 

•0524796 

•0430487 

•0349227 

0-1 

0-2 

1197565- 

•1041166 

•0896199 

•0763569 

•0643803 

•0537065- 

•0443183 

•0301095+ 

•0291896 

0-2 

0-3 

1029553 

•0891146 

•0763569 

■0647508 

■0543306 

•0450980 

•0370254 

•0300603 

•0241304 

0-3 

04 

0876156 

•0754916 

•0643803 

•0543306 

•0453610 

•0374610 

•0305953 

•0247076 

•0197200 

0-4 

05 

0737906 

•0632813 

•0537065* 

•0450980 

•0374610 

•0307756 

•0250014 

•0200805+ 

•0159430 

0-5 

0-0 

0614915- 

•0524796 

•0443183 

•0370254 

•0305963 

*0250014 

•0202001 

•0161344 

•0127378 

0-0 

04 

0506918 

•0430487 

•0361695+ 

•0300603 

•0247076 

•0200805+ 

•0101344 

•0128143 

•0100586 

0-7 

0-8 

0413324 

•0349227 

•0291896 

•0241304 

■0197260 

•0159430 

•0127378 

•0100586 

•0078495+ 

0-8 

0-9 

0333271 

•0280128 

•0232900 

•0191491 

•0155672 

•0125110 

•0099384 

•0078024 

•0060528 

0-9 

bO 

0265696 

•0222148 

•0183697 

•0150202 

•0121420 

■0097023 

•0076624 

•0059799 

•0046112 

1-0 

14 

0209407 

•0174141 

•0143206 

•0116436 

•0093586 

•0074347 

•0058308 

•0045280 

•0034704 

14 

b2 

0163136 

•0134918 

•0110328 

•0089192 

■0071273 

•0056287 

•0043925+ 

•0033869 | 

•0025798 

1-2 

b3 

0125604 

•0103298 

•0083991 

•0067507 

•0053626 

•0042098 

•0032053 

•0025022 

•1X118942 

1-3 

14 

■0095566 

•0078148 

•0063174 

•0050477 

•(X)39859 

•0031101 

■0023976+ 

•0018258 

•0013734 

14 

b5 

■0071843 

•0058410 

•0046942 

•0037284 

•0029263 

•0022693 

•0017386 

•0013157 

•0009834 

1-5 

b6 

0053369 

•0043129 

•0034455" 

•0027201 

•0021218 

•0016353 

■(X)12450“ 

•0009302 

•0000953 

1-0 

14 

0039150" 

•0031456 

•0024979 

•0019600 

•0015195“ 

•0011637 

•0008803 

•0000577 

•0004853 

14 

b8 

0028373 

•0022660 

•0017884 

•0013947 

•0010744 

•0008176 

•0006146 

•0004563 

•0003345“ 

1-8 

b9 

■0020309 

•0016122 

•0012645+ 

•0009800 

•0007502 

•0005673 

*0004237 

•0003125“ 

•0002270 

1-9 

2-0 

0014357 

•0011327 

•0008829 

•0006799 

•0005172 

■0003886 

•0002883 

•0002112 

*0001528 

2-0 

24 

0010022 

•0007858 

■0006087 

•0004857 

•0003520 

•0002027 

•0001937 

•0001409 

•0001013 

24 

2-2 

•0006908 

•0005382 

•0004142 

•0003150“ 

•0002305“ 

•0001754 

•0001284 

*0000928 

•0000663 

2-2 

2-3 

■0004702 

•0003630 

•0002784 

•0002103 

•0001569 

•0001150 

.•0000841 

•0000003 

•0000428 

2-3 

24 

■0003159 

•0002429 

•0001845+ 

*0001386 

*0001027 

•0000752 

•0000643 

•0000387 

•0000273 

24 

2-5 

■0(X)2092 

•0001602 

•0001209 

•0000902 

•0000663 

•0000482 

•0000340 

•0000245+ 

*0000172 

2-5 

2-0 

■0001372 

•0001042 

•0000781 

•0000579 

•0000423 

•0000306 

•0000218 

•0000149 

•0000106 

2-6 
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d/N for r = - 

•55 




k 

K 

*■ 1 

H 

h~V0 

h^l-l 

h - V2 

h — V3 

V4 

h - IS 

h — V6 

N 

?! 


0-0 

•0333271 

•0265696 

•0209407 

•0163136 

•0125604 

•(XK)5566 

•0071843 

•0053359 

•0039150“ 

OS 

0-1 

•0280128 

•0222148 

•0174141 

•0134918 

•0103298 

•0078148 

•0058410 

•0043129 

•0031456 

0'1 

0-2 

•0232900 

•0183697 

•0143206 

•0110328 

•0083991 

•0063174 

•0046942 

•0034455- 

•0024979 

os 

OS 

•0191491 

•0150202 

•0116436 

•0089192 

•0067507 

•0050477 

•0037284 

•0027201 

•(X119600 

OS 

0-4 

•0155672 

•0121420 

•0093586 

•0071273 

•0053626 

•0030859 

•0029263 

•0021218 

•0015195- 

OS 

OS 

•0125110 

•0097023 

•0074347 

•0056287 

•0042098 

•0031101 

•0022693 

•0016353 

•0011637 

OS 

OS 

•0099384 

•0076624 

•0058368 

•0043925+ 

•0032653 

•0023975+ 

•0017386 

•0012450 

■0008803 

OS 

0-7 

•0078024 

•0059799 

•<X)45280 

•0033869 

•<X)25022 

•0018258 

*0013167 

•0(X>9362 

•(XXXJ577 

0-7 

OS 

•(K >60528 

•0046112 

•0034704 

•(X125798 

■0018942 

•0013734 

•(XX19834 

•0006953 

•0004853 

OS 

0-9 

•0046393 

•0035129 

•0026275+ 

•0019411 

•0014163 

•0010205- 

•(XX17260 

-0005000 

■0(X)3536 

OS 

VO 

•0035129 

•0026436 

•(X)19651 

•0014426 

•0010458 

•<XX>7487 

•0005292 

•0003693 

•(XX)2544 

VO 

VI 

■M26275+ 

•0019651 

•0014515“ 

•0010588 

■0007627 

•0005424 

•0003809 

•0002641 

•0001807 

11 

12 

•0019411 

•0014426 

•0010588 

•0007674 

•0005492 

•0003881 

•(XX12707 

•(XXU864 

•(XX)1267 

V2 

V3 

•0014163 

•0010458 

•(XX17627 

•0005492 

•0003905- 

•0002741 

•0001899 

•(XXU299 

•0000877 

IS 

14 

■0010205“ 

•0007487 

•0(X>5424 

•0003881 

■0002741 

•000191l 

•0001316 

•0000894 

•0000600 

14 

IS 

•0007260 

•0005292 

•(XX13809 

•0002707 

•0001899 

•(XXU316 

•0000900 

•0000607 

■(XXX1404 

IS 

VO 

•0005099 

•0003693 

•0(X)2641 

•0001864 

•0001299 

•(XXK1894 

•0000607 

•0000407 

•(XXX>269 

IS 

V7 

•0003536 

•0002544 

•0001807 

•0001267 

•0000877 

•0000600 

•0000404 

•0000269 

•0000177 

17 

VS 

•0002421 

•0001730 

•0001221 

*(XXX)850+ 

•(XXX>585~ 

•0000397 | 

•(XXX1266 

•(XXXU76 

•(XXXU15“ 

VS 

V9 

•0001636 

•0001162 

•0000814 

•0000563 

•0000385 

•0000259 

•0000172 

•0000113 

•(XXXX)73 

1-9 

2-0 

•0001091 

•0000770 

•0000536 

■(XXX)368 

■(XXMJ250- 

•0000167 

•0000110 

•0000072 

•0000046 

2S 

2 1 

•0000719 

•(XXX>503 

•00(X)348 

■(XXM)238 

•(XHX)160 

■(XXXH06 

<XXXX>70 

■(XXX >045+ 

•(XXXX129 

2-1 

2'2 

•0000467 

•0000325- 

•(KXX)223 

•0000151 

■(XXX)lOl 

•(XKKX)66 

•CKXXX)43 

•0(XXX)28 

•0000018 

2-2 

2-3 

•0000300 

•(XXX >207 

•0000141 

•00(XX)95- 

•(XXXX>63 

■0000041 

■0(XXX)27 

•0000017 

•0000011 

2-3 

2 4 

•0000191 

(XXXU30 

•0000088 

•00(XX)59 

•0000039 

•(XXXX)25+ 

•0000016 

•0000010 

•00000065- 

2-4 

2S 

■000011R 

•(XXXX)81 

•0000054 

•0(XXX)36 

•(XXX>024 

•0000015+ 

•0(XXXX)97 

•00000061 

•(XXXXX)38 

2S 

2S 

•0000073 

(HXXX>49 

•0(XXX)33 

l 

•<XXXX)22 

•0000014 

•(XXXXX)91 

•0(XXXX>58 

•00000036 

•00000022 

2S 


k 




d/N for r - - 

•55 




h 

h - 1-8 

h - 1 -9 

h — 2'0 

I; 

. 

h - 2-2 

h -2-3 

o‘l 

II 

h - 2S 

h = 2-6 


0-0 

•0028373 

•0020309 

•0014357 

•0010022 

•0006908 

•0004702 

•0003159 

•0002092 

•0001372 

0-0 

0-1 

•0022660 

•0016122 

*(X)11327 

•0007858 

•(XX >5382 

*(XX)3639 

<XX)2429 

•0001602 

•(XX)1042 

0-1 

0-2 

•0017884 

•(X>12645+ 

•0008829 

■0W16087 

•(XXJ4142 

•(XX12784 

<XX)1845+ 

•(XX) 1209 

•(XXX)781 

0-2 

0-3 

•0013947 

■0009800 

•(XX16799 

•0004657 

(XX13150- 

•0002103 

•(XX) 1386 

•0000902 

•(XXX)579 

0-3 

0-4 

•0010744 

•0007502 

•0005172 

•(XX >3520 

•(XX12365- 

•0001569 

•(XX >1027 

<XXX>663 

•(XXK>423 

0-4 

OS 

•0008176 

•(XX15673 

•0003886 

•(XX>2627 

•(XXU754 

•(XX >1156 

•(XXX)752 

•(XXX1482 

•0000306 

0-5 

0-6 

•<XX)6146 

•0004237 

•0002883 

•0001937 

•(XXU284 

•0000841 

•(XXX)543 

•OCX X>346 

•0000218 

0-6 

0-7 

•0004563 

•0003125- 

•0002112 

•0001409 

•(XXX >928 

•0000603 

•(KXX)387 

•0(XX)245+ 

•0000149 

0-7 

0-8 

•0003345“ 

•0002276 

•0001528 

•0001013 

•(XXX >663 

•0000428 

(XKX)273 

•0000172 

•0000106 

OS 

0-9 

•0002421 

•0001636 

•0001091 

<XXX>719 

•(XXXJ467 

•0000300 

•(XXXJ191 

•0000118 

•0000073 

0-9 

VO 

•0001730 

•0001162 

•0000770 

•(XXX >503 

•0000325- 

•(XXX)207 

•0000130 

•(XXXX)81 

•0000049 

VO 

1-1 

•0001221 

•0000814 

•<XXX)536 

•0000348 

<XXX>223 

•0000141 

•0000088 

<XXXX>54 

•(XX >0033 

1-1 

1-2 

■<XXX)850+ 

•0000563 

•0000368 

•0000238 

•0000151 

•0000095" 

•CXXXX)59 

•CXXX)036 

•00(XX)22 

1-2 

1-3 

•(KXX)586- 

•0000385“ 

•0000250" 

•0000160 

•0(>0()1()1 

•(XX)(X)63 

•(XXXX>39 

•(KXXX)24 

•(XXXXU4 

IS 

1'4 

•0000397 

•0000259 

•0000167 

•0000106 

•0000066 

•0000041 

•0000025+ 

•(XXXXU5+ 

•00000091 

1-4 

IS 

•0000266 

•0000172 

<>000110 

•0000070 

•0000043 

•0000027 

•0000016 

•00000097 

•00000058 

1-5 

IS 

•0000176 

•0000113 

•0000072 

•0000045+ 

•(XXXX>28 

•0000017 

•0000010 

•(XXXXXXU 

•(XXXXX136 

1-6 

1-7 

•0000115" 

•0000073 

•0000046 

•0000029 

•0000018 

•0000011 

•00000065- 

•00000038 

•00000022 

1-7 

IS 

•0000074 

•0000047 

•0000029 

•(XXX X)18 

•0000011 

•00000067 

•(XXXXX)4() 

•(XXXXX123 

•00000013 

IS 

1-9 

•0000047 

•0000030 

•0000018 

•0000011 

•CXXX)0069 

00000041 

•00000024 

•00000015- 

•00000008 

1-9 

2-0 

•0000029 

•0000018 

•0000011 

•(XXXXX)70 

<KXX)0042 

•(XXXXX)25+ 

•00000015“ 

•00000008 

•00000005“ 

2-0 

2-1 

•0000018 

•0000011 

•(XXXXX) 70 

•00000042 

*(XXXXX)25+ 

•00000015- 

•00000009 

•00000005" 

•00000003 

2-1 

2-2 

•0000011 

•00000069 

•00000042 

•00000025+ 

•00000015- 

■00000009 

•00000005- 

•00000003 

•00000002 

2-2 

2-3 

•00000067 

•00000041 

•00000025+ 

•00000015- 

•(XXXXXX>9 

•00000005+ 

•00000003 

•00000002 

•00000001 

2-3 

2-4 

•00000040 

•00000024 

*00000015- 

•00000009 

•OOOOOOOfi- 

•(XXXXXX)3 

•00000002 

•00000001 

•(XXXXXXU 

2-4 

2-5 

•00000023 

•00000015- 

•00000008 

00000005- 

•00000003 

•00000002 

•00000001 

•00000001 

•00000000 

2-5 

2-6 

•00000013 

, 

•00000008 

00000005- 

•00000003 

•00000002 

•00000001 

1 

•00000001 j 

•00000000 

* 

2-6 
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b 




d/N for r « - 

•60 




b 


h - 0-0 

h = 0-l 

h — 0-2 

h =» 0-3 

h - 0-4 

h « 0-5 

h — 0-6 

h = 0-7 

h = 0-8 


Of) 

•1476836 

•1282648 

•1103130 

•0938584 

•0789827 

•0657195+ 

•0540578 

•0439466 

•0353029 

0-0 

0-1 

•1282648 

•1109204 

•0949035“ 

•0803157 

•0672130 

•0556079 

•0454726 

•0367452 

•0293361 

0-1 

0 2 

-1103130 

•0949035- 

•0807649 

•0679724 

•0565592 

•0465192 

•0378115- 

•0303662 

•0240002 

0-2 

0-3 

•0938584 

•0803157 

•0679724 

•0568800 

•0470515+ 

•0384660 

•0310726 

•0247964 

•0195447 

0-3 

0 4 

•0789827 

•0672130 

■0565592 

•0470515' 

•0386867 

•0314321 

•0252301 

•0200039 

•0156633 

0-4 

0-5 

•0667195+ 

•0566079 

•0465192 

•0384660 

•0314321 

•0253763 

•0202375+ 

•0159396 

•0123970 

0-5 

0-6 

•0640578 

•0454726 

•0378115“ 

•0310726 

•0252301 

•0202375+ 

•0160328 

•0125430 

•0096885+ 

0-6 

0-7 

•0439466 

•0367452 

•0303662 

•0247964 

•0200039 

•0159396 

•0125430 

•0097456 

•0074754 

0-7 

0-8. 

•0363029 

•0293361 

•0240902 

•0195447 

•0156633 

•0123970 

•0000885+ 

•0074754 

•0056936- 

0-8 

0-9 

•0280172 

•0231352 

•0188757 

•0152133 

•0121102 

•0095193 

•0073878 

•0056599 

•0042798 

0-9 

If) 

•0219629 

•0180192 

•0146050' 

•Oil6923 

•0092438 

■0072156 

•0055604 

•0042294 

•0031749 

If) 

11 

•0170032 

-0138586 

•0111576 

•0088714 

•0069649 

■(X)53984 

•0041302 

•0031188 

•0023239 

l-l 

12 

•0129980 

•0105234 

•0084147 

•0066442 

•0051795" 

•0039859 

•0030274 

•0022692 

•0016783 

1-2 

1-3 

•0098099 

•0078883 

•0062640 

•0049112 

•0038012 

•0029040 

•0021894 

•0016288 

•0011956 

1-3 

1-4 

•0073086 

•0058363 

•0046020 

•0035824 

•0027526 

•0020875- 

•0015621 

•0011534 

•0008402 

1-4 

1-6 

•0053743 

•0042616 

•0033364 

•0025784 

•0019667 

•0014803 

•0010995“ 

•0008057 

•0005824 

1-5 

1-6 

•0039001 

•0030706 

•0023860 

•0018309 

•0013862 

•0010356 

•0007633 

•0005550+ 

(1003981 

1-6 

1-7 

•0027928 

•0021830 

•0016843 

•0012826 

•0009638 

•0007145+ 

•0005226 

•0003771 

•<MX)2684 

1-7 

1-8 

•0019732 

•0015312 

•0011726 

•0008863 

•0006609 

•0004862 

•0003529 

*(XX)2527 

•(XX)1784 

1-8 

1-9 

•0013754 

•0010594 

•0008053 

.•0006040 

•0004470 

•0003263 

•0002350- 

•0001669 

•0001169 

1-9 

2-0 

•0009458 

•0007230 

•0005455- 

•0004060 

*(XX)2981 

•0002160 

•0001543 

•0001087 

*(XXX)755+ 

2-0 

2-1 

•0006415- 

•0004867 

•0003644 

•0002691 

•0001961 

•0001410 

•(XXX1999 

•0000698 

•(HXX)481 

2-1 

2-2 

•0004291 

•0003231 

•0002400 

•000J759 

■0001272 

■0000907 

■0000638 

•0000442 

•(MXK)302 

2-2 

2-3 

•0002831 

•0002115' 

•0001559 

•0001134 

•(HXK)813 

•(XXX1575+ 

•(XXXM01 

•0000276 

■<XXX)187 

2-3 

2-4 

•0001842 

•0001365+ 

•0000999 

•0000720 

•0000513 

•0000360 

•0000249 

•0000170 

•(XXX) 114 

2-4 

2-5 

•0001181 

•0000869 

•<XXK)63] 

•0000461 

•0000319 

•tXXX)222 

•0000152 

•(XXX) 103 

■0000069 

2-5 

2-6 

•0000747 

•0000545+ 

•0000393 

•0000279 

•(MXX)195+ 

•(XMXU35- 

•(XXXX)92 

•0000062 

•0000041 

2-6 


lm 




d/N for r — — 

•60 




h 


h « 0-9 

II 

II 

II 

* 

h - 1-3 

II 

h — 1-5 

h = 1-6 

N 

’■'I 

II 

1C 

Of) 

•0280172 

•0219629 

•0170032 

■0129980 

■0098099 

•0073086 

*0053749 

•(X)39(X)1 

•0027928 

0-0 

0-1 

•0231352 

•0180192 

•0138586 

•0105234 

•0078883 

■0058363 

•0042616 

•0030706 

•0021830 

0-1 

0-2 

•0188757 

•0146050' 

•0111576 

•(X)84147 

•0062640 

•0046020 

•0033364 

•0023866 

•0016843 

0-2 

0-3 

•0152133 

•0116923 

•0088714 

•0066442 

•0049112 

•0035824 

•0025784 

•0018309 

•(X)12826 

0-3 

0-4 

•0121102 

•0092438 

•0069649 

•0051795“ 

•<H)38012 

•0027526 

■0019667 

•0013862 

•0009638 

0-4 

0-5 

•0095193 

•0072156 

•0053984 

•0039859 

•0029040 

•0020875“ 

•0014803 

•0010356 

•0007145+ 

0-5 

0-6 

•0073878 

•0055604 

•0041302 

*0090274 

•0021894 

•0015621 

•0010995“ 

•0007633 

•0005226 

0-6 

0-7 

•(X)56599 

•(XM2294 

■0031188 

•(X)22692 

•0016288 

•0011534 

•0008057 

•0005550+ 

•0003771 

0-7 

0-8 

•0042798 

•0031749 

•0023239 

•0016783 

•0011956 

*0008402 

•(XX)5824 

•0003981 

•0002684 

0-8 

0-9 

•0031938 

•0023518 

■0017080 

•0012246 

•0008658 

•0006038 

•0004153 

•0002816 

•0001884 

0-9 

If) 

•0023518 

•0017189 

•0012394 

•0008816 

•0006185“ 

•0004280 

•0002920 

•0001965+ 

•0001304 

1-0 

1-1 

•0017086 

•0012394 

•0008869 

•0006260 

•(XX)4358 

•0002992 

•0002025+ 

•0001352 

•0000890 

1-1 

1-2 

•0012246 

•0008816 

•0006260 

•0004384 

•0003028 

•0002062 

•0001385+ 

•0000917 

•0000599 

1-2 

1-3 

•0008658 

•0006185“ 

•0004358 

•0003028 

•0002075" 

•0001402 

•0000934 

•0000614 

•0000397 

1-3 

1-4 

•0006038 

•0004280 

•0002992 

•0002062 

•0(X)1402 

•0000940 

•0000621 

•0000405“ 

•0000260 

1-4 

1-5 

•0004153 

•(XX)2920 

•0002025+ 

•0001385+ 

•0000934 

•0000621 

•0000407 

•0000263 

■0000168 

1-5 

1-6 

•0002816 

•0001965+ 

•0001352 

•0000917 

•0000614 

•0000405- 

•0000263 

•0000169 

•0000107 

1-6 

1-7 

•0001884 

•0001304 

•0000890 

•0000599 

•0000397 

•0000260 

•0000168 

•0000107 

•0000067 

1-7 

1-8 

•0001242 

•0000863 

•(MXX)577 

•0000385+ 

•0000254 

•0000164 

•0000106+ 

•0000066 

•0000041 

1-8 

1-9 

•0000807 

•0000550+ 

•0000369 

•0000245+ 

•0000160 

•0000103 

•0000065“ 

•0000041 

•0000025+ 

1-9 

2-0 

•0000516 

•0000350“ 

•0000233 

•0000153 

■0000099 

•0000063 

•0000040 

•0000025- 

•0000015+ 

2-0 

2-1 

•(XXJ0327 

•0000219 

•0000145- 

•0000094 

•0000060 

•0000038 

•0000024 

•0000015- 

■00000089 

2-1 

2-2 

•0000204 

•0000135+ 

•(XXKXHX) 

•0000057 

•0000036 

•0000023 

•0000014 

•00000086 

•00000052 

2-2 

2-3 

•0000125+ 

•0000082 

*(XXXX)54 

•<XXXX)34 

•0000022 

•0000013 

•00000082 

•00000050+ 

•00000030 

2-3 

2-4 

•0000076 

•0000050- 

•0000032 

•0000020 

•0000013 

•00000078 

•00000048 

•00000029 

•00000017 

2-4 

2-5 \ 

•0000045+ 

•0000029 

•0000019 

•0000012 

•00000073 

•00000045 

•00000027 

•00000016 

•00000010 

2-5 

2-6 

•0000027 

•0000017 

•0000011 

•00000067 

•00000042 

•00000025+ 

•00000015+ 

•00000009 

•00000005+ 

2-6 
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k 




d/N for r - — 

•60 




k 

h^l-s 

Oi 

11 

Ol 

II 

>• 

li 

to 

h = 2-2 

h = 2-3 

h = 2-4 

h =* 2-5 

h « 2-6 


0-0 

•0019732 

•0013754 

•0009458 

•0006415“ 

•0004291 

•0002831 

•0001842 

•0001181 

•0000747 

0-0 

0-1 

•0015312 

•0010594 

•0007230 

•0(X)4867 

■0003231 

•(XX)2115+ 

•(XX)1365+ 

*(XXX)869 

•0000645+ 

0-1 

0-2 

•0011726 

•0008053 

•(KX)5455~ 

•(XJ03644 

•fXX)2400 

•0001559 

•(XX10999 

•0000631 

•0000393 

0-2 

0-3 

•0008863 

•0006040 

•0004060 

•0002691 

•0001759 

•0001134 

•0000720 

•0000451 

•0000279 

0-3 

0-4 

•0006609 

•0004470 

•0002981 

■0001961 

•0001272 

•(XXX) 813 

•(XXX1513 

-mom 

•0000195+ 

0-4 

0-5 

•0004862 

•0003263 

*0002160 

•0001410 

•(XXX)907 

•0000575+ 

•0000360 

•0000222 

•(XXX) 136“ 

0-5 

0-6 

•0003529 

•0002350- 

•0001543 

•0000999 

•0000638 

•0000401 

•0000249 

■0000152 

•0000092 

0-6 

0-7 

•0002527 

•0001669 

•0001087 

•0(XX)698 

•0000442 

■(XXXI276 

*(XXX)170 

•(XXXH03 

•0000062 

0-7 

0-3 

•0001784 

•0001169 

•0000755+ 

•0000481 

•0(XX)302 

•0000187 

*(XXX)114 

•(XXXX)69 

•OfXXXttl 

0-8 

Of) 

■0001242 

•0000807 

*0000516 

*0000327 

•0000204 

-0000J25+ 

*(XXXX)76 

•(XX)0045+ 

•0000027 

0-9 

bo 

•0000853 

•0000550+ 

•0000350“ 

•0000219 

•(XXX) 135+ 

•0000082 

•(XXXX)49 

•(XXXK)29 

•0000017 

1-0 

hi 

•0000577 

•0000369 

•(XXX)233 

•(XXX)145 “ 

•0000090 

•0000054 

•(XXXX132 

•IXXXX)19 

•0000011 

1-1 

12 

•0000385+ 

•0000245+ 

•0(XX)153 

•0(XXX)94 

•0000057 

•0000034 

*(XXXX)20 

•0000012 

•(XXX)0067 

1-2 

13 

•0000254 

•0000160 

■fXXXXXX) 

•fXXXXXX) 

•0000036 

•fXXXX)22 

•0000013 

•00000073 

•00000042 

1-3 

14 

•0000164 

•(XXX) 103 

•0000063 

•(XXXX>38 

•0(XXX)23 

•0000013 

•0(XX)0078 

•00000045' 

•00000025+ 

1-4 

15 

•0000105+ 

•0000065- 

•00(XX)40 

•0(XX)024 

•(XH)0014 

■00000082 ! 

•00000048 

•00000027 

•00000015+ 

1-5 

b(i 

•0000066 

■(XXXXM1 

•(XXXX)25“ 

•(KXXXU5- 

•(XXXXX)86 

•(XXKXX)50+ 

•00000029 

•(XXXXX)16 

•00000009 

1-6 

b7 

•0000041 

•0000025+ 

•0000015+ 

•(XXXXK)89 

•(XXXX1052 

•00000030 

•00000017 

•(XXXXX)IO 

•00000005+ 

1-7 

bS 

•0000025+ 

•<XXXX)15+ 

•00000091 

•<XXXXX>53 

•00000031 

■< XXX XX) 18 

•(XXXXX)IO 

•(XXXXXX)5 1 

•fXXXXXX)2 

1-8 

m y 

•0000015+ 

•fXXXXXX)] 

•00(XXX)54 

•(XXXXX)3l 

•(XXXXXUS 

•(XXXXXJIO 

(XXXXXX)6 

•00000003 

•00000002 

1-9 

2-0 

•00000091 

•00000054 

•00000032 

•00000018 

•00000010 

•00(XXXX)6 

•(XXXXXX13 

•00000002 

■fXXXXXX) 1 

2-0 

2-1 

•00000053 

(XKXXX)31 

•00000018 

■oooooou 

•0(XHXXX)6 

(XKXXXX)3 

•00(XXXX)2 

•00000001 

•00000000 

2-1 

2-2 

•00000031 

•00000018 

•(KXXXXHO 

•(XXXKXXXi 

•<XXKXKX)3 

•(XXKXXX)2 

•(XXXXHX)l 

•fXXXXXX)! 


2-2 

2-3 

2-4 

2-5 

2-6 

•00000018 

•00000010 

•00000005+ 

•(XXXXXX12 

•00000010 

•(XXXXXX)6 

■00000003 

•(XXXKHX)2 

•00000006 

■(XXXXXX)3 

•00000001 

•00000003 

•0(KXXXX)2 

•(XXXXXX)1 

■000000(X) 

•00000002 

•OOfXXXX)! 

•00000000 

•(XX)OOOOl 

■(XXXXX)01 

•00000000 

■OOOOfXX)] 

•00000000 

•00000000 


2-3 

2-4 

2-5 

2-6 


k 




d/N for r — — 

•65 




k 


h =•- 0-0 

h^O-l 

h = 0-2 

h — 0-3 

h - 0-4 

h-r0-5 

k 0-6 

h - 0-7 

h — 0-8 


0-0 

•13738444 

•11814907 

•10044363 

•08438644 

•07004026 

•05741457 

•04647053 

•03712815- 

•02927486 

0-0 

0-1 

•11814907 

•10099015+ 

•08531418 

•07120653 

•05870105' 

•04778352 

•03839747 

•03045178 

•02382912 

0-1 

0-2 

■10044363 

•08531418 

•07159960 

•05935509 

•04858909 

•03926776 

•03132135“ 

•02465184 

•01914109 

0-2 

0-3 

•08438644 

•07120653 

•05935509 

•04886063 

•03971028 

•03185499 

•02521607 

•01969265+ 

•01516933 

0-3 

0-4 

•07004026 

•05870106+ 

•04858909 

•03971028 

•03203489 

•02550301 

•02003120 

•01551943 

•01185795+ 

0-4 

0-5 

•05741457 

•04778352 

•03926776 

•03185499 

•02550301 

•02014534 

•01569751 

•01206339 

•00914128 

0-5 

0-6 

•04647053 

•03839747 

•03132135" 

•02521607 

•02003120 

•01569751 

•01213206 

•00924091 

•00694822 

0-6 

0-7 

•03712815“ 

•03045178 

•02465184 

•01969265+ 

•01551943 

♦01206339 

•(X >924691 

•00698838 

•fX >520632 

0-7 

0-8 

•02927486 

•02382912 

•01914109 

■01516933 

•01185795' 

•00914128 

■00694822 

•00520632 

■00384510 

0-8 

0-9 

•02277480 

•01839480 

•01465894 

•01152332 

■00893301 

•(X)682912 

•00514649 

•00382288 

•00279856 

0-9 

1-0 

•01747795“ 

•01400509 

•01107066 

•00863094 

■00663515' 

•00502887 

■(X1375699 

•00270023 

•00200701 

1-0 

1-1 

•01322869 

•01051473 

•0082^328 

•00637283 

■00485747 

*(X)364969 

•(X >270268 

•00197225+ 

•00141806 

1-1 

1-2 

•00987308 

•00778314 

•00605076 

•00463800 

•00350460 

•00261009 

•00191565+ 

•00138534 

•00098699 

1-2 

1-3 

•00726479 

•00567916 

•00437757 

•00332650+ 

•00249156 

•00183913 

•00133767 

•(XXK)5855“i 

•00067663 

1-3 

1-4 

•00526934 

•00408430 

•00312109 

•00235094 

•00174523 

•00127665+ 

■00092010 

*(XX>65326 

■00045685“ 

1-4 

1-5 

•00376692 

•00289463 

•00219265- 

•00163695+ 

■00120428 

•00087293 

•00062335“ 

•00043846 

•00030375+ 

1-5 

1-6 

•00266370 

•00202140 

•00151762 

•00112284 

•00081855+ 

•00058788 

•00041590 

•00028980 

•00019886 

1-6 

1-7 

•00184202 

■00139071 

•00103476 

•00075864 

•00054797 

•00038990 

•00027325' 

•00018860 

•00012819 

1-7 

1-8 

•00125967 

•00094254 

•00069494 

•00050483 

•00036126 

•00025464 

•00017677 

•00012085 

•00008135“ 

1-8 

1-9 

•00084858 

•00062919 

•(XXM5966 

•00033082 

•00023453 

•00016375" 

•00011259 

•00007623 

•(XXX>5082 

1-9 

2-0 

•00056305+ 

•00041367 

•00029941 

■00021348 

•00014991 

•(XX)10367 

•00007060 

•00004734 

•00003125“ 

2-0 

2-1 

•00036794 

•00026783 

•00019205“ 

•00013563 

•00009434 

•00006462 

•00004358 

•00002894 

•00001891 

2-1 

2-2 

•00023678 

•00017075 

•(XX)12128 

•00008484 

■(XXX >5845“ 

•fXXX)3965“ 

•00002648 

•00001741 

•00001127 

2-2 

2-3 

•00015004 

•00010718 

■00007541 

•00006225 - 

•00003565- 

•00002394 

•00001583 

•00001031 

•00000661 

2-3 

2-4 

•00009361 

•(XX)06624 

•00004616 

•00003167 

•(XKX)2140 

•00001423 

•00000932 

•00000601 

•00000381 

2-4 

2-5 

•00005760+ 

•00004030 

•00002781 

•00001890 

•00001264 

•(KXXX)833 

•00000540 

•00000345 

•00000216 

2-5 

2-6 

•00003477 

•00002413 

•00001649 

•00001110 

•00000735+ 

•00000479 

•00000308 

•00000194 

•00000121 

2-6 
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Volumes of the Normal Surface 






d/N for r - - 

•05 




k 

K 

h «. 0-9 

A- 1-0 

Si¬ 

ll 

Ki 

Ki 


h = 1-3 

h — 1-4 

SI 

h - 1-6 

h = 1-7 


0-0 

•02277480 

•01747795" 

•01322809 

•00987308 

•(¥>726479 

•00526934 

•00376692 

•00205370 

•00184202 

0-0 

0-1 

•01839480 

•01400509 

•01051473 

•00778314 

•00567916 

•00408430 

•00289463 

•00202140 

•00139071 

0-1 

0-2 

•01405894 

•01107000 

•00824328 

•00605076 

•00437757 

•00312109 

•00219265- 

•00151702 

•00103476 

0-2 

0-3 

•01152332 

•00863094 

•00637283 

•00463800 

•00332650+ 

•00235094 

•00163095+ 

•00112284 

•00075864 

0-3 

0-4 

•00893301 

•00603515+ 

•00485747 

•00350460 

*(¥>249156 

•00174523 

•00120428 

•00081855+ 

•00054797 

0-4 

0-5 

•00082912 

•00502887 

•00304969 

•(¥>261009 

•00183913 

•00127665+ 

•00087293 

•00058788 

•00038990 

0-5 

0-0 

•00514049 

•00375699 

•00270268 

•(¥)! 91565 ^ 

•00133767 

•00092010 

•(¥¥>62335- 

•00041590 

•00027325+ 

0-6 

0-7 

•00382288 

•00270023 

•00J97225+ 

•(¥>138534 

•(¥¥>95855- 

•00065326 

•(¥¥>43846 

•00028980 

•00018860 

0-7 

0-8 

•(K>279850 

•00200701 

•00141806 

•00098699 

•(¥¥>67663 

•(¥¥>45685- 

•(¥¥>30375+ 

•00019886 

•00012819 

0-8 

0-0 

•00201873 

•00143471 

•00100446 

•00069268 

•00047045'* 

•(¥¥331466 

•00020723 

•00013438 

•00008579 

0-9 

1-0 

•00143471 

•00101035 - 

•0007(X)84 

•(¥¥>47881 

•(¥¥>32214 

•00021342 

•(¥¥>13922 

•00008941 

•00005652 

1-0 

1-1 

•00100440 

•00070084 

•00048163 

•00032595+ 

•(¥¥>21722 

•00014254 

•(¥¥>09208 

•00005856 

•00003660 

1-1 

1-2 

•00069208 

•00047881 

•00032595+ 

•()(¥ >21851 

•00014423 

•00009373 

•00005997 

•00003777 

•00002341 

1-2 

1-3 

•00047045+ 

•00032214 

•00021722 

•(¥¥>14423 

•(¥¥¥¥>428 

•00000068 

•(¥¥¥>3844 

•(¥¥¥>2397 

•(¥¥¥>1471 

1-3 

1-4 

•00031400 

•00021342 

•00014254 

•00009373 

•(¥¥¥>6068 

•00003867 

•(¥¥¥>2426 

•00001498 

•00000910 

1-4 

1-5 

•000207230 

•000139210 

•0*92084 

•0*59965 * 

•0*38442 

•0*24258 

•0*15067 

•0*09211 

•0*055414 

1-5 

1-6 

•000134377 

•0*89405+ 

•0*58564 

•0*37605+ 

•0*23972 

•0*14978 

•0*09211 

•0*05574 

•0*033201 

1-6 

1-7 

•0 4 85786 

•0*56523 

•0*30664 

•0*23411 

•0*14714 

•0*09102 

•0*055414 

•0*033201 

•0*019575 

1-7 

1-8 

•0*53913 

•0*35176 

•0*22593 

■0*14284 

•0*08888 

•0*05444 

•0*032808 

•0*019459 

•0*011357 

1-8 

1-9 

•0*33352 

•0*21547 

•0*13703 

•0*08577 

•0*05284 

•0*03204 

•0*019114 

•0*011222 

•0*006483 

1-9 

2-0 

•0*20308 

•0*12991 

•0*08180 

•0*05069 

•0*03091 

•0*0185.54 

•0*010958 

•0*(XX>368 

•0*003641 

2-0 

2-1 

•0*12170 

•0*07708 

•0*04805 

•0*02948 

•0*01780 

•0*010573 

•0*006181 

•0*003555+ 

•0*002012 

2-1 

2-2 

•0*07178 

•0*04501 

•0*02778 

•0*01687 

•0*010081 

•0*005928 

•0*003430 

•0*001953 

•0*001094 

2-2 

2-3 

•0*04100 

•0*02580 

•0*015800 

•0*009498 

•0*005619 

■0*003271 

•0*001873 

•0*001055+ 

•0*000585+ 

2-3 

2-4 

•0*02380 

•0*01462 

•0*008843 

•0*005262 

•0*003081 

•0*001775+ 

•0*001006 

•0*000561 

•0*(¥¥>308 

2-4 

2-5 

•0*01337 

•0*008136 

•0*004870 

•0*002868 

•0*001662 

■0*000948 

•0*000532 

•0*000293 

•0*000159 

2-5 

2-6 

•0*00740 

•0*004453 

■0*002639 

•0*001538 

•0*000882 

•0*(¥¥)498 

•0*(¥¥>276 

•0*000151 

•0*0000811 

2-6 






d/N f or r - - 

•65 





K 

h — 1-8 

Sa¬ 

il 

h - 2-0 

h - 2-1 

h - 2-2 

h~2-3 

h - 2-4 

h - 2-5 

h - 2-6 

K 

0-0 

•(¥>125967 

•00084858 

•(¥¥>50305+ 

•00030794 

■(¥¥>23078 

•00015004 

•(¥¥¥>9301 

•(¥¥¥>5750+ 

•00003477 

0-0 

0-1 

•(¥¥>94254 

•(¥¥>62919 

•(¥¥>41307 

•(¥¥>26783 

•(¥¥>17075 

•(¥¥>10718 

•(¥¥¥>0024 

•(¥¥¥>4030 

•(¥¥¥>2413 

0-1 

0-2 

•(¥¥>69494 

•00045906 

•00029941 

•00019205- 

•00012128 

•(¥¥¥>7541 

•00004616 

•(¥¥>02781 

•(¥>001640 

0-2 

0-3 

•(¥¥>50483 

•(¥¥>33082 

•00021348 

•00013503 

•(¥¥¥>8484 

•00005225 

•00003107 

•(¥¥¥>1890 

•(¥¥¥>1110 

0-3 

0-4 

■(¥¥>30120 

•(¥¥>23453 

•00014991 

•00009434 

•(¥¥¥>5845 - 

•00003505 

•00002140 

•00001264 

•000p0735 4 

0-4 

0-5 

•(¥¥>254641 

•000103749 

•(¥¥>103673 

•0*64018 

•0*39047 

•0*23944 

•0*14233 

•0*08327 

•0*04794 

0-5 

0-6 

•000170773 

•000112592 

•0*70600 

•0*43579 

•0*26478 

•0*15835- 

•0*09320 

•0*05398 

•0*03077 

0-6 

0-7 

•(¥¥>120847 

•0*76232 

•0*47339 

•0*28936 

•0*17409 

•0*10308 

•0*06007 

•0*03445+ 

•0*01944 

0-7 

0-8 

•0*81347 

•0*50818 

•0*31250- 

•0*18914 

•0*11207 

■0*00000 

•0*03811 

•0*02104 

•0H>1209 

0-8 

0-9 

•0*53913 

•0*33352 

•0*20308 

•0*12170 

•0*07178 

•0*04166 

•0*02380 

•0*01337 

•0*00740 

0-9 

1-0 

•0*35170 

•0*21547 

•0*12991 

•0*07708 

•0*04501 

•0*02680 

•0*01462 

•0*008136 

•0*004453 

1-0 

1-1 

•0*22593 

•0*13703 

•0*08180 

•0*04805- 

•0*02778 

•0*015800 

•0*008843 

•0*004870 

•0*002039 

1-1 

1-2 

•0*14284 

•0*08577 

•O’OOOOO 

•0*02948 

•0*01687 

‘0*009498 

•0*005262 

•0*002868 

•0*001538 

1-2 

1-3 

•0*08888 

•0*05284 

•0*03091 

•0*01780 

•0*010081 

•0*005619 

•0*003081 

•(>*(¥>1002 

•0*000882 

1-3 

1-4 

•0*05444 

•0*03204 

•0*018554 

•0*010573 

•0*005928 

•0*003271 

•0*001775+ 

•0*000948 

•0*000498 

1-4 

1-5 

•0*032808 

•0*019114 

•0*010958 

•0*006181 

•0*003430 

•0*001873 

•0*001006 

•0*000532 

•0*000270 

1-5 

1-6 

•0*019459 

•0*011222 

•(>*(¥¥>368 

•0*003555+ 

•0*001953 

•0*001055+ 

•0*000561 

•0*000293 

•0*000161 

1-6 

1-7 

•0*011357 

•0*006483 

•0*003041 

•0*002012 

•0*001094 

•0*000685+ 

•0*000308 

•0*000159 

•0*0000811 

1-7 

1-8 

•0*006522 

■0*003685- 

•0*002048 

•0*001120 

•0*000603 

•0*000319 

•0*0001601 

•0*0000851 

•0*0000429 

1-8 

1-9 

•0*003085" 

•0*002061 

•0*001134 

•0*000614 

•0*000327 

•0*0001712 

•0*0000882 

■0*0000447 

•0*0000223 

1-9 

2-0 

•0*002048 

•0*001134 

•0*0006174 

•0*0003307 

•0*0001743 

•0*0000903 

•0*0000461! 

•0*0000231 

•0*0000114 

2-0 

2-1 

•0*001120 

•0*000014 

■0*0003307 

•0*0001753 

•0*0000914 

•0*0000469 

•0*0000237 

•0*0000117 

•0*0000058 

2-1 

2-2 

•0*000603 

•0*000327 

•0*0001743 

•0*0000914 

•0*0000472 

•0*0000239 

•0*0000119 i 

•0*0000059 

•0*0000028: 

2-2 

2-3 

•0*000319 

•0*0001712 

•0*0000903 

•0*0000469 

•0*0000239 

•0*0000120, 

•0*0000059 

•0*0000029 

•0*0000014 

2-3 

2-4 

•0*0001601 

•0*0000882 

•0*0000461 

•0*0000237 

•0*0000119 

•0*0000059 

•0*0000029 

•0*0000014 

•0*0000007 

2-4 

2-5 

•0*0000851 

•0*0000447 

•0*0000231 

•0*0000117 

•0*0000059 

•0*0000029 

•0*0000014 

•0*0000007 

•0*0000003 

2-5 

2-6 

•0*0000429, 

•0*0000223 

•0*0000114 

■0*0000058 

•0*0000028 

•0*0000014! 

•0*0000007 

■0*0000003 

•0*0000001 

2-6 


0 4 indicates that four zeros must be placed before the figures that follow. 
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£ 




d/N for r - - 

•70 




k 


h 0-0 

K~0-1 

h~0-2 

h = 0-3 

h =* 0-4 

h = 0-5 

h = 0-6 

k »* 0-7 

h^O-8 


0-0 

•12650166 

•10745519 

•09004105+ 

•07445180 

•06072555+ 

•04884035+ 

•03872180 

•03026303 

•02328595- 

0-0 

0-1 

•10745519 

•09052528 

•07526022 

•06172350+ 

•04991962 

•03979999 

•03127159 

•02420725- 

•01845654 

0-1 

0-2 

•09004105+ 

•07626022 

•06205979 

•05046818 

•04046128 

•03196965+ 

•02488758 

•01908328 

•01440906 

0-2 

0-3 

•07445180 

•06172350+ 

•05046818 

•04068415+ 

•03232461 

•02530494 

•01951290 

•01481720 

•01107722 

0-3 

04 

•06072555+ 

•04991962 

•04046128 

■03232451 

•02544562 

•01973133 

•01506763 

•01132840 

•00838350" 

0-4 

05 

•04884035+ 

•03079999 

•03196965+ 

•02530494 

■01973133 

•01515204 

•01145612 

•00852612 

•00624477 

0-5 

0-6 

•03872180 

•03127159 

•02488758 

•01951290 

•01506763 

•01145612 

•00857420 

•00631560 

•00457729 

0-6 

0-7 

•03025303 

•02420725' 

•01908328 

•01481720 

•01132840 

•00852612 

•00631560 

•00460324 

•00330076 

0-7 

OS 

•02328595' 

•01845654 

•01440906 

•01107722 

•00838350" 

•00624477 

•00457729 

•00330076 

•00234126 

0-8 

OS 

•01765282 

•01385649 

•01071087 

•00815108 

•00610548 

•00450030 

•00326355“ 

•00232799 

•00163320 

0-9 

1-0 

•01317710 

•01024119 

•00783649 

•00590236 

•00437486 

•00319039 

•00228866 

•00161471 

•00112024 

1-0 

1-1 

•00968298 

•00744980 

•00564202 

•00420509 

•00308372 

•00222456 

•00157836 

•00110124 

•00075544 

1-1 

1-2 

•00700303 

•00533269 

•00399647 

•00294702 

•00213784 

•00152536 

•00107028 

•00073838 

•00050078 

1-2 

13 

•00498381 

•00375551 

•00278464 

•00203130 

•00145745+ 

•00102839 

•00071349 

•00048666 

•00032628 

1-3 

1-4 

•00348941 

•00260157 

•00190826 

•00137681 

•00097694 

•00068161 

•00046755- 

•00031525+ 

•00020892 

1-4 

1-6 

•00240314 

•00177243 

•00128591 

•00091753 

•00064376 

•00044408 

•00030113 

•00020070 

•00013146 

1-5 

16 

•00162768 

•00118742 

•00085197 

■00060111 

•00041698 

•00028435+ 

•00019059 

•00012555“ 

•00008127 

1-6 

11 

•00108407 

•00078212 

•00055490 

•00038709 

•00026545 + 

•00017893 

•00011854 

•<XXX)7717 

•00004936 

1-7 

IS 

•00070987 

•00050643 

•00035525“ 

•00024499 

•00016607 

■00011064 

•00007243 

•00004660 

•00002945- 

IS 

19 

•00045695“ 

•00032232 

•00022352 

•00015237 

•00010208 

•00006721 

■00004348 

•00002764 

•00001726 

1-9 

20 

•00028912 

•00020161 

•00013821 

•00009312 

•00006166 

•00004011 

•00002564 

•0*16104 

•0*09935- 

2-0 

21 

•00017978 

•00012393 

•00008397 

•00005591 

•00003658 

•00002352 

•0*14854 

•0*09216 

•0*05616 

2-1 

2-2 

•00010986 

•00007485+ 

•00005012 

■00003298 

•00002132 

•0*13544 

■0*08451 

•0*05180 

•0*03118 

2-2 

2S 

•00006596 

•00004442 

•00002939 

•00001911 

•0*12207 

•0*07660 

•0*04722 

•0*02859 

•0*01700 

2-3 

2-4 

•00003891 

•00002589 

•00001693 

■0*10876 

•0*06864 

■0*04255+ 

•0*02591 

•0*01549 

•0*00910 

2-4 

2-5 

•00002255+ 

•00001483 

•0*09579 

•0*06080 

■0*03791 

•0*02321 

•0*01396 

•0*00825“ 

•0*00478 

2-5 

2-6 

•00001284 

•0*08340 

•0*05323 

•0*03338 

■0*02056 

■0*01243 

•0*00739 

•0*00431 

•0*00247 

2-6 


k 




d/N for r - - 

•70 




b 


h — 0-9 

h — 1-0 

II 

*5 

h - 1-2 

h-1-3 

h = 1-4 

h — 1-5 

h - 1-6 

>>* 

II 

i^S 


0-0 

•01765282 

•01317710 

•00968298 

•00700303 

•00498381 

•00348941 

•00240314 

•00162768 

•00108407 

0-0 

0-1 

•01385649 

•01024119 

•00744980 

•00533269 

•00375551 

■00260157 

•00177243 

•00118742 

•00078212 

0-1 

0-2 

•01071087 

•00783649 

■00564202 

■00399647 

•(X)278404 

■00190820 

•1X1128591 

•00085197 

•00055490 

0-2 

0-3 

•00816108 

•00590236 

•00420509 

•00294702 

•00203130 

■(X)137081 

•00091753 

•00060111 

•00038709 

0-3 

0-4 

•00610548 

•00437486 

■00308372 

•00213784 

•00145746' 

■00097694 

•00064376 

■00041698 

•00026545+ 

0-4 

0-5 

•00450030 

•00319039 

•00222456 

•00152536 

•00102839 

•00068101 

•00044408 

•00028435+ 

•00017893 

0-5 

0-6 

•00326355“ 

•00228806 

•00157830 

•00107028 

•00071349 

•00046755“ 

•00030113 

•00019059 

•00011854 

0-6 

0-7 

•00232799 

•00161471 

•00110124 

•00073838 

•00048666 

■00031525+ 

•00020070 

•00012555“ 

•00007717 

0-7 

OS 

•00163320 

•00112024 

•00075544 

•00050078 

•00032628 

•00020892 

•<X)O13140 

•00008127 

•00004936 

0-8 

0-9 

•00112665“ 

•00076413 

•00050946 

•00033385+ 

■00021501 

•00013607 

•00008461 

•00005169 

•00003102 

0-9 

1-0 

•00076413 

•00051238 

•00033770 

•00021874 

•00013923 

•00008708 

•00005350+ 

•00003230 

•0*19149 

1-0 

1-1 

•00050946 

•00033770 

•00022000 

•00014084 

•00008859 

•00005475+ 

•00003324 

•0*19824 

•0*11612 

1-1 

1-2 

•00033385+ 

•00021874 

•00014084 

•00008910 

•00005539 

•00003382 

•0*20287 

•0*11952 

•0*06190 

1-2 

1-3 

•00021501 

•00013923 

•00008859 

•00005539 

•00003402 

•0*20522 

•0*12161 

•0*07078 

•0*04040 

1-3 

1-4 

•00013607 

•00008708 

•00005475+ 

•00003382 

•0*20522 

•0*12232 

•0*07160 

•0*04116 

•0*02324 

1-4 

1-5 

•00008461 

•00005350+ 

•00003324 

•0*20287 

•0*12101 

•0*07160 

•0*04141 

•0*02351 

•0*01311 

1-5 

1-6 

•00005169 

•00003230 

•0*19824 

•0*11952 

•0*07078 

•0*04116 

•0*02351 

■0*01319 

•0*00726 

1-6 

1-7 

| -00003102 

•0*10149 

•0*11612 

•0*06916 

•0*04046 

•0*02324 

•0*01311 

•0*00726 

•0*00396- 

1-7 

1-8 

•0*18285- 

•0*11152 

•0*06680 

•0*03930 

•0*02271 

•0*01288 

•0*00718 

•0*00393 

•0*00211 

1-8 

'1-9 

•0*10587 

•0*06378 

•0*03774 

•0*02193 

•0*01252 

•0*00701 

•0*00380 

•0*00208 

•0*001105+ 

1-9 

2-0 

•0*00020 

•0*03583 

•0*02094 

•0*01202 

•0*00677 

•0*00375- 

•0*00204 

•0*001080 

•0*000569 

2-0 

2-1 

•0*03362 

•0*01976 

•0*01141 

•0*00647 

•0*00360 

•0*00197 

•0*001055- 

•0*000556 

•0*000287 

2-1 

2-2 

•0*01844 

•0*01070 

•0*00610 

•0*00342 

•0*00188 

•0*001013 

■0*000537 

•0*000279" 

•0*000142 

2-2 

2-3 

•0*00993 

•0*00569 

•0*00320 

•0*00177 

•0*000901 

•0*000612 

•0*000268 

•0*000137 

•0*000009 

2-3 

2-4 

•0*00525- 

•0*00297 

•0*00165+ 

•0*000902 

•0*000483 

•0*000254 

•0*000131 

•0*000066 

•0*000033 

2-4 

2-5 

•0*00272 

•0*00152 

•0*000836 

•0*000451 

•0*000239 

•0*000124 

■0*000063 

•0*000032 

•0*000015+ 

2-5 

2-6 

•0*00139 

•0*000766 

•0*000415+ 

•0*000221 

•0*000115+ 

•0*000059 

•0*000030 

•0*000016- 

•0*000007 

2-6 


0* indicates that four zeros must be placed before the figures that follow. 
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Volumes of the Normal Surface 


t. 




d/N for r = — 

•70 




k 

K 

h~l*8 

h — 1*9 

11 

h = 2-1 

h — 2*2 

h = 2-3 

>* 

li 

h-2*5 

II 

* 

_ 


0*0 

•00070987 

•00045695“ 

•00028912 

•00017978 

•00010986 

•00006596 

•00003891 

•00002255+ 

•00001284 

0-0 

0*1 

•00050643 

•00032232 

•00020161 

•00012393 

•00007485+ 

•00004442 

•00002589 

•00001483 

•0*08340 

0-1 

0*2 

•00035525“ 

•00022352 

•00013821 

•00008397 

•00005012 

•00002939 

•00001693 

•0*09579 

•0*06323 

0-2 

0*3 

•00024499 

•00015237 

•00009312 

•00005591 

•00003298 

•00001911 

•0*10876 

•0*06080 

•0*03338 

0-3 

0-4 

•00016607 

•00010208 

•00006166 

•00003658 

•00002132 

•0*12207 

•0*06864 

•0*03791 

•0*02056 

0-4 

0 5 

•00011064 

•00006721 

•00004011 

•00002352 

•0*13544 

•0*07000 

•0*04255+ 

•0*02321 

•0*01243 

05 

0-6 

•00007243 

•00004348 

•00002564 

•0*14854 

•0*08451 

•0*04722 

•0*02691 

•0*01396 

•0*00739 

0*6 

O'7 

•00004660 

•00002764 

•000016104 

■0*09216 

•0*05180 

•0*02859 

•0*01649 

•0*00825“ 

•0*00431 

07 

0-8 

■00002945“ 

•0*17259 

•0*09935“ 

•0*05616 

•0*03118 

•0*01700 

•0*00910 

•0*00478 

•0*00247 

0*8 

0-9 

•0*18285“ 

•0*10587 

•0*06020 

•0*03362 

•0*01844 

•0*00993 

•0*00525“ 

■0*00272 

•0*00139 

0*9 

VO 

•(>‘11152 

•0*06378 

•0*03583 

•0*01976 

•0*01070 

•0*00569 

•0*00297 

•0*00152 

•0*000766 

1*0 

11 

•0*06680 

•0*03774 

•0*02094 

•0*01141 • 

•0*00610 

•0*00320 

•0*00165+ 

•0*000836 

•0*000415+ 

1*1 

1-2 

•0*03930 

•0*02193 

•0*01202 

•0*00647 

•0*1)0342 

•0*00177 

•0*000902 

•0*000451 

•0*000221 

1*2 

18 

■0*02271 

■0*01252 

•0*00677 

•0*00360 

•0*00188 

•0*000961 

•0*000483 

•0*000239 

•0*000116+ 

1*3 

1*4 

•0*01288 

•0*00701 

•0*00375“ 

•0*00197 

•0*001013 

•0*000512 

•0*(.MX)254 

•0*000124 

•0*000059 

1*4 

1*5 

•0*00718 

•0*00386 

•0*00204 

■0*001055- 

•0*000537 

■0*000268 

■0*000131 

•0*000063 

•0*000030 

1*5 

Hi 

•0*00393 

•0*00208 

•0*001086 

•0*000556 

•0*000279 

■0*000137 

•0*000066 

•0*(XKX)32 

•0*000015“ 

1*6 

b7 

•0*00211 

•0*001105+ 

•0*000569 

•0*000287 

•0*000142 

•0*000069 

•0*000033 

•0*000015+ 

•0*000007 

1*7 

1*8 

•0*001111 

•0*000575+ 

•0*000292 

•0*000146 

•0*000071 

•0*000034 

•0*000016 

•0*000007 

•0*000003 

1*8 

1*9 

•0*000575+ 

•0*000294 

•0*0(X)147 

■0*000072 

•0*000035+ 

■0*000016 

■0*000008 

•0*(XXXX)3 

•0*000002 

1*9 

2-0 

•0*000292 

•0*000147 

•0*000073 

•0*000035+ 

•0*000017 

•0*000008 

•0*(X)0004 

•0*000002 

•0*000001 

2*0 

21 

2-2 

2-3 

2-4 

2-5 

2-6 

•0*000146 

•0*000071 

•0*000034 

•0*000016 

•0*000007 

•0*000003 

•0*000072 
■0*000035+ 
■0*000016 
•0*000008 r 

■0*000003 

•0*000002 

•0*000035+ 

•0*000017 

•0*000008 

■0*000004 

•0*000002 

•0*000001 

•0*000017 

•0*000008 

•0*000004 

•0*000002 

•0*000001 

•0*000008 

•0*000004 

•0*000002 

■0*000001 

•0*000004 

•0*(X)0002 

•0*000001 

•0*000002 

•0*000001 

1 

•0*000001 

, 

2*1 

2*2 

2*3 

2*4 

2*5 

2*6 






d/N for r = - 

•75 






h~0*0 

h = 0*1 

0*2 

h - 0*3 

h — 0*4 

h - 0*5 

h — 0*6 

h = 0*7 

h = 0*8 

K 

0*0 

•11502673 

•09601193 

•07895514 

•06393679 

•05096068 

•03996170 

•03081764 

•02336334 

•01740584 

0*0 

0-J 

•09601198 

•07937492 

•06462260 

•05178732 

•04083268 

•03166336 

•02413803 

•01808359 

•01330939 

0*1 

0*2 

•07895514 

•06462260 

•05206585“ 

•04127527 

•03218190 

•02466872 

•01858381 

•01375392 

•00999731 

0-2 

0*3 

•06393679 

•05178732 

•04127527 

•03235663 

•02493843 

•01889056 

•01405849 

•01027567 

•00737442 

0*3 

0*4 

•05096068 

•04083268 

•03218190 

•02493843 

•01899393 

•01421330 

•01044640 

•00753871 

•00534026 

0*4 

0*5 

•03996170 

•03166336 

•02466872 

•01889056 

•01421330 

•01050393 

•00762221 

•00542947 

•00379547 

0*5 

0*6 

•03081764 

•02413803 

•01858381 

•01405849 

•01044640 

•00762221 

•00545954 

•00383772 

•00264682 

0*6 

0*7 

•02336334 

•01808359 

•01375392 

•01027667 

•00753871 

•00542947 

•00383772 

•00266155“ 

•00181066 

0*7 

0*8 

•01740584 

•01330939 

•00999731 

•00737442 

•00534026 

•00379547 

•00264682 

•00181066 

•00121481 

0*8 

0*9 

•01273898 

•00962023 

•00713469 

•00519483 

•00371236 

•00260314 

•00179006- 

•00120807 

•00079919 

0*9 

1*0 

•00915625+ 

•00682714 

•00499785+ 

•00359109 

•00253193 

•00175128 

•00118806+ 

•00079032 

•00051544 

1*0 

1*1 

•00646129 

•00475554 

•00343554 

•00243550+ 

•00169384 

•00115543 

•00077289 

*00050687 

•00032585“ 

1*1 

1*2 

•00447528 

•00325055+ 

•00231690 

•00162018 

•00111127 

•00074745+ 

•00049291 ; 

•00031864 

•00020188 

1*2 

1*3 

•00304167 

•00217976 

•00153259 

•00105095+ 

•00071483 

•00047401 

•00030812 

•00019631 

•00012256 

1*3 

1*4 

•00202812 

•(X)143371 

•00099416 

•00067606 

•00045077 

•00029464 

•00018876 

•00011851 

•00007290 

1*4 

1*5 

•00132639 

•00092475“ 

•00063230 

•00042391 

•00027861 

•00017948 

•00011331 

•00007009 

•00004248 

1*5 

1*6 

•00085066 

•00058481 

•00039422 

•00026052 

•00016876 

•00010713 

■00006664 

•00004061 

•00002424 

1*6 

1*7 

•00053489 

•00036254 

•00024090 

•00015691 

•00010016 

•00006265“ 

•00003839 

•00002305“ 

•00001355+ 

1*7 

1*8 

•00032970 

•00022028 

•00014426 

•00009260 

•00005824 

•00003589 

•00002166 i 

•00001281 

•00000742 

1*8 

1*9 

•00019919 

•00013116 

•00008465+ 

•00005354 

•00003317 

•00002014 l 

•00001197 

•00000697 

•00000398 

1*9 

2*0 

•00011793 

•00007653 

•00004866 

•00003032 

•00001851 

•00001107 

•00000648 

•0*03716 

•0*02087 

2*0 

2*1 

•00006841 

•00004374 

•00002740 

•00001682 

•00001011 

•00000595+ 

•0*03434 

•0*01939 

•0*01072 

2*1 

2*2 

•00003888 

•00002449 

•00001512 

•00000914 

•00000541 

•0*03138 

•0*01782 

•0*00991 

•0*00539 

2*2 

2*3 

•00002164 

•00001343 

•00000817 

•00000486 

•0*02835+ 

•0*01619 

•0*00905+ 

•0*00496 

•0*00266 1 

2*3 

2*4 

•00001180 

i 

•00000721 

•00000432 

•0*02533 

•0*01454 

•0*00818 

•0*00450+ 

•0*00243 

•0*001280 | 

2*4 

2*5 

•00000630 1 

•00000379 

•0*02237 

•0*01292 

•0*00730 

•0*00404 

•0*00219 

•0*001163 

•0*000604 

2*5 

2*6 

•00000330 

•0*01954 | 

•0*01135“ 

•0*00645+ j 

•0*00359 

•0*00196 

•0*001044 

•0*000546+ 

•0*000279 

2*6 


0 4 indicates that low zeros must be placed before the figures that follow. 













Volumes of the Normal Surface 


35 


u 




d/N for r - - 

75 




k 

K 

h — 0*0 

h = l-0 

, 

II 

h - 12 

h = 1-3 

h = l-4 

h~i-5 

!l 

h^i-7 


0-0 

•01273898 

•00915625+ 

•00646129 

•00447528 

•00304167 

•00202812 

•00132639 

•00085060 

•00053489 

00 

0-1 

•00962023 

•00682714 

•00475554 

•00325055+ 

•00217976 

•00143371 

•00092475" 

•00058481 

•00036254 

0-1 

0-2 

•00713409 

•00499785+ 

•00343554 

•00231690 

•00153259 

•00099416 

•00063230 

•00039422 

•00024090 

0-2 

0*3 

•00619483 

•00359109 

•00243550+ 

•00162018 

•00105095+ 

•00067606 

•(XX)42391 

•00026052 

•00015691 

0-3 

0-4 

•00371236 

•00253193 

•00109384 

•00111127 

•00071483 

•00045077 

•00027801 

•00016870 

•00010016 

0-4 

0-5 

•00260314 

•00175128 

•00115543 

•00074745+ 

•00047401 

•00029464 

•00017948 

•00010713 

•00006265- 

0-5 

Ofi 

•00179066- 

•00118805+ 

•00077289 

•00049291 

•00030812 

•00018876 

•00011331 

•00006664 

•00003839 

0-6 

0*7 

•00120807 

•00079032 

•(XX)50687 

•(XX)31864 

•00019631 

•00011851 

•00007009 

•00004061 

•00002305 

0-7 

0-8 

•00079910 

•00051544 

•00032585" 

•00020188 

•00012256 

•00007290 

•00004248 

•00002424 

•00001355+ 

0-8 

0-9 

•00061832 

•00032951 

•0(X)20530 

•(XX) 12534 

•00007497 

•00004393 

•00002522 

•00001418 

•00000780 

0-9 

10 

•00032951 

•0(X)20645+ 

•00012675+ 

•00007625“ 

•(MXX)4493 

•00002594 

•00001466 

•00000812 

•0404401 

1-0 

hi 

•00020530 

•00012675+ 

•00007668 

•00004544 

•00002638 

•00001500“ 

•00000835“ 

•0404552 

•0402430 

1-1 

h2 

•00012534 

•00007625- 

•00004544 

•00002653 

-00001511 

•00000849 

•0404656 

•0402500“ 

•(>401314 

1-2 

1-3 

•<XXX>7497 

•00004493 

•00002638 

•00001517 

•0(XXX>854 

•(>404709 

•0402542 

•0*01344 

•0400695+ 

1-3 

hi 

•00004393 

*00(X)2694 

•00001500- 

•00000849 

•(>404709 

•(>402557 

•0401359 

•0400707 

•0400360 

hi 

1-5 

•0(XX)2522 

•00001466 

•00000835- 

•0404656 

•0402542 

•0401359 

•0400711 

•0*00364 

•04001827 

1-5 

hfi 

•00001418 

•(XXXX1812 

•0404552 

•0*025<X>“ 

•0401344 

•0400707 

•0400364 

•(>4001838 

•04(XXXX)7 

1-6 

1-7 

•00000780 

•0404401 

•0402430 

•0401314 

•(>400695+ 

•0400360 

•04001827 

•04000907 

•04000441 

1-7 

hS 

•0404207 

•0402336 

•0401270 

•0400676 

•0400352 

•04001797 

•04000896 

•OXX X)438 

•04000210 

1-8 

1-9 

•0402220 

•0401214 

•(>400650- 

•0400340 

•04001747 

■04000877 

•04(XX)431 

•04000207 

•04000098 

1-9 

2-0 

•0401147 

•04(X)618 

•0400325+ 

•04(X)1679 

■(>4000848 

•04000419 

•04000202 

•0*000090 

•04000044 

2-0 

21 

•0 4 00580 

•0*00308 

•04001596 

•0*000810 

•()4<XX)403 

•04000196 

■0*(XXX>94 

•0*000043 

•04000020 

2-1 

2-2 

•0400287 

•0*001499 

•04000766 

•04000385+ 

•04000187 

•0 4 000090 

•04000041 

•(>4000019 

•04000009 

2-2 

2-3 

■04001393 

*0 4 (XX)715+ 

•04000359 

•04000177 

•()4(XXX)85+ 

•04000040 

•04000019 

•04000008 

•04000004 

2-3 

2*4 

•04000661 

•04000334 

•O4(XX)106 

•04000080 

•04(XXX)38 

•04(XXX)18 

•04000008 

•04000004 

•04000002 

2-4 

2-5 

•04000307 

0*000153 

•04000074 

•0*(XX)035+ 

*(H00TX)17 

•04000008 

•04000003 

•(>4000002 

•04000001 

2-5 

2-6 

•04000139 

•04000068 

•04000033 

•04000015^ 

•(>4000007 

•04000003 

•04000001 

•04000001 


2-6 


k 




d/N for r - - 

•75 




k 


h ~ 1-8 

s** 

I! 

* 

h « 2-0 

>* 

II 

h - 2-2 

h - 2-3 

h — 2-4 

*9 

II 

h = 2-6 

0-0 

•00032970 

•00019919 

•00011793 

•00006841 

•(XXK)3888 

•00002164 

•00001180 

•00000630 

•00000330 

0-0 

0-1 

•00022028 

•00013116 

•CHXX>7053 

•00004374 

•(MXM)2449 

•00001343 

•00000721 

•00000379 

•0*01954 

0-1 

0-2 

•(XX)14426 

•00008405+ 

•(XXXM806 

•00002740 

■00001512 

♦00000817 

•00000432 

•0*02237 

-0*01135 — 

0-2 

0-3 

•00009260 

•00005354 

•00003032 

•00001682 

•(XXXX1914 

•(XXXX1486 

•0*02533 

•0*01292 

•0*00645+ 

0-3 

0-4 

•00005824 

•00003317 

•00001851 

•00001011 

-00000541 

•0*02835+ 

■0*01454 

•0*00730 

•0*00359 

0-4 

0-5 

•00003589 

•00002014 

•00001107 

•0(XX)0595 

•0*03138 

•0*01619 

•0*d0818 

•0*00404 

•0*00190 

0-5 

0-6 

•00002166 

•00001197 

•00000648 

•0*03434 

•0*01782 

•0*00905+ 

•0*00450+ 

•0*00219 

•0*001044 

0-6 

0-7 

•00001281 

•00000097 

•0*03716 

•0*01939 

•0*00991 

•0*00490 

•0*00243 

•0*001163 

•0*000545+ 

0-7 

0-8 

•00000742 

•(>403976 

•0 4 02087 

•0*01072 

•0*00539 

•0*00200 

•0*001280 

•0*000604 

•0*000279 

0-8 

0-9 

•0 4 04207 

•0402220 

•0401147 

•0*00580 

•0*00287 

•0*001393 

•0 4 000661 

•0*000307 

•0*000139 

0-9 

1-0 

•0*02336 

■0*01214 

•0400618 

•0*00308 

■0*001499 

•0*0007151 

•0*000334 

•0*000153 

•0*000068 

1-0 

1-1 

•0401270 

•0400650“ 

•000325+ 

•0*001590 

•0*000766 

•0*000359 

•0*000106 

•0*000074 

•0*000033 

1-1 

1-2 

•0400670 

•0 4 00340 

•04001679 

•0*000810 

•0*000385+ 

•0*000177 

•0*000080 

•0*000035+ 

•0*000015+ 

1-2 

1-3 

•0400352 

•0*001747 

•04000848 

•0*(X)0403 

•0*000187 

•0*000085+ 

•0*(XXX)38 

•0*000017 

•0*000(X)7 

1-3 

1-4 

•04001797 

•04000877 

•04000419 

•0*000196 

•04000090 

•0*000040 

•0*000018 

•0*000008 

•0*000003 

1-4 

1-5 

•04000896 

•04000431 

•04000202 

•0*000094 

•04000041 

•0*000019 

•0*000008 

•0*000003 

•0*000001 

1-5 

1-6 

•04000438 

•04000207 

•04000090 

•0*000043 

•0*000019 

•0*000008 

-0*000004 

•0*000002 

■0*000001 

1-6 

1-7 

1-8 

1- 9 

2- 0 
2-1 
2-2 
2-3 
2-4 

2-5 

2-6 

•04000210 

•04000098 

•0*000045- 

•04000020 

*04000009 

•04000004 

•04000002 

•04000001 

04000098 

•0*000045- 

04000020 

04000009 

•04000004 

04000002 

04000001 

•04000044 

•0*000020 

•04000009 

•04000004 

•04000002 

•04000001 

•0*000020 

•O+OOOOOO 

•0*000004 

•0*000002 

•0*000001 

•0*000009 

•0*000004 

•0*000002 

•0*000001 

•0*000004 

•0*000002 

•0*000001 

•0*000002 

•0*000001 

•0*000001 j 


1-7 

1-8 

1- 9 

2- 0 
2-1 
2-2 
2-3 
2-4 

2-5 

2-6 


0 * indicates that four zeros must be placed before the figures that follow. 
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A THEORY OF THE SAMPLING DISTRIBUTION 
OF STANDARD DEVIATIONS. 

By T. KONDO. 

Section I. Moment Coefficients of the Standard Deviations ohtained 
in Sampling in terms of those of Variance. 

(1) Introduction . 

The standard deviation is one of the most important statistical constants, and 
with regard to it numerous researches have been made. 

Suppose that from an infinite population, in which a character is measured by a 
variate x t samples of size N are drawn randomly and that this process is repeated 
indefinitely many times, then the standard deviation a of the variate x will vary 
from sample to sample. I propose to consider here the distribution of a in such cases. 
Concerning this problem several researches have already been made*, but some of 
them are only for a particular, not a general, parent distribution, and in others the 
degree of approximation in the results is not close enough for many purposes. 
I want here to deduce some general formulae for the sampling distribution of a to 
a degree of approximation higher than that already obtained from a new point of 
view and by a different method of deduction. 

Now any distribution law of a variate x can be defined by the moment co¬ 
efficients for this distribution. If we can find the first four moment coefficients or, 
in the usual notation, fif about a fixed origin and /a 2 » f*s> M 4 about the mean, then 
we have as a rule enough information to define the distribution of frequency with 
sufficient accuracy for practical purposes. 

The deduction of formulae for hi and (r = 2, 3, 4) of a in sampling is the 
primary object of this paper. 

(A) The first Method of Deduction. 

(2) Let <f> (x) be the probability function of a continuous variate x, \ 8 the sth 
semi-invariant of the distribution of x, and fif the rth moment coefficient about a 
fixed origin; then the Vs are defined by the identity^ with respect to to 

, + » 

e r-i r i ^ <f>(x)e X40 dx .(1). 

J —00 

* See “Student,” Biometrika , Vol. vi. (March, 1908); K. Pearson, Ibid, Vol. xjj. p. 277 (Nov. 1918); 
C. C. Craig, Metron , Vol. vii. No. 4 (Deo. 1928). 

t Originally due to Thiele. 
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Expanding the right-hand aide, we have 

f+oo 00 /*+oo 


r+oo oo -A r+oo 

I <f>(x) e®“ dx <- 2 -r: I 4>(x)x'dx 

J — oo iscO t. J — oo 


« 

t=o t! 

Equating the coefficient of the same powers of <w, we get the following well- 
known equations between the Vs and /x's, 

A*/ = X 1} /x 2 ' = X 2 4 Xi 2 , 

= X 2 4- 3X 2 Xj 4 Xi 3 , 

/ 1 ± 8:5 X 4 4 4XgXi 4 3X 2 a 4 6 X 2 Xi a 4 Xj 4 .(2), 

and so on. 

Now let us choose the origin at the mean of x; then since n 1 ' = X 1 = 0, we have 
/x 2 = X 2 , /i, 3 =rX 3 , ^4 = X 4 4 3X 2 2 , 

/i >5 — X 5 4 IOX 3 X 2 , fi$ — Xg 4 15X 4 X 2 4 10X 3 2 4 15X 2 8 , 
fj»j = X 7 4 2 IX 5 X 2 4 35 X 4 X 3 4 IO 0 X 3 X 2 2 , 

yLtg ~ Xg 4 28X 6 X 2 4 56 X 5 X 3 4 35X 4 a 4 210X 4 X 2 a 4 280X 3 a X a 4 105X 2 4 , 

f .69 = X 94 36 X 7 X 2 4 84X 6 X 3 4 126 X 5 X 4 4 378 X 5 X 2 2 4 I 26 OX 4 X 3 X 2 4 280X 3 3 4 1260X 3 X 2 3 

.( 3 ), 

and so on. 

(3) Let us consider the case where x is the standard deviation a ; then 

® X„w r 

2 __ f +00 

r\ -3 I (f) ((r) e au d<T .(4). 

But the frequency of a is the same as that of the variance fi 2 . Therefore, if /Z 2 be 
the mean of // 2 in samples, y the deviation of n 2 from /Zg, and 4>(y) the frequency 
function of /x*, then since 

<f> (a) da = (y) dy, 


we have e—i r * = f 4> (y) e w dy . 

J -CO 

And I* $ (y)e u,f ^^ + y dy = [ $ (y) ^ ( 1 + i0 dy 

J - CO J - 00 

■ /. • t OJ.Wl + 

-/ *<m.s-71- 

./ -00 \ 1=0 * 1 


£ wM/Xj 
*=o i • 


, /. ^(. + r'i 

,*<y>U t - n- J d > 


Therefore if we write 


*. (6> ' 


X ^.! 
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Differentiating the identity (7) with respect to cd and equating the coefficients 
of the same powers of a>, we have 

a>\ (/Z 2 )^ = X], a 2 /i2 = X 2 4* aiXi(/Z 2 A 

Uzifafi — X 3 -h 2 f/j \ 2 (/Z a )i + tf2Xij52> 

®4(/i2 ) 2 X 4 -f- 3 ^ 1 X 3 (^ 2 )^ 4* 3(f 2 X 2 /x.2 4- U 3 X 1 

; ...w. 

Wo shall assume that it is justifiable to insert into the integral (6) the 
expansion of the binomial*. Then 



?) + *.( 

l)V.. + c, r ( 

iy+ 

V /**/ 

'2/ \ 

f*l/ V 

jH/ 


where c i<r is the coefficient of the (r -f l)th term of (1 4-#)*/* or numerically 

1 _ 1 

Cl '2~~8’ Cl3 “16’ 

21 

ri 6 ~ — 1024 J Cl7 ~ 

C 2.2 = C 2.3 — ... = 0; 

_ 3 1 

C3.2 — g > c 8.3 -j 

7 

Cs - # 1024 ’ Ca7 


5 

7 

Cl ' 4-_ 128’ 

ClB 256 ’ 

33 

429 

2048 ’ Cl ' 8 " 

32768’ 

3 

3 

' Ca4 128 ’ 

C3 5 _ 256 ’ 

9 

99 

2048 ’ Ca8 

32768’ 


.(9). 


C4.2 — 1, C4.3 = C4.4 = ... = 0; and so on . 

Now let 2 ^>be the^th moment coefficient about the mean for the distribution 
of fjLz due to random sampling, and let us write 


2 M v 
mp ~2PJiJ> 


.( 10 ); 


then 


*-nM>**r* 


-1+ S piJt. 
*•=1 (/*«) 

= 1+2 2 r c,>ra r . 


But = 0, consequently m, = 0. Therefore 


a,= l+ 2 2 r Ci r m r .(11) 

r=S 

= 1 + 4ci. a »it + 8ci, 3 »ia + 16c<.*m4 + ... (i=l,2,3,4, ...)• 

* This condition is discussed later, see Art. (16). 
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If we eliminate the X’s from the equations (2) and (8), we get 

Ml'= «! '//Zu, 

~ # 2 M2 > 

M3* = «3 (m*)^* 

M4* 555 ^4 (M2) 2 .(12), 

where the //’s are the first four moment coefficients of a about <r = 0 in sampling. 
Now, for simplicity, let us put 

tti = a, o 3 = a + a '; 

then from the equation (11) 


21 


33 


429 


m 2 , rth 5 7 

a - 1 - -2 + T - 8 r " 4 + 8 W ' 5 " lfi ffl# + 16 "' 7 - 128 m * + ■■■' 

, 5 7 21 33 

a = 2?/i 2 — '"3 + w 4 — ^ m 5 + ^ w 6 — -jjr n h + -g- —.(13), 


and since d 2 = 1. ^4=1 + 4m 2 , from the equation (11), the equations (12) become 

fij-as/j Z 2 , 

/z/ = (« + a')(/z 2 )i 

and /x 4 ' = (1 +4 r^)(/x 2 ) 2 ...(14). 

But if cr is the standard deviation of the parent distribution and N is the size of 
repeated samples, it is well known that 


/z 2 — Mean /z 2 — 


N- 1 
N " 


Therefore the above equations for /z ;, s become 

/jfZ T _ , -A^ — 1 

Mi ~ \/ ttcr > M2 ~ 

Ms'* -)*(«+a') a 3 , 


<x 2 , 


and 


^-(V ) !(i+4wt . )54 . (u,) - 


Now the mean of a and the first three moment coefficients fi r (<r) about the 
mean can easily be deduced from the equations (14) or (14') by the well-known 
' equations connecting /i/s or /z/s, and the following equations are the results 
obtained *: 


Mean o* = a = a a?. 

Ms (O’) = (1 - « 2 ) Ms = (^v 7 ^ ) 0 - “*) & 


• (15 a), 
.(15 6), 


Cf. Craig, Zoc. c*$. 
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Ms (ff) = [a' - 2a (1 - a 8 )] 


(16 c), 


M« (<r) = [4 (i«s — aa') + (1 — a 2 ) (1 + 3a 8 )] /is 2 

= (^“ 1 y [4 (w* - aa') + (1 - a 2 ) (1 + 3a 2 )] a*.(15 d), 

and consequently 

cr* = s. D. of <r 

: V(1 — a 2 ) /X 2 = ^(1 - a 8 ) a.(16 a), 


/3i(<r) = /is(a) 2 //is(a) 3 =- a - ^ .,...(166), 

^a(a)=/i 4 (<r)//i2(a) 2 = 1 1 ^^“ + 4 .( 16c )> 

where /Z 2 and 2 ^ r are the mean of the variance /xa and the rth moment coefficient 
of /x 2 in sampling, further: 

m r — 2 M r / (2 r j£ 2 ? ) 

while a, a' are given by the equations (13). 


The equations (15) and (16) give respectively the first four moment coefficients 
for the sampling distribution of a , its standard deviation, also the /Si, and $ 2 of a 
in terms of m 2 , «, «' and Ji 2 , or in terms of 2 M r . They will all be exact expres¬ 


sions provided that the expansion of 


(l 4 Jr^ within the integral of (6) is justified, 


a condition which is discussed later*. 


(B) The second Method of Deduction. 

(4) We can deduce the equation (15) and consequently (1C) also from another 
point of view. 

Since cr = fJT 2 — ^jS 2 + fya, 

where is the sampling deviation of /i* from its mean, if Scr is the deviation of 
a from fji 2 , not from the mean, then 

<r — fji 2 + Scr = (Jl 2 )i ^1 + B/i 2 /ji 2 ; 

therefore 8<r — V/Z,{(l + A)i-lJ .(17), 

where A stands for S/i 2 /W 

Assuming ^ < 1 as before*, we have 
M a 

$<t = VyLta (<Xj A 4* u% A® 4* cts A 3 4"...), 

where Or = Ci.r0" = 1, 2, 3,...) and is given by the equation (9) in Art. (3). 


See Art. (16). 
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Now let Vr be the rth moment coefficient of a about a — 'Jy.y, and let us use 
brackets [ ] for “mean in repeated samples then 



= 'V* ( 2^ 2 r c 1 . r w r ^, 

therefore vy = v^/Z* (a — 1) .(18 a). 

Also from the equation (17), if we find ( Sa) T (r = 2, 3, 4), and write as follows: 

( 8o )* = /Zj {62 A® + h j A 3 + 64 A 4 + ... |, 

(So -) 3 = }c s A 3 + C 4 A 4 + c 8 A 5 + 

(8<r) 4 = (/Z 2 ) a {d t A 4 + d 6 A 6 + d e A*+ ...)» 

then, after calculation, we get the following values of the coefficients : 

, _1 , _ 1 . _ 5 , _ 7 

<>* 4 > 8’ b * 64’ >6 128 ’ 

.21 . 33 ,429 

”* ~ 512 ’ t ' 7 ~ 1024’ 63 ~ 16384’ 

1 = _A -A _ _ _7_ __45 _ _ 297 

( ' 3 — 8 ’ C * 32’ C6 “128’ C ®~ 128’ 07 1024’ C ® 8192’ 

, _ 1 , _ 1 ,7 3 , _ 165 

«4 jg, “6 16> «• jgy. “7 g 4> «8 4(){) g. . 


Now if we find the mean values of ( Sa )®, (8<r) s and (8a) 4 , we get 
vt — Mean (Saf= /S 2 2 (b r [A r ]) 


Similarly 


But 


= /Za ^ 2^ 2 r b r m^j .(18 b). 

v 3 ' = Mean (8<r) 3 = (jtta)® ^ 2 2 r c r w r ^ .(18 c). 

v t ' = Mean (8<r) 4 = (/la)® ^ 2 2 r d r m^j .(18 d). 


Vy * /aj jiftj — 

«j* t {2—2(l — 
“ /** (2 — 2cr) .. 


,5 7 , 21 33 , 429 

w 8 + |Wi 4 -^'m 5 +^ g-m 7 + -g^ m«- 


wij , tn 8 , 5 7 21 ,33 429 

T+Y __ m4+ _ Ms ___ wlfl+ _ tn7 ___ nt8+ 


.(18 6'). 
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Similarly we can transform the equations (18 c) and (18 d) into the following 


forms: 

v* - (£*)* \a f + 4 (a - 1)}.(18 c'), 

vl » 0iZ 2 ) 2 {4m* + 8 (1 - <*) - 4a').(18 d'). 


Hence we can find the mean a and the first three moment coefficients about the 
mean in the sampling distribution of <r. 

In fact from the equations (18a), (18 Z/), (18 c'), (18cP) and well-known formulae 
connecting v 1 s and ps, we get 

Mean a = (/Z 2 )^ + vi = a Vfi*, 

= 7X2(1 ~« 2 ); 

similarly 

/x 3 (<x) * (v^)* {«' + 4 (a - l) - 3 (a - 1) (2 - 2a) 4- 2 (a - 1) 3 | 

K^2)*K-2«(l--«% 

and /^ 4 (a) = (/Z 2 ) 2 (4m 2 4* 8 (1 — a) — 4a' — 4 (a — 1) [a'— 2a (1 - a 2 )] 

— 6 (a — 1 ^ (1 — a 2 ) — (a — 1 ) 4 ) 

= (jZ 2 ) 2 {4 (m* - aa') + (1 - a 2 ) (1 + 3a 2 )). 

These equations are the same as (15 a), (15 6), (15 c) and (15 d) respectively, already 
obtained in Art. (3). 


Section II. Moment Coefficients of a in terms of the Constants 
of the Sampled Population. 


(5) Now if repeated random samples of size N be drawn from an infinite 
population which is specified by the standard deviation a, and the constants 
&, /9a, ••• A, •••, where 


#2r-2 


J* 2r 

o**r 


ftr-l = 


/*2Hl//3 

(^r a ’ 


then it is well known* that the first four moment coefficients of the sampling 
distribution of the variance are given by 

AT- ] 

2 Mi = Mean /** ® —v r 




(tf-lJV* _ 2tf 


», (A-*+yri)5*. 

y + #S-3p)**> 


.(19), 


See A. A. Tchouproff, Biometrika , Vol. xn. pp. 198—4; A. E. R. Church, Ifctd. Vol. xvn. 
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where *m = /5 4 - 3,5, - 6/5, + 2, *33 = 3/5, - 21/5, - 18/5, + 26 

*„= 3/5* - 33/5, - 22/5, + 54, £* = &-15/3, -10/9, + 30; 

*« = 3(& —1)* 

1*48 = /5 6 — 4/5, - 24/3 8 - 15/5,* + 48/3, + 96/5, - 30, 

*44 = 4/5, - 40/94 - 96/3, - 54/3,* + 336/3, + 528A - 306, 

*4g = 6/5, - 96/5, -176/9, -102/9,* + 924/5, +1232/5, - 1044, 

* 4 , = 4/5, - 88/5, -160/5, - 95/9,* +1050/5, +1360/5, - 1395, 

*47 = /9 g - 28& - 56/5, - 35/5,* + 420/3, + 560/5, - 630. 

Therefore if the approximation is good enough up to 2 M 4 , we can express fii and 
fiq, /^a and /a 4 at once in terms of a and the /8 s, i.e. in terms of the constants of the 
parent distribution. 

Suppose further that we neglect terms of higher order than N~ z , then 

a = 1 - *£- + * 2 * - y m *> a' = 2 m, — m 3 + m t , 

i 2^2 1 [a q , 2 JNT 

where + 

_-L(A-J + .l \ 

2 N\ 2 +i 2N)’ 

m s = 8 x t \/9i-Z&-('>0i + 2} .( 20 ), 

3(&-l)» ^-1~, 

m4= ~ I()A 7 * and M2= "iV - 

Substituting these values of a, a', ja 2 and the ra’s into the general and fundamental 
equations (15) and (16), after transformation and simplification, we get 

*+» + 8 *z. (21 „), 

*M- & {A- * - *-•*—**}.(2i h 

w(») = £^i {2&-3&*-12& + l|.(21 c), 

and /a 4 (cr) = dr* ( & _1) * 54 . (21d); 

consequently 

... I y%T l _ 1 4- lA ^ A rM-M *. (21 .> 

2 V N \ 16(/5,-l) iV J 
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In the cases where the parent distribution is normal; since 
/§i = 0, ^2 = 3 and $4 = 15, 

Me “'”( 1 -®- 3 sr <) 5 ’ 

1 3 

ff ' = TH (* “ 8l) 5> 

AW = ^. ft(<x) = 3|l + ^} .(226). 

equations ( 21 ) and ( 22 ) have been already deduced by Prof. 

Now we must notice that the above approximate formulae have been obtained 
by neglecting terms of the general equations (15) and (16) in two different ways. 
Firstly we neglected the moment coefficients ^M r for ?'> 4, and secondly we 
neglected those terms of order higher than N ~ a . 

But such a double method of approximation cannot be carried through correctly 
unless we know the order of 2 M r . 

( 6 ) Now if X r be the semi-invariant for the sampling distribution of the 
variance ^ and N the size of the repeated random samples, in the semi-invariant 
theory, it is known that (i) \ r (r— 2 , 3 , 4, ...) is independent of the origin, and 
(ii) Xr (r = 2 , 3, 4, ...) is of order r - 1 in N~ l , and from the general equations (3), 
we have 

2 M2 = X2, 2 “ Xg > 

2 A /4 = X 4 -f* 3Xg 2 , 2^5 “ Xg 4* 10 X 3 X 2 , 

+ 15 X 4 X 2 + 10\ 3 fl 4-15\* 3 , and so on .........(23). 

Thus we can find the order of the coefficient 2 M r . 

For instance, if we can assume that the approximation is good enough only up 
to the order N~ 2 , since t M r (ri 5) is of order N~ z or higher, we can neglect these 
%M r and at the same time we can neglect those terms of ra r (r*= 2 , 3 , 4 ) of order 
higher than 

This is the case treated in the foregoing^article as an example. 

Secondly, if we can assume that the approximation is good enough when we 
include terms up to the order only, we may neglect %M r (r * 7, 8 , 9, 10, ...), 
and at the same time those terms of m, (r < 6 ) of order higher than 

# See Biometrika, Vol. xn. p. 277 (Nov. 1918). See also Craig, foe. cit. 


and 


Some of the 
K. Pearson*. 


(22 a), 
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This is the case treated by Dr C. C. Craig. His results are given as the semi¬ 
invariants of the sampling distribution of a in terms of those of the parent 
distribution, but his final results correspond to those which will be obtained by 
neglecting the highest order terms in JV^ 1 of my general approximate formulae, 
given in Art. (9). 

The formulae, obtained in these two cases, give us good estimates of the mean cr, 
fi % (<r) and a 9 if N be not very small, and also of /4 3 (<r) and /3i(cr) if N be large, 
but we cannot get good estimates of /a 4 (a) and /3 2 (<r) unless N be very large. 

Thirdly, if it be necessary to proceed to a further approximation and include 
terms up to the order N~* t we can neglect 2 M r (r £ 9), for they are of order N~ 6 or 
higher, and at the same time we can neglect those terms of m T (r — 2, 3, ..., 8) 
of order N~~ b or higher. Such an approximation is necessary for the calculation of 
fi 2 (<r), and with such approximations I shall now deal. 

In this case we have 

2 M 2 ~ X a , jiifj 35 Xj, 2^4 = A -4 4" 3X2^, 

2M5 5=1 X.5 4 * 1 OX3Aj, 

2 M b = 15\ 4 X a 4- 10 \ 3 2 4- 15X a 3 (approximately), 

2^/7 = 105X2 2 X 3 ( ,, ), 

and 2^8~10^2 4 ( „ ).(24). 

Aii 1 m* 5 7 21 33 429 

And also a « 1 - 4- 2 -- m 4 4- g m b - ^ tn B 4- w*? - .( 25 a 

5 7 21 33 

a' = 2w 2 ~ ^3 + w 4 — ~ m 6 4- ^ w 6 — r /? 7 4* -g- Ms .(25 5). 

Now the equation (24) suggests that to get this degree of approximation we 
have at first to find 2 M b or the corresponding semi-invariant \ 6 . 

The values of 2 M b or X 6 for the sampling distribution of /u 2 were not known until 
recently, but they have now been found by R. A. Fisher and published with many 
other valuable results in an important paper *. 

(7) R. A. Fishers “cumulative moment function” K r is the same as the usual 
semi-invariant \ r , introduced by Thiele, but his " ^-function ” is a new function 
defined as follows: 

ki= = ^ ean x % 

, N 1 f *i a \ 

k> ~ N-l^ 2 " ^-l\ Si $)• 

1 _ 

N* 3fi, Sl , W\ 

* (N — 1) (2^—2) \* T + WV’ 

and so on, 

* B. A. Fisher, Proceedings of the London Mathematical Society , Ser. 2, Vol, xxx. Part S (Dec. 1928). 
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where s r = S (x r ) is the power sum of order r for any variate x t and 

fir = ^ 8 (x — Mean x) r 

as usual. 

Fisher uses * (2 5 ) to denote the fifth cumulative moment function of k if due to 
sampling, and his expression for *(2 6 ) is as follows: 

** , _40*.*t, 40(5^»-12^+9)*,*4 s 
k{ } ~N i + N i (N-l) + N a (N-lf ~ ' 

16(N-2)(6N*-l2N+l7)K S t 480W 1280(iV-2)*5**Ar a 

+ " N»(N-1)* + N*(N- l) a+ N*{N-lf 

, 320 (42V a -9^+6) * 4**2 , 480(2iV a -7iV+6)W , 1920*4* a 3 
+ ' N*(N-1)* " + + N(N- 1) 3 

l_!)20(jy;-2)_/f,W 384* a 6 

+ #(#-])« ~ + (N-lj*' 

where k 8 is the sth cumulative function of the parent distribution. In this equa¬ 
tion if we neglect terms of order N~ & or higher, we have 

k (2 6 ) = — {«io + 40* ft * 2 4- 80* 7 * 8 4* 200/c 6 * 4 4- 96* 6 a 4- 480* e * 2 2 + 1280* B * 3 * a 


4 - 1280 k\/c 2 4 - 960*4 * 3 a *+• 1920 * 4 * 2 3 4 - 1920* 3 2 * a 2 4 - 384 * a 5 } 


roo 110 , say 


.(25 c). 


If we transform the above equation into terms of the /S’s of the parent distribution, 
we get 

4r 0 = A - 5& - 40& - 10A (A ~ 2) - 80A (A/A - 16) 

+ 80A (A + 12A - 2) - 1560A + 24.(26). 

O) 5 . 

(8) Now, by the definition of tc r > * (2 5 ) is the coefficient of g- in the following 
identity 

2 (^t) “ io & C # (*») ^ dk i • 

f*~l V • / . —00 

j\jr 

And since £ 2 = ^—y/ag, an( ^ consequently the frequency of k 2 is the same as that 
of /xg, we have 

r ?, * r (rf) = 1 ° S I ^0**) d M»’> 


therefore 




X 6 W = ( -^t^ 6 * (2 s ) 


X* (/**) — »^5 — 10. a Af a . a A/,. 


and in particular 
But 


(27). 
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Therefore *AT S = 10. t Mt . 2 A/ g + K (2®) 

= 10. jjAfg. t M$ + <r 10 (approximately) .(28). 

Now we can find the expressions for m’a in terms of 0’s which are necessary for 
our present purposes, and consequently can find the expressions for the mean <t and 
fi r (<r) (r * 2, 3, 4) up to the order N ~ 4 . 


(9) Let us next proceed to find expressions for all the m’s up to the order 
N 4 , which are necessary for our present purposes. 


Since 


af,- 


a .l /2 


(JL ~ x ) 4 _u 


N a 


2A 7 \ 

' 3 + fzt) *' 


1*2 


N 


•(29), 


_ jMt _ 1 — 1 1 \ 

‘" 2 ~ 4u a 2 — 2N \ 2~ + N- i) 


Va 

1 

' 2# 


2l7 ( p + ^ + A 72 + F 3 ) ( a PP roximatel y) • -( :30 “)> 

where p = £ (& - 1) .(81). 

Similarly from the equations (24) we have 


2 il/a 


1 


8jSa 3 8 A 7 2 


24 p - 8 4 (6p - &) 


'" 3 «tt _8 — « A/a )? - w- +• 


where 


where 


N 

<1 = 0 4 - 0 A - 1 


JV 2 


(approximately) (306), 
.(32), 




3 f 


2g+_tip 2 ^- 2(jp + 5) , 


A 7 * 


(approximately) (30 c), 


" 10m2 4 ~ 4A 72 ( /J + A 7 + 

A’a -a l&“ 24/9*3 + 72/9, - 4<? - 12p* + 36p -1), 

_ jM 6 A b , i « a'l/a • a^l/a 
* H2/X s s 32/1,® 32/is 5 

= {fip(? - fip) + Jy (120/ - 7Op + 5r/ + t 0 ]■ (approximately) 


2T 


.(30 d), 


»»« = g^s | 3 P 3 + 4 ^y- (36ps s + q 2 - 12py)| (approximately) .(30 e\ 

m 1 = (approximately).(30/), 

»«b = (approximately) .(30 g). 

If we substitute these values of the ms into the expressions (25 a) for a, and (25 b) 
for a', after simplification, we have 


and 


.(83 a), 


and 


1 j> Ts T 8 _T 4 

“ 4iV 32AT* 128#* 2048# 4 . 

= # ( P + 8# + 32# a + 25^T 8 ) . (33 6) ’ 
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where 


r a = 15/? 8 + 12 p — 2q 4* 8 
« i (- 8$ 4 + 15$.* - 6$. + 48/Sj + 31), 
t 8 = 60« a + 315p 3 - 7Op (? - Op) - 64 (3p - 1) + 32 

- i (40$, - 280$ 4 $. + 120A - 900$, + 1680$,$! + 315$, 3 - 225$,* 

- 263$,+ 2160$i +1061), 

r t = 1260p (A - 24$ 3 + 72/30 - 224 t 0 + 45045p 4 - 13860p*g + 68040p s 

+ 26160p* - 10080p<7 + 420^ - ] 3612p + 800 q + 512/?! + 5312, 

- ra (~ 890 ($, - 40$ 8 ) + 1120/?, (9$, ~ 5) + 26880/? s (/? 3 //?i - 9$* - 7) 

+ 45045$. 4 - 44100$, 3 + 10080$ x (33/?** + 22/?*+ 24) - 4770/?** - 66596/?* 

+ 532832/?! - 38827].(34 a); 

nd 

r*' = 6p 3 + 6p — q + 8 

= 4(3$.*-2$ 4 +12$! + 15), 

t 8 ' = 2/?, — 48/? s + 144/?i + 105p 3 + 126p* — 25 pq — 24p — 8^ + 62 

- 4(16/?, - 384/? a + 36/? 4 -100$ 4 $, +105/?* 3 - 63/? a 3 + 600/?»/?i -185;?. 

+ 936/?j+70), 

r,' = 210p (/?,- 24/? 3 + 72/?i) - 40r, + 6930p 4 + 10710p 3 - 2205p* 9 + 4296p* 

- 1680p</+ 70g*-3170p + 184?+ 128$i + 1216 
= 4 {- 80 (/?, - 40/?,) + 40$, (21$* - 11) 

+ 2$, (280$, - 22()5$* 3 + 1450$. - 3360$. + 531) 

+ 480$ a (5$ 3 /$i - 42$. - 38) + 180$ x ( 147$.* + 106$. + 112$!) 

+ 3465$. 4 - 3150$. 3 - 738$.* - 8894$. + 49372$i + 18613} .(34 b ). 


Substituting these values of a, a' and m, into the general equations for the Mean <r, 
p, (a), p. (o') and p,(o-), and neglecting terms of order 2V -5 or higher, after long 
transformations and simplifications I have obtained the following results: 


/*•(«•) 


_ I., p + 2 t. — 4p + 4 r. — 2r. — 4p + 8 t, — 8 (t. + t.) — 32p + 80} _ 
a= I 'W 32^* 128F 3 20482V 4 j ff 

.(35 a), 

t. -p* - 8p t 3 pT. 4 (t. p*) 


22V 


82V' 


322V* 


, t 4 - 4 (p + 4) r 8 - t. (r. - 16p)} a 
+ : 5122V*~~ K 


(355), 
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H* W) = g^» |t*' - t* f 3p* + -^ [r,' - t* + 3pr, - 6 (r*' - r») - p* (p + IS)] 

+ g^| [2 t 4 ' -t 4 + 12pr* - 24 (t 3 ' - t 8 ) + 3t** - 6p*T* + 24 (t» - r*) 

- 72pr, + 24p*(p + 3)]J a* .(35 c), 

P«(o") = 4^5 | T * “ 2t*' + 8 + [ t 8 — 2ts' — 2p (t* — t*') — 8 (t*— 2r*') + 3p s — 32] 

+ [r 4 - 4r 4 ' - 8 p (ts - t,') - 32 (t s - 2r,') + 2t. (2t,' - 2r. + 9p 2 ) 

+ 64p (t 2 - t*') + 64 (t» - 2t 8 ') - 3p 8 (p + 32)]J 3* .(35 d), 

where|) = J(^ a — 1), and the ts, t's are given in (34a) and (346). 

To find c 0i &i(g) and fti{cr) % in particular numerical cases, it is most convenient 
to use the general equations (16) directly after the calculation of wig, a and a'. 


(10) Now let us consider the special cases where the approximation is adequate 
up to the orders N~ 2 and N~*. 


In the first case, neglecting terms of orders N~ 3 and N~* in the general approxi¬ 
mate equations (35), we get 


Mean a 


-*(*- 


.p + 2 

4iV ‘ 


t 8 — 4p + 4' 
32JV a 


)• 


, , 52 ( , t 2 - p 2 - 8p’ 

P *^~2N\ P + ' 8 N 


)■ 


P3 (<0 = gtfi (t* - T* + 3p a ), 


and Pi (o’) = (r* - 2t 2 ' + 8) .(36). 

But -i(p + 2) = -£(/£a + 3), 

t» - 4p + 4 = - i (8& -15/5** + 14/5* - 48& - 55), 

t»— p* — 8p — -H4&- 7/5** +10/5*-24/5* -23), 

t* ; — t* + 3p* = J (2/5 4 — 3/5**— 12/5i+ 1), 

and t* — 2r*' + 8=‘ J(/5a — l) 2 ...(37). 

If we substitute these expressions in the equations (36), we get a set of equations 
for the mean a, p*(«r), /u*(V) and /^(ff) which are the same as the equations (21), as 
we should expect. 

Biometrika xxn 


4 
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In the second case, neglecting terras of order N~* in (35), we have 

Mean <r = 5 jl - £±? - T,-4 ^ + 4 _ T » ~ ? T « “ *P + 8 l 
( 41V ,321V 2 1281V 8 j’ 




* f „ . T8-i>T,j-4(ra-p*)) 

" 82? 321V 8 ~}’ 




21V 

:8 


'81V 8 


T,' — r a + 3 p*+ T8 '- T 3+ : ^»-«(V-^)-y 8 (f>+ 

47\r 


18) 


But 


* (r) = ^ {r, - 2r,' + 8 + 5Z±iL - 2 ? H «( T8 Z ^>1M z 32 } 

.(38). 

t,-2t,- 4^ + 8 = 4 |404.-8/? 4 (35^a-19)-960& + 3154a 3 + 16804.4 i 

- 2854a 2 - 2554* + 19684i + 1017), 

t» -pr*- 4 (r 2 -^*) = 4 fl04e - 44« (174a -11) - 2404, + 754, 8 - 794a 2 

- 674a + 4084a4i + 4564 x + 213), 

t s ' - r a + 3pr* - 6 ( T »' - t,)- p 8 (p +18) = |}- 244. +124. (134a - 9) + 5764, 

-1664a 3 + 1744a 2 - 9364a4x + 1864a - 10804 i - 474), 
T, - 2r,' - 2 p (r, - t 8 ') - 8 (r, - 2r,') + 3jo 8 - 32 = | {84. - 84. (94a - 5) - 1924a 
+ 4324,4 i + 904a 8 - 1264a 2 +1984, + 3364 x -138).(39). 

Therefore, from the equations (37), (38) and (39), we have 

Mean <r = ? {l - (4, + 3) +y^- 2 (84. - 154a 2 +144, - 4«4 X ~ 55) 

- Y 02 W 8 1 40 ^ 6 “ 8 & ( 35 & - 19 ) - 960 & + 31 «&* + 16804a4l 

- 2854a 2 - 2554a + 19684i +1017]|, 

~2 f -j * 

W ^ " 4AT P “ 1 “ 8 N (4/?4 ~ 7 &* + 104a - 244 i - 23) 

+ 32^* t 10 & ~ 4 &( l7 & -11)- 2404a + 754, 8 - 794, 2 - 674, 

+ 4084,4i + 4564x + 218]|, 

(<r) = 161V 8 { 2 & - 3 ^ S ~ + 1 “ [244. -124. (184. - 9) 

- 6764a +1664, 8 -1744,* + 9364,4i - 1864a + 10804x + 474]l, 

f -I ' 

and fii (*)- jgjrj |(4a-1) 2 + g^[84. - 84.04,- 5)--1924,+ 4324,4, 

+ 904a 8 -1264,*+1984, + 3364, - 138]l.(40). 

These special formulae (40) correspond, when expressed in terms of semi-invariants, 
with Dr Craig’s formulae for \ r (<r) (r= 1, 2, 3, 4)*. 

* Bee Craig, Metron, VoL vn. No. 4, p. 66, also Biometrika , Vol. xxi. pp. 287—293. 
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( 11 ) Now let us consider the case whore the parent distribution is normal. 
In this case & = &=&= ...=» 0 , 

$a = 3, ^ 4 “ 15, $6 — 105, 
and $ 8 = 945 . 

Consequently we have, from the equations (25) and (30), 



i / 

' 1 

1 

1 N 


l /, 

m a = 

2A\ 

, 1 + A + 

A 2 + 

A 3 / ’ 

ra 3 = 

= A 2 ( 1 + 


3 


15\ 



5 

ra 4 = 

4A* 

l 1 + A 4 

A 2 / 

) 

//<5 = 

= 8A 3 ’ 


5 

/ D 61\ 




105 

= 

8A 3 

( 8+ a) 

j 


7?2 7 

4A 4 ’ 


1+ 3 

A* 


JL\ 

AV’ 


ntg = 


and also 


105 

16A 4 . 

_ . _ 1 _ 7_ 
a ~ 4 A 32 A 2 ' 


19 101 

128 A 3 2048A 4 ’ 


9__ 6 » _\ 

128A T * 204SAV 


, i _i_ 3 _ 2 2 \ 

M * W ~2 N\ 4 A 8 A* 64 A 3 / 

(<t) = 4A* ( 


A 11 \ 

+ 4A + 32AV 


(41), 


~ AT (' + 4 A + 32A 2 + 128A 3 ) . (42) ’ 

Consequently, from the equations (14'), we have 

Mean * = 2 (l - ~ - “ 


(43 a), 
(43 b), 
•(43 c), 


4i\r* i 1 2A 16A 3 ) . 

If we find the values of p, rs and r'’s in this case we have: 

p =* 1, Ta = 7, Ta a* 19, T 4 = 101, Ta* = 6 , r a ' = 17 and r/ =* 98. 

Substituting these values into the general approximate formulae (35), we can also 
deduce the same equations as (43) directly. 

Now, from the equations (43), if we find the expressions for ar ot f3i(<r) and /3%(<r), 
we get 

a A 1 3 27 \i iAA . 

<r ' ” V2A l 1 4A 8A 2 ' 64A 8 ) .•. (44a) 

a / 1 25 241 \ 

V2A \ 8A 128A 2 1024AV ’ 

/3i( ‘ t)= 2a( 1 + 4A + 8A 2 ) . (446) ’ 


and 


$ 2 ^) =3 + iJi 


.(44 c). 


4—9 
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(12) Special cases {continued). 

Finally let us consider the case where the parent distribution is of the form of 
Pearson’s Type III curve, i.e. 

y = yo( 1 +^) r °e- r *.(45). 

which is a skew distribution, and also the case of the exponential function (known 
as Pearson's Type X curve), 

X 

y = !he~ 9 .( 46 ), 

which is a special case of the distribution (45). 



and generally Am = — l - ~ {Am-i + 20 tm - t }, 

Am+1 ~ (m + 1) {A Am. + 2Am-i) .(47). 

From the equations (47) we get 

A = 3A 2 + 10A , A - * (301 +13A + 6), 

A-i(15A , + 77A , + 70A). 

A = \ (46A* + 261 A* + 840A + 60), 

A = 8l«A 4 + 2007 A 3 + 3304A* + 1260 A, 

A-f (630A* + 4329A 8 +8435A* + 4900A + 420) ..(48). 

On substituting these values for 0 m into the expressions for p, and the t’s and 
t''s, we get, after simplification, 

p = i (3A + 4), r,« - Vff (105A* + 344A -112), 
t,' - - i (33A* + 104A - 48), 
t s = A (8606A* + 3,7860A* + 1,6304A + 1216), 
r,' - gij (3915A 8 + 1,7484A* + 7952A +1088), 

t«« ~ (654.2235A 4 + 3489.9984A* + 3571.9200A* + 313.7792A - 2,5856), 

and r * “ ~ (126.5670A 4 + 680.7360A 3 + 716,1536A* + 71,4752A - 2,5088) 

.(49). 
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Now, from these equations and the equations (35), we can deduce easily 


Mean a = a 


3?,+ 12 105?i* + 392?i-112 

1 6N 4 5122V* 

S5O50i a + 3.8700&* +l,8864?i + 576 


1 - 


8192^® 

654,2235/?!* + 3517,2144?!® + 3691,7280?,* + 362,1632/?! + 1,5104) 

+ " “ 52,4288 A ? * . )’ 

/x 5* L , . 57/? t * +232/?i+ 16 , 2205/?i a +1,0284/?i* + 5808/?j -192 

Ma(ff) = 8^f /9l + 4_ ION - + _ 128 N* 

83,1915/?!* + 451,5888/?i a + 489,1424?i® + 55,5776/?, + 6912) 

40902V® 


M* (") - 6 4^ 2 ^3/?,* + 104?, + 16 


V 

2781?i® + l,3212?i* + 8304? x -192 
' 162V 


108,8955?!* + 596,0208?!® + 663,7088?!* + 87,8848?, + 2816) 


tn(a) = 


64 N* 


27?i* + 72?! + 48 + 


5122V* 

495?i® + I740?i* - 240?! -192 
8 N 


' 


162,3348? t * + 864,6336?i® + 878,0160?!* + 67,8912?i + 2,1504) 

10242V*. 


.(50). 

These results correspond to those given by Craig*, except that in each formula 
I have proceeded to one degree higher approximation. 

Further, if the parent distribution (45) reduce to the particular form 

X 

. r=yoe~*> 

then the ?’s become 

?i = 4, ? 2 = 9, ?s = 88 , ?«= 265, ? 5 = 3708, ?,= 1,4833, 

?, = 20,6992, ? 8 = 133,4961; 

consequently 

p = 4, t 2 = —184, t»' = -112, r 3 = 1,9008, r s ' = 8800, 

t 4 = - 1754,8608, t 4 ' = - 342,6176, 
and, from the equations (50), we have 

/, 3 , 49 2421 , 110,6203\ „ 

Meano- \l 2 2V + 82V® 162V® + 128A 7 * ) ff ’ 

1 / 29 831 14,2207\ 

( a ) ~N\ 2 2V + 2V* 82V® ) a ' 

,_ x _ 1 /\ c 825 , 18,7973\ 

( ff )-yi[ 15 2 N + UN*)*' 




( ff) = F*( 


12 + 


114 


6.7881N ~4 /«1X 

)°* .(51); 


which give us the Meaner, fir (a) (r« 2, 3, 4) in sampling when the parent distri¬ 
bution is of the form of Pearson’s Type X curve. 

# Biometrika, Vol. xxi. p. 292, equation (17). 






64 Theory of Sampling Distribution of Standard Deviations 


Section III. Decree of Approximation. Numerical Verification. 

(13) If the parent distribution be normal and infinite, it is well known that 
the sampling distribution of <r is theoretically given by 

n<r 2 

.(52), 

where n is the size of repeated random samples, i.e. 

n s= N in foregoing articles, 
and if M be the total number of samples 


(n-3)(n-5)...8.1 V tt \*Jn 


2/5 \. 


if n is even, 




(n — 3) (r? — 5) ... 4.2 VW 

We may now compare the moments calculated from the equations (43) with 
the true moments obtained from the distribution law (52). 

If fju m ' is the rath moment coefficient of (52) about cx = 0, then 


= A [ o- wl + n “ 2 e 2 * 9 da 
Jo 

/<wj\ (r w<r 2 -'i * /.qc 

® — A j I <r n + m ” s e 2 512 1 — (n + m - 3) J cr m+n “ 4 e 

no 4 

— A + n — 3) ^ ~ j | o-™*"- 4 0 2> 2 do- 

= 4 (« + ra — 3) (?i + ra — 5) J <r w+rt " 6 e 25:3 d<r. 

Similarly, after integrating by parts k times, we have 

, __ ( n + m — 3) (n + ra — 5)... (n + ra — 2k — 1) / 5 ^-n+i 

^ rr;, , rp^i ww 

<„-8)<„-5)...3.1 j or ' 2 

/•» TUT" 

X o-n+m-Kfc.fl) g “ , 

Jo 

according as n is even or odd. 

From this general formula we can easily deduce 

, (ft-2)(n-4)...3.1 
* = (r_-8)(V_6)...4.2 V 2^ ' lf ” 18 odd - 


.n-f-tw— 8 p 25 12 


cr m+n -4 e “ 25 2 rfo- 


or 

(»— 2)(«. — 4)... 4.2 „ . f . 

(« —3)(»- 5)... 8.1 Vw/2 ff d w 18 even . 



^ (* «)*' * (* «»)** . 

.(54 b), 

and 

# ft t 

Ma * u-*/*! . 

.(55), 
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which correspond to the special case of ray formulae (12) when the parent distri¬ 
bution is normal, i.e. 


, /— (n— l\i _ 

fj*l = Ct\ V fj ,2 = ( * ~—J « 

= «2M2 = ( 1 “ l) 


.(56 a), 


•(66 b), 


Ha — (( 3 (/i*)^ — ^ ^ (a + a')5 3 

Hi = «4 (h if = - *■) (1 + 4 mt) a 


.(56 c), 


.(56 d), 


where 


♦m* = ^ 


2 (n-l)’ 


4 _ 1 7 19 101 

an “ 4» 32n* 12P 204871* 

, = 1 / 3 17 49 \ 

a w v 4 m 32m* 128m 3 "*"’ /’ 

as we found already in Art. (11). 

Now, since the equation (56 d) can be transformed into 




we can see that my formulae for y* and y A \ when the parent distribution is normal, 
are identically equal to (54 b) respectively, and we have only to examine the 
accuracy of and y* in (56). 

Now if we insert the expressions for a and a' into equations (56 a) and (56 c), 
retaining terms up to the order n~*, we have 

8 7 9 , 59 

\ 4m 32m* 1 28m 3 2048m 4 / a> 


-s- 


i + i + JZ. + JL+J*!^ 

4m 32n* 128n 3 2048 m 4 / 


3 7 9 59 

1 4w 327t* 128 m* + 2048m 4 / ° ’ 


therefore y* » a 2 /V. 

Accordingly, as far as terms of order n~ 4 , my formulae also lead to the relation (55), 
holding between the first and third moment coefficients of the distribution law (52) 
about <r = 0. Thus the accuracy of my formulae, for the special case of normal 
parent distribution, depends mainly upon the accuracy of the formula for yi. 
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Now, from the equation (54 a), we have 


<» — 2)! 
(»-2)(n-i 


2«-s 

ftrl) 

" 

! 


\ 2 / 



' 2 . .. . 

— a if n is even, 
nir 


' *yr ^ 

2T- ff if n is odd 
2 n 


If we apply to these expressions Stirling’s formula 

f M 1 1 139 571 

n. n e 27rft + 12 m + 288n* 5,1840m 3 248,8320m 4 + 

after calculation and simplification we obtain 

B 7 9 59 \ 

a \ 1 in 32n* 128« 3 + 2048n 4 + ' *') ’ 

which shows us how far my formula for /i*' is accurate. 

(14) Finally let us examine the accuracy of the formulae (43) for the moments 
of a, and (44) for and $ 2 (<r)> numerically for various values of ??, the 

size of sample. 

Now if we write the equation (54 a) as follows: 

Mean a = fii = ucr , 


= [l - ~ - M 2 ) ?*, 


which correspond to my formulae (43 a), (43 6) and (44 a). 

The numbers in Tables I, II and III are the values of a, /x 2 (< t) and respec¬ 
tively, obtained from the equations above and my corresponding formulae. 

For instance, in Table I the “accurate values” are those of the Mean <r, given by 
equation (54a), and the values in the third column are for a given by the formula 
(43 a). 

The values in the fourth and fifth columns are for cr, given also by the formula 
(43 a) when terms of order and terms of order n“~ 8 respectively are neglected, 
i.e. by 

- 3 7 9 

V 4m 32m* 128m 3 / 


a -( 1 


.-3S?) 5 - 


The second of these equations is a special case of the formula (21 a) in Art. (5) 
when the parent distribution is normal, and the first is the special case which 
corresponds to Dr Craig’s formula for Xi(cr) in terms of semi-invariants. 





T. Rondo 


57 


Comparing the values, given by my formulae, with the corresponding accurate 
values in these tables, we can see that my formulae up to the order n~* are very 
accurate, even when n < 10. 


TABLE I. 

Values of . 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1 In* 

1/m 3 

1/m* 

5 

•840 7487 

•840 7336 

•840 6875 

•841 2500 

7 

•888 2029 

•888 1999 

•888 1879 

•888 3929 

9 

•913 8749 

•913 8740 

•913 8696 

•913 9661 

10 

•922 7456 

•922 7451 

■922 7422 

•922 8125 

15 

*949 0076 

•949 0075 

•9490069 

•949 0278 

20 

•961 9445 

•961 9445 

•961 9443 

•061 9531 

2,5 

•969 6456 

•969 6456 

•969 6455 

•969 6500 

30 

•974 7544 

•974 7544 

•974 7543 

•974 7569 

50 

•984 9119 

•984 9119 

■984 9119 

•984 9125 

75 

•989 9609 

•989 9609 

•989 9609 

•989 9611 

100 

•992 4781 

•992 4781 

•992 4781 

•992 4781 

150 

•994 9903 

•994 9903 

•994 9903 

•994 9903 

200 

•996 2445 

•996 2445 

•996 2445 

•996 2445 


TABLE II. 
Values of . 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1/n 4 

l/« 3 

l/n* 

5 

*093 1417 

*093 1625 

093 5000 

095 0000 

7 

*068 2385 

•068 2431 

•068 3309 

•068 8776 

9 

053 7216 

053 7230 

053 7551 

054 0123 

10 

048 5405 

048 5414 

048 5625 

•048 7500 

16 

•032 7179 

032 7181 

032 7222 

032 7778 

20 

*024 6627 

024 6627 

024 6641 

024 6876 , 

25 

019 7875 

•019 7875 

019 7880 

019 8000 

30 

016 5206 

016 5206 

016 5208 

016 5278 

50 

•009 9485 

•009 9486 

009 9485 

009 9500 

76 

006 6440 

*006 6440 

006 6440 

*006 6444 

100 

004 9873 

004 9873 

•004 9873 

004 9875 

160 

003 3277 

*003 3277 

003 3277 

003 3278 

200 

002 4969 

•002 4969 

002 4969 

002 4969 
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TABLE III. 

Values of <r 9 fa. 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1/n* 

1/w* 

1 Ini 

5 

*3052 

•3053 

•3059 

s 

•3083 

7 

•2612 

■2612 

•2614 

•2625 

9 

*2318 

•2318 

•2319 

•2324 

10 

•2203 

•2203 

•2204 

•2208 

16 

•1809 

•1809 

•1809 

•1811 

20 

*1570 

•1570 

•1670 

•1571 

25 

•1407 

•1407 

•1407 

•1407 

30 

•1285 

•1285 

•1285 

*1286 

50 

•0997 

■0997 

•0997 

•0998 

75 

•0815 

*0815 

•0815 

•0815 

100 

•0700 

•0706 

■0706 

•0706 

150 

•0577 

•0577 

•0677 

•0577 

200 

•0500 

•0500 

•0500 

•0500 


For the calculation of cr, /u 2 (<r) and cr a> the simple formulae 

( _ 3 7 

a V 1 in S2n i ) <T * 


and also 



1 4 n) <7 * 

1 

('l _ _L\ s . 


1 8 n) 

H 1 - 

3 7 9 \ 

4 n 32 n* 128nV 


1 1 3 \ 

4/i 8/i 2 / ^ 

1 

/. 1 25 \„ 

V 8 n 128n 8 / 

, V2n 


.(59), 


give us good estimates when n is not very small, as we can see in the tables, and 
we may therefore use these simple formulae in the calculation of a, p%{a) and cr„, 
provided n is not small. 

Next, let us examine the values of /^a(cr) and /^(cr). From the equations 
(54), (55) and well-known relations between p r ' and pr, moment coefficients about 
the mean, we can deduce 

2^(cr)) 

1—J <*> 




1 - 


? 4 ...(60)*, 


- * «- {»- -L (*■-1) (> - - »(> - 2 ^)' 

* These non-approximate equations were first deduced by K. Pearson; see Biometrika , Vol. x. p. 626. 
They were uBed to table the acourate values of p 1 ( 0 -), /8 a ( 0 -) for various sized samples. 
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which correspond to my formulae (43) for (<0 and /* 4 (cr), i.e. 

4u 2 


M8(o-) : 


l 1 + 4m + 82’ 


as already found in Art. (11). 


.(43 bis), 


I have calculated the values of /i 3 (<r) and ^{<r) given by (60), and also those 


given by (43 bis), and they are shown in the second and the third columns of Tables 
IV and V. 


We can obtain also two degrees of approximation more, as before, according to 
whether we neglect terms of the equations (43 bis), of order ~, or also those of order 

. These values are given in the fourth and five columns of Tables IV and V. 


It will be seen that the complete formulae (43 bis) give us very good approxi¬ 
mations, even for quite small samples, while the approximation which neglects the 
terms in ?i“ 4 will often be quite adequate. 

But the simplest formulae 

' t8(<r) = 4n* ? * 


and 



do not give good results unless n is very large, and when it is the distribution of 
a has become practically a normal curve. 


TABLE IV. 
Values of /is (a)/cr 3 . 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1/m 4 

1/m 3 

l/n a 

5 

•Oil 5323 

•Oil 6375 

•on 5000 

•010 0000 

7 

•005 6069 

•005 6845 

•005 6487 

4X)5 1020 

9 

•003 3521 

•003 3567 

•003 3436 

•003 0864 

10 

•002 6934 

•002 6961 

•002 6875 

•002 5000 

15 

•001 1680 

•001 1684 

•001 1667 

•ooi mi 

20 

•000 6489 

•000 6490 

•000 6484 

000 6260 

25 

•000 4122 

000 4122 

•000 4120 

*000 4000 

30 

•000 2848 

•000 2848 

•000 2847 

•000 2778 

50 

•0001015 

•000 1015 

•000 1015 

•0001000 

75 

•000 0449 

•000 0449 

•000 0449 

•000 0444 

100 

•000 0252 

•000 0252 

000 0252 

•000 0250 

150 

•000 0112 

•000 0112 

000 0112 

•000 0111 

200 

•000 0063 

*000 0063 

000 0063 

000 0063 
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TABLE V. 
Values of fit (<r)/ a*. 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1/n 4 

1/n 3 

1/n 8 ' 

5 

•026 541 

•026 475 

027 000 

•030 000 

7 

•014 086 

•014 076 

•014 213 

•015 306 

9 

■008 697 

•008 695 

•008 746 

•009 259 

10 

*007 094 

*007 092 

*007 125 

•007 500 

15 

•003 216 

•003 216 

•003 222 

003 333 

20 

•001 826 

•001 826 

•001 828 

•001 875 

25 

•001 175 

•001 175 

•001 176 

*<X)1 200 

30 

•000 810 

•000 819 

•000 819 

■000 833 

50 

•000 297 

■000 297 

*000 297 

•000 300 

75 

•000 132 

•000 132 

•000 132 

•000 133 

100 

•(XX) 075 

•(XX) 075 

•000 075 

•000 075 

150 

•000 033 

•000 033 

•000 033 

•000033 

200 

*000 019 

•(XX) 019 

•(XX) 019 

•000019 


Finally, let us examine the values of f3i(a) and /3t(<r). From the equations 
(59) and (60) Prof. K. Pearson deduced 


2 nfi 2 (a)\* 


)• 


“0 aw - (*£, J - 2 " {* -;)(>- 2 "f^) - 3 (‘ - W 

.( 61 ), 

which give the values of the second columns of Tables VI and VII. 

My corresponding formulae are 

aw-s ( 1 + s + I?)- *<„>-»+£ .(««.), 


as already found in Art. (11). 

These expressions for /8’s lead to the figures in the third columns of Tables VI 
and VII, while the fourth and fifth columns result from the equations (44 bis), 
neglecting (i) the terms of the highest order in n~\ and (ii) also the next highest 
order terms. 


It will be seen, from these numerical values, that if n is not very small the 
accuracy of my full approximation for fii (it) and /9 a (< t ), as far as four decimal 
places, is very satisfactory. But the other less accurate approximations are not so 
and, especially, are quite inadequate for y8a (<x) when n is small. 
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TABLE VI. 
Values of ySx (<r). 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
including terms of order 

1/n 3 

1/n 2 

1/n • 

5 

*1046 

*1605 

•1450 

•1000 

7 

•1011 

•1000 

•0944 

•0714 

9 

•0725 

*0721 

•0694 

•0556 

10 

•0634 

•0632 

•0613 

•0500 

15 

*0390 

•0389 

•0383 

0333 

20 

•0281 

•0281 

•0278 

•0250 

25 

*0219 

•0210 

•0218 

•0200 

30 

*0180 

•0180 

•0179 

•0167 

50 

•0105 

*0105 

■0105 

•0100 

75 

•0069 

•0069 

•0069 

•0067 

100 

•0051 

•0051 

•0051 

•0050 

150 

•0038 

*0038 

•0038 

•0033 

200 

•0028 

•0028 

•0028 

•0026 


TABLE VII. 
Values of f3 a (er). 


n size of 
sample 

Accurate 

values 

Approximations, given by my formulae, 
includiug terms of order 

_ . . i 

From 

formula 

(62) 

1/n 9 

1 In 

(1/n)” 

5 

3 0593 

3-0300 

3-0000 

3-0000 

3-0488 

7 

3-0251 

3-0153 

3-0000 

3*0000 

3-0221 

9 

3-0136 

3-0093 

3-0000 

3-0000 

3-0125 

10 

3-0106 

3-0075 

3-0000 

3-0000 

3-0098 

15 

3-0042 

3-0033 

3-0000 

3-0000 

3*0040 

20 

3-0022 

3-0019 

3-0000 

3-0000 

3*0022 

25 

3-0014 

3-0012 

3-0000 

3*0000 

3-0014 

30 

3-0009 

3-0008 

3-0000 

3-0000 

3*0009 

50 

3*0003 

3’0003 

3-0000 

3-0000 

3*0003 

75 

3-0001 

3-0001 

3-0000 

3-0000 

3*0001 

100 

3-0001 

3-0001 

3-0000 

3-0000 

3*0001 

150 

3*(KKX) 

3-0000 

3-0000 . 

3-0000 

3-0000 

200 

3-0000 

3-0000 

3-0000 

3-0000 

3*0000 


[Note.] From our approximation we cannot find the term in « -# for /9, (<r) exactly, 
but if in expanding (/*, (<r))“ l when using (43 b) to calculate /9a, we retain one more 
term in our calculation, we get 


/9,(or) = 3 + 


3_ 

4n* 



(62). 
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If we use this equation for the calculation of we get more accurate valueB of 

/3 2 ((t\ as indicated in the sixth column of Table VII, when the parent distribution 
is normal. But, from these results only, we cannot assert that this incomplete term 
in rr 3 of /3*(<r ) should always be retained *. 

(15) The numerical examination we have carried out in the foregoing article 
gives us some idea of the accuracy of the general approximate formulae (35), for 
if in the special case when the parent distribution is normal we get good results, 
we may anticipate a somewhat like adequacy in the more general result although 
the convergency is usually less satisfactory in non-normal cases. 

Moreover, I may remark that calculations by the formulae (43) and (45) are all 
much simpler than those by the formulae deduced from the distribution law 

na 2 

Accordingly formulae (43) and (45) are themselves of value not only as special 
cases of the general formulae (35), but also for their adaptability to simple calcula¬ 
tions. Thus they may be useful even in the case when the sampled population is 
normal but the Table f of the constants of the a distribution is not at hand. 

(16) The general equation (15) was obtained subject to only one condition, 
namely that the expansion of (1 -f under the integral in a series of ascending 


V /*«/ 

powers of y was justifiable. This would be true if 

ljd<i or .(63). 

Ht fit 

Let us consider more carefully what this implies. Since /i 2 = 0 and Ji 2 ** cr 2 (N — 1 )/N, 
the condition (63) may be written as follows : 

N-l N-l 

" jf- (1 - e) o* < fi» « —(1 + «) 52 .(63'), 


where e is a positive quantity, less than ], but 1 — e may be as small as we please. 
This means that our expansion would be justified if we exclude values of fit whose 

A — 1 ^ 

deviations from the mean, /Z 2 = — £ 2 , are numerically greater than 

2V-1- 

€fl 2 ~ <?*• 

Suppose lx and l 2 are the lower and upper limits of y ® fx% — Ji 2 in sampling, 
lx will presumably be — /X 2 while l 2 may for certain theoretical distributions at any 

* [To calculate the true term of /3 a (cr) in n~ 8 requires us to find ^ to tixe fifth order term, or another 
term, that in n~ 6 , in Stirling’s Theorem. A better approximation than (62) is: 

ft(<0=a(i + i L + I 3 ). Ed.] 


t Jliomelrika, Yol. x. p. 528. 
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rate take the value ao, but practically / 2 is finite; then in the equation (11), 
Oi(i — 1, 2, 3, 4) may be written 

-rM 1 + 0 ‘ d »+ i ^ + 0 % 

-/i+ /•+/», say .(64), 

and, with the restriction (63), we retain only the second integral / a for a t . 

Thus we have first to consider the convergence of/ a . 

Now /. - 1 + I % <*>(y)tfdy .(65) 

r= 1 M2 - cut 

and <I> (y) is always positive and in most cases limited. 

Hence if M be the upper limit of 4>, then 

f' M2 _ <t>(y)ydy<i-}- r [**_ Mrfdy^ 2 ^?" .(66), 

M 2 J - c/A, HiJ - «Ato r H- 1 


and therefore the first expression in (66) decreases as r increases. Further (7/. r (r ^ 4) 
is less than 1 for finite values of r, becomes alternatively positive and negative and 
is such that Lim CV [ r +v/Ci, r ■* 1- Hence we can see that the series (65) for f 2 is 

r -**oo 

convergent. 

Secondly, if l u l 2 lie within the interval (— e/Z 2 , e/Z 2 ), then since (y) = 0 always 
in the intervals (— efi 2y l x ) and (e/X 2 , k)> 

A — o» 

and the equation (11) becomes quite exact. If l x is out of the interval (— eja 2 , ^ a )» 
as 1 — e may be as small as we please, l x must be — ja 2 and 

f - e/L 

fi~\ _ <t>(y)y r dy-*■ 0 a.9 e-—l. 

Therefore we can say that A ™ always negligible as compared with / 2 . 

Now a ilf, being the rth moment coefficient about the mean of /a a , 

*Mr= \A(y)y r dy= f e ^4>(y) y r dy + f e \ <t> (y) y r dy + [ *_ <&(y)y r dy 
J lj J J ~ €fl^ J €fl 3 

= s r + [ ,>H _ 4> (y) ydy + s r ', say.(67). 

J -e/Uj, 

But we can easily show that s r is negligible compared with the second integral as 
before. 


Accordingly 


<3 Hy)y r dy+s r ' .(67'). 

J 


It will be seen therefore that the justification of my equation (11), expressing 
a,i (i = 1,2,3,4) in terms of m r or %M r , is based upon the assumption that the integrals 
/a i n (64>) an d 8 r in (67) are negligible compared with / a and %M r respectively . 
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If this assumption becomes needless. Generally speaking the question 

whether the condition be satisfied or not must depend for its answer upon the form 
of 4> (y), but to obtain the general form of <1>, for which and / 3 are negligible, is 
not an easy problem. We may note, however, that in usual cases for | y | > s/Z*, <I> ( y ) 
is very small, and since 

N -1 / s 0 , 2N ^ A 

V i as iY-^oo, 

4> will tend steadily to zero as the sample size is increased. The results, given in 
Art. (14), suggest that at any rate for populations in the neighbourhood of the 
normal, where we have a direct check, the formulae I have developed on this 
assumption provide good approximations to the moments of the standard deviation. 



A STUDY OF SEYENTY-ONE NINTH DYNASTY 
EGYPTIAN SKULLS FROM SEDMENT. 


By T. L. WOO, Ph.D. 

1 . Source of the Material. In the winter 1920—21 the British School of 
Archaeology in Egypt, directed by Sir Flinders Petrie, excavated a large cemetery 
at Gebel Sedment. This site is 70 miles south of Cairo and it overlooks the 
Fay urn. A report on the excavations has been published*. Graves of various 
dynasties ranging from the 1st to the 19th were examined. The majority of the 
interments belong to the 9th dynasty and 71 well-preserved skulls of that date 
were kindly presented to the Biometric Laboratory. These form the subject of the 
present paper. As far as is known the crania preserved were not selected in any 
way except that preference was given to complete specimens. The grave furniture 
did not suggest that any foreign elements were present in the population 
represented. 

2. The Nature of the Series and Remarks on Individual Crania. The series 
from Sedment consists of 71 skulls of which the majority are well preserved and 
almost complete. There are 62 more or loss complete mandibles. Several specimens 
which were damaged in transportation have been repaired. In general appearance 
the skulls do not differ markedly from those belonging to other dynastic Egyptian 
series and they appear to belong to a single racial type. There is no reason to 
believe that the sample is more heterogeneous than normal ones representing 
a single cemetery and a restricted period of time. Only one skull (No. 28 f) possesses 
Negroid features. 

There are 69 fully adult specimens. One (No. 20) is juvenile and no use was 
made of its measurements. Another (No. 64) is not quite adult as the basal suture 
is open, although all the 3rd molars are fully erupted: its measurements were used 
in computing the £ means. The series was sexed anatomically by Dr Morant and 
he distinguished 40 males and 30 females. These sexes could be compared with 
ones given in the archaeological report in 28 cases: there is agreement in 25 and 
the evidence of the skull alone was accepted in the other 3 cases (Nos. 12, 45 and 
67). Several specimens are exceptionally massive and muscular (especially Nos. 
7 and 39) and one $ is unusually small and feeble. 

* Sir Flinders Petrie and Guy Brunton: Sedment. British School of Archaeology in Egypt and 
Egyptian Research Account. 27th year, 3921. 2 Vols. London, 1924. 

t The skull numbers given in the text are the Berial ones which were marked on the speoimons in 
the Biometrio Laboratory. The corresponding grave numbers are given in the tables of individual 
measurements (Appendix I). 
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Remarks on individual crania are given in the tables of measurements 
(Appendix I). The condition of the coronal, sagittal and lambdoid sutures was 
examined and, unless otherwise stated, it may be assumed that these three at least 
are all open. In order to obtain a rough estimate of the age constitution of the sample, 
division was made into the three groups for which frequencies are given in the table 
below. The divisions between them are not precise but a clear sexual difference is 
indicated. It is known that sutural closing normally begins at an earlier age for 
male than for female skulls*, so this is no evidence of a sexual difference between 
the mean ages at death. Individuals at different adult stages of development are 
evidently represented. 


Condition of coronal, sagittal and 
lambdoid sutureB 

Males 

FemaleB 

All ojxsn . . 

Beginning to close or partly closed 
All closed or nearly closed 

6(16-0 '/„) 

19 07-6%) 
16(37-5%) 

16(53*4 7,) 

10 (33-3 7J 

4 (13-3 7 „) 


Thinning of the calvarial walls due to age was noted in the case of 1 £ skull 
(No. 71). In the present series the majority of the skulls show the sutures closing 
in a definite order, the sagittal being first, the coronal second and the lambdoid 
last. A few specimens show the coronal closing before the sagittal. The lambdoid 
suture frequently closes before the coronal in the case of Western European crania. 
Three specimens have a complete metopic suture, contact being made between the 
right frontal and left parietal bones in 2 cases (Nos. 22 and 48 </*) and between 
the left frontal and right parietal in the other (No. (17 ?). Faint traces of the 
frontal suture were also found on 2 other skulls (Nos. 19 £ and 52 </). The 
frequency of this anomaly (4*3%) is almost exactly the same as for the Badari 
Egyptians! (5*1 /) but not a single instance of it was found among 47 skulls of 
the 1st DynastyJ. Metopism is more frequently met with in European series, as 
several have provided percentages ranging between 7 and 10. 

It is commonly found that one or more wormian bones are present in the 
lambdoid suture in considerably more than 50% of the specimens forming an 
unselected European series. Judging from the small samples which have been 
examined, these supernumerary bones are less frequently met with among 
Egyptian crania. Of the 40 £ skulls from Sedment, 15 have wormians, and of the 
30 $ skulls there are also 15 with one or more wormian bones. The following 
ossicles were found in other positions, the sexes being pooled: 7 of the lambda, 3 in 

* See J. Fr&lcjric: “ Untersuohungen iibur die normale Obliteration der Schadelntthte.” Zeitschrift 
filr Morphologic und Anthropologies Band ix. (1906), S. 373—456. See especially S. 439 and 
8. 442—443. 

t B. Stoessiger: “A Study of the Badarian Crania recently excavated by the British School of 
Archaeology in Egypt.” lHometrika y Yol. xix. (1927), pp. 110—150. 

Z G. M. Morant: “A Study of Egyptian Craniology from Prehistoric to Roman Times.” Ibid, 
Vol. xvii. (1925), pp. 1—52, 
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the sagittal, 2 in the coronal suture, 3 at the right asterion and 1 at both asteria. 
There aro no ossicles of the bregma. In ter-parietal bones are also lacking and only 
2 skulls (Nos. 59 and 65) show traces of the transverse occipital suture. Traces of 
the suture between the ex- and supra-occipital bones were also found in 2 cases 
(Nos. 30 and 49). There is one ? specimen with fronto-temporal articulation on 
the right side (No. 51) among 67 which could be examined for this feature. 
Epipteric bones appear to be unusually common: 9 cases of one or more epipteric 
bones on one or both sides were found among 32 £ specimens and 12 cases among 
25 $ specimens. One (/? skull (No. 63) has a large protruding ossicle above the 
right parieto-mastoid suture (see Plate V b). 

In general the teeth are in a remarkably good state of preservation. A large 
proportion of the skulls, including ageing and aged specimens, was found with 
dentition complete and free from disease. Most of the teeth are markedly worn. 
A few cases were noted of adult skulls with no 3rd molars in one or both jaws. 
Three carious molars were the only diseased teeth found. 

The frequency with which palate bridges occur was not observed, as experience 
has shown that they are often broken before the skull is examined in the laboratory 
and it is not possible then to tell whether the original bridge was complete or not. 
One unusual case of multiple bridges (No. 65) may be noted. 

The existence of single or double precondylcs on the basi-occipital was recorded. 
We found 5 cases of double and 3 of single precondyles. 

There is one case of marked calvarial asymmetry (No. 26) and one of asymmetry 
of the facial skeleton (No. 58). The sizes of the jugular foramina were compared: 
JR denotes that the right is the greater, JL that the left is the greater and 
J — that no difference can be discerned between the sizes of the two. The following 
frequencies are given : 



Male 

Female 

Jit 

24 

11 

,/= 

3 

7 

JL 

8 

! 

G 


Every cranial series which has been examyied in this way has shown that the 
right jugular foramen tends to be larger than the left. The question of calvarial 
asymmetry is discussed in the section on contour measurements below. 

All cases of tympanic perforation have been recorded. There are 11 with 
perforation of the plate on both sideB and 6 others with perforation on one side or 
the other. The percentage frequencies appear to be unusually high. 

Few uncommon anomalies of particular interest were observed. One skull 
(No. 33) has a small exostosis on the supra-occipital, another (No. 10) has an 
excrescence behind the left condyle. One </ specimen (No. 65) has a markedly 
retreating frontal bone, a prominent superciliary ridge and also a basi-occipital 
incisure on the left side (see Plate V a). 

5—2 
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3. Comparison with other Series by the Method of the Coefficient of Racial 
Likeness. 

Measurements of the series were determined according to the technique used 
by previous workers in this Laboratory and the usual index letters are employed *. 
The $ and ? mean measurements are in Tables I and II respectively and the 
individual measurements in Appendix I. As the sample is a small one, all the 
standard deviations were not calculated, but comparison is made below between 
male values for six characters and the corresponding standard deviations Tfrhich have 
been given for the series of 900 J Egyptian skulls of the 26th—30th Dynastiesf. 



L 

B 

IV 

100 HIL 

100 IV !L 

100 B\W 

9th Dynasty 
Egyptians V 

from Sedment J 
26th—30th Dynasty \ 
Egyptians from \ 
Gizeh J 

5-85 ±--14 

5-72±-09 

3 *98 ±-30 

4*76 ±-08 

4- 36 ±-39 

5- 03 ±'08 

2-71 ± *20 

2 *68 ±-06 

2-99±-23 

2-941-05 

3*55 ±*27 

4*30 ± *06 


This comparison suggests that the Sedment series is not more variable than the 
Gizeh one and the latter is known to be more homogeneous than most cranial series 
available. 


Professor Karl Pearson s method of the coefficient of racial likeness was used to 
determine the racial affinities of our sample. This is defined for practical purposes 
to be: 


I s [{¥' - x n,n , " 

in (_ (x„ a n, + n' t 


-1 + 


- + -6744!) 
m “ 



where M 8 is the mean based on n 8 skulls for the first series, M' 8 and n\ arc the 
corresponding constants for the second series and m characters are compared. The 
<r’s of the long 26th—30th Dynasty Egyptian series were used throughout! and the 
coefficients were calculated for the 31 characters usually employed, or for as many 
of them as were available. The coefficient may be written: 


where 


— $(a) — 1 + 1 1 '67449 » /- , 

**» v ' ™ v m 


m 


m 

n 8 n\ 

n/+nV 


The mean number of skulls available for the characters used is denoted by n 8 in 
the case of the first sample and n\ in the case of the second sample and these 
“ sizes 9t of the samples are usually unequal and may be of very different orders. 
The values of the coefficients are largely determined by the “ sizes ” of the 


* Definitions of the measurements will be found in any reoent volume of Biometriha. 
t Karl Pearson and Adelaide G. Davin: “On the Biometrio Constants of the Human Skull.” 
Biometrika, Vol. xvi. (1924), pp. 828--363. 
x Ibid . Vol. XVI. (1924), pp. 338 and 889. 
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Characters 

9th Dynasty 
Egyptians: 
Sedment 
(Woo) 

4th and 5th 
Dynasty 
Egyptians: 
Deshasheh 
and Medum 
(Thomson and 
Maclver) 

Modern 

Cretans* 

(v. Luschau) 

18th—20th 
Dynasty 
Egyptians: 
Thebes 
(Stahr) 

Middle 

Dynastic 

Egyptians: 

El-Kubanieh 

North 

(Toldt) 

Modern 
Egyptians **. 
Cairo 
(Schmidt) 

Modern 
Abyssinians: 
Tigre district 
(Sergi) 

0 

1426-9 (36) 

_ 


1451-0(50) 

1355-0 (27) 

1348-0 (47) 

_ 

F 

179*6 (40) 

183-0(30) 

—- 

— 

— 

— 

— 

L 

181-9(40) 

184-9 (64) 

180-2 (53) 

183-5 (57) 

182-2 (37) 

176-1 (47) 

183-7 (65) 

n 

138-3(40) 

139-3 (54) 

139-4 (53) 

137-3 (58) 

134-2 (37) 

137-6 (46) 

136-3 (65) 

B 

92*6 (40) 

— 

96-1 (52) 

94-9 (50) 

90-4 (37) 

94-3 (47) 

94-6 (65) 

H 

138-2(38) 

— 

— 

— 

— 

136-0 (46) 

— 

H' 

137-4(38) 

136-0 (60) 

137-5(52) 

133-7 (54) 

135-9 (35) 

134-6 (46) 

133-5 (64) 

OH 

115-3(39) 

— 

_ 

114-1 (56) 

116-1 (36) 

— 

112-6 (65) 

LB 

100-8(37) 

101-8 (47) 

101-5 (40) 

101 -9 (58) 

101-6 (34) 

100-9 (46) 

99-8 (64) 

9 

314-9(39) 

— 

— 

313-6(52) 

— 

312-9 (46) 

309-8 (65) 

s 

373-8 (38) 
129-0(39) 


— 

372-1 (51) 

372-7 (33) 

364-8 (46) 

372-7 (58) 

s, 

-- 

— 

126-7 (54) 

126-0 (36) 

— 

130-2 (65) 

>% 

129-9(40) 

— 

- 

129-8 (50) 

130*9 (33) 

— 

128-9 (65) 

s a 

116-0(37) 

— 

— 

114-7 (54) 

115-1 (30) 

— 

113-7 (57) 

S' 

113-3 (39) 

— 

— 

111-9(56) 

— 

— 

112-9 (66) 

Si 

115-8(40) 

98-8(37) 

— 

— 

116-1 (52) 


— 

114-9 (65) 

Si 

. — 

— 

90-1 (54) 

97-3 (30) 

95-4 (46) 

95-8 (57) 

V 

Ml-7 (40) 

— 

— 

512-6 (54) 

505-6 (35) 

501 -3 (46) 

613-0 (05) 

O'R 

71-5 (38) 

71-3(19) 

69-1 (49) 

70-1 (50) 

70-1 (29) 

69-8 (46) 

69-1 (65) 
83-1 (67) 

OB 

93-9(37) 

— 

95-5 (54) 

94-9 (29) 

94-8 (43) 

J 

127-2(29) 

127-1 (16) 

129-7 (61) 

128-6 (53) 

125-5 (26) 

127-9 (44) 

126-0 (42) 

Nil' 

51-4(38) 

52-0 (44) 

50-7 (49) 

50-8 (56) 

49-8 (37) 

50-2 (46) 

48-9 (64) 

NB 

24-5(39) 

26-1 (43) 

24-2 (49) 

25-3 (63) 

24-8 (36) 

24-8 (45) 

25-0 (63) 

DC 

21-2(32) 

— 

21-6(48) 

21-1 (62) 

23-4 (34) 

— 

22-0 (65) 

SC 

9-5(37) 

— 

— 

10-8 (52) 

— ' 

— 

9-6 (64) 

0{ 

(R) 39-7 (35) 

— 

— 

38-3 (59) 

38-1 (35)J; 

— 

39-4 (65) 

02 

(fl)33-3 (40; 

__ 

— 

32-8 (53) 

32-3 (35) 

32-5 (46) 

33-2 (65) 

Gi 

46-7(36) 

— 

_ 

— 

46-4 (26) 

46-6 (41) 

— 

0. 

40-1(31) 

— 

—- 

40-5 (46) 

— 

40-3 (39) 

39-0 (61) 
95-2 (64) 

QL 

96-0(37) 

96-3 (42) 

93-3 (32) 

96-1 (63) 

96-5 (25) 

97-5 (45) 

fird 

35-9(37) 

— 

— 

35-2 (65) 

34-9 (32) 

35-0 (46) 

36-1 (57) 

fmf) 

30-1 (38) 

— 

— 

29-7 (54) 

29-2 (32) 

29-0 (46) 

29-6 (59) 

100 B\L 

76-1 (40) 

{75-4 (50)}t 

77-5 (53) 

74-8 (54) 

73-7 (37) 

{78-1 (46)} 

74-3 (65) 

100 H'jL 

100 BIS' 

76-5 (38) 

{72-6(50)} 

{76-3 (62)} 

72-8 (52) 

74-7 (35) 

)76-4 (46)} 

72-7 (64) 

100-9(38) 

{102*4(50)} 

{101*4 (62)} 

(102-7 (64)} 

{98-7 (35)} 

1102-3 (46)} 

(102-1 (64)} 
(+1-5(64)} 

m(B-H')IL 

+0-6 (38) 

{+1*8(50)} 

{ + M(52)} 

(4-2-0(54)} 

{ 

-0-9(35)1 

{ + 1-7 (46)} 

100 Q'HIGB 
mNBjNH' 
100 OJO{ 

100 QJGj 

76-3 (38) 


—- 

73-9 (49) 

(73-9 (29)} 

73-7 (41) 

73-9 (57) 

47-7 (38) 

{48-2 (44)} 

47*7 (49) 

50-5 (49) 

49-9 (36) 

49-4 (46) 

51-1(63) 

(/f) 84-1 (35) 

— 

— 

86-5 (53) 

84-9 (36) 

— 

84-3 (66) 

85-6(30) 

— 

— 

— 

— 

87-0(36) 

100 fmhjjml 

84-1(37) 
64-0(37) 
65* 1 (36) 

— 

I 

(84-4 (54)} 
60-7 (54) 

84-0 (31) 
61-9 (30) 

83-0 (46) 

{81-7(57)} 

62-0 (57) 

Nl 

{64°-6 (19)} 

{63°-3 (32)} 

(64°-5 (S3)} 


'65°-2 (25)} 

73°-4 (25)} 

{66°-7 (46)} 
{72“-3 (45)} 

{65°-4 (64)} 

A L 

72°-4 (36) 

{73°*4 (19)} 

74°-6 (32)} 

(74°-0 (53)} 


(73°-2 (64) 

Bl . 

42°-6 (36) 

{42°-0(19)} 

{41°*9 (32)} 

{41-6 (63)} 


41°-4 (26)} 

{41°-0 (46)} 

{41°-4 (64)} 


30°-6(36) 

— 

— 

(30°-3 (53)} 


29°*2 (25)} 

— 

(30°-4 (64) 

$2 

ll°-9(36) 

— 

— 

(ll°-2 (63)} 


12°-2 (26)} 

— 

(ll°-0 (64)} 

Pl 

84°-4 (37) 

— 

“ 

85° - 2 (55) 

85“-6 (28) 


84°-2 (66) 


* The means of these series oaloulated by Dr Morant have not been previously published, 
t The indiees and angles in ourled brackets were obtained from the means of the component lengths 
instead of from individual values. 
t O 1 =40*8 (86). 
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TABLE II. 

Mean Female Measurements of the Sedment and related Series*. 


Characters 

9th Dynasty 
Egyptians: 
Sedment 
(Woo) 

18th—20th 
Dynasty 
Egyptians f: 
Thebes 
(Stahr) 

Modern 
Egyptians f: 
Cairo 
(Sohmidt) 

Modern 
Abyssiniansf: 
Tigre district 
(Sergi) 

6th—12th 
Dynasty 
Egyptians f: 

Denderah 
(Thomson and 
Maclver) 

12 th—15th 
Dynasty 
Egyptians+: 
Hou <Sr Abydos 
(Thomson and 
Maclver) 

18th Dynasty 
Egyptians f: 

AbydoB 
(Thomson and 
Maclver) 

C 

1252-5 (25) 

1284-8 (43) 

1211-4 (26) 

1318-4 (23) 


_ 

_ 

F 

173*1 (30) 

— 

--- 

— 

174-6 (149) 

174-9 (88) 

170-8 (07) 

L 

172*9 (30) 

176-2 (48) 

171-2 (26) 

175*1 (24) 

174*8(119) 

175-3 (88) 

177-5 (67) 

B 

133-5 (30) 

133-2 (44) 

131 -3 (26) 

129*4 (24) 

130*3 (147) 

131*4 (88) 

134-5 (67) 

B' 

87'4 (30) 

90*4 (48) 

91-7 (26) 

89-8 (24) 

— 

— 

— 

n 

131-7 (30) 

— 

128-8 (26) 

— 

— 


— 

IF 

130-5 (30) 

127-9 (43) 

126-7 (26) 

126-5 (22) 

129-5 (147) 

127-7 (88) 

128-1 (66) 

OH 

110-4 (30) 

109-2 (45) 

— 

107*2 (23) 


- 

— 

LB 

91-7 (30) 

97*1 (46) 

9(5-0 (26) 

94*9 (22) 

90-3 (141) 

95-0 (88) 

95-8 (65) 

V 

301 -5 (30) 

299-5 (44) 

296-1 (26) 

295-8 (23) 



— 

S 

357-1 (27) 

354-9 (41) 

351 -6 (26) 

355-4 (22) 

- 

— 

— 

Si 

123-2 (30) 

121-0 (42) 

__ 

123*6 (24) 

— 

— 

-- 


124-7 (30) 

124-3 (42) 

— 

122-5 (24) 

— 


— 


111-1 (27) 

110-0 (45) 

— 

110-0 (22) 


— 

— 

>v 

107-8 (30) 

106-5 (42) 

— 

106-7 (24) 

— 

— 

— 


110-8 (30) 

111-2 (42) 

— 

110-0 (24) 

— 



* S V 

95-4 (27) 

93*8 (45) 

91 -4 (26) 

93-0 (22) 


— 

— 

c 

4LK)*4 (30) 

494-2 (46) 

484-9 (26) 

489-3 (24) 

— 

— 

— 

(PH 

07-1 (29) 

66'3 (46) 

63-5 (20) 

65-5 (24) 

06-4 (130) 

07 3 (80) 

67'5 (06) 

an 

89-4 (28) 

, 91*7(43) 

92-9 (26) 

91 -0 (20) 


— 

— 

j 

117*3 (25) 

121-2 (43) 

120-6 (26) 

1 JO-3 (13) 

118.3(121) 

118-8 (82) 

121-4 (64) 

Fir 

48-4 (20) 

48-6 (45) 

45-3 (26) 

47*5 (24) 

48-5 (138) 

48*4 (87) 

49-2 (67) 

NB 

23-fi (29) 

•24-3 (43) 

21-6 (20) 

24-5 (24) 

24-9 (KV7) 

24-4 (87) 

25-1 (67) 

DC 

19-7 (24) 

21*1 (42) 

— 

20-5 (23) 

— 

— 


sc 

10-0 (29) 

10-6 (39) 

— 

9-3 (23) 

- 

— 

— 

OiW 

40-4 (29) 

— 

— 

— 

— 

— 


<h{L) 

39-8 (29) 

— 

- 

— 

— 



Oi'(ll) 

37-4 (20) 

37-1 (45) 


38-5 (20) 

— 



OJK) 

32-7 (30) 

33-0 (46) 

32-5 (26) 

32*7 (23) 

— 

— 

— 

<h&) 

32-7 (29) 

— 

--- 

— 

— 


... 

C\ 

47-4 (23) 

— 

— 



— 

— 

a< 

43-5 (24) 


46-0 (24) 

- 


— 

— 

Q t 

37*9 (24) 

48-0 (39) 

38-7 (24) 

38-0 (23) 

_ 

— 

— 

Hi 

89-7 (29) 

92-3 (44) 

95-0 (20) 

91-1 (22) 

92-4 (138) 

90-3 (88) 

91 -7 (65) 

fml 

33-7 (27) 

34-1 (43) 

33-5 (26) 

34-2 (21) 


— 

— 

fmb 

28-4 (28) 

28-7 (45) 

27-0 (26) 

27*9 (21) 

— 

— 

— 

loo £//, 

77*2 (30) 

75-5 (44) 

{70-7 (26)} 

74-0 (24) 

{74-5 (147)} 

{75-0 (88)5 

{75-8 (67)} 

100 HjL 

75-5 (30) 

72-6 (39) 

{74-0 (20)} 

72*5 (22) 

{74-1 (147)} 

{72-8 (88)} 

{72-2 (66)} 

ioo B\ir 

102-3 (30) 

{104-1 (43)} J 

{103-6 (26)} 

{102-3 (22)} 

{100*0 (147)} 

{102*9 (88)} 

{105-0 (66)} 

llK ){Ii-W)lL 

+ 1-7 (30) 

{ + 3-0 (39)} 

{ + 2-7(26)5 

{ + 1-7(22)} 

{+0-5(147)} 

{ + 2*1 (88)} 

{ + 3-6(66)} 

xma'iijcn 

74-9 (28) 

71 *9 (37) 

68*5 (20) 

71-8 (20) 

— 


— 

1(X) NBjNlF 

48-9 (29) 

50-3 (40) 

54-6 (20) 

51-7 (24) 

{51-3(137)} 

{50*4 (87)} 

{51-0 (67)} 

100 OJO l (. li ) 

81-2 (29) 

— 

— 

— 

— 


— 

100 0 8 /f>, (/v) 

82-2 (29) 


— 

— 

— 

— 

— 

100 OJO^R) 

87-3 (26) 

88-7 (45) 


85-3 (20) 

— 

— 

— 

100 OJQy 

80-2 (18) 

— 

__ 

— 

— 

— 

— 

100 0 2 /C\ 

87*7 (19) 


84-4 (24) 

— 

— 

— 

— 

100 fmb j fml 

84-4 (25) 

{84-2 (43)} 

81 -0 (26) 

{81-6 (21)} 

— 

— 

— 

Or. 7. 

63*5 (27) 

63-4 (45) 

— 

61-7 (22) 

— 


— 

Sl 

64“'5 (29) 

{65°-7 (44)} 

{69°'6 (20)} 

{66° *2 (22)} 

{66“ *1 (136)} 

{64°-9 (88)} 

{65°-3 (65)} 

A L 

72°-9 (29) 

{73 *2 (44)} 

{71°-5 (26)} 

{72“-4 (22)} 

{72°-7 (136)} 

{72°*4 (88)} 

{72“-5 (65)} 

Bl 

42°-6 (29) 

141"-1 (44)} 

{38"-9 (26)} 

{41°*4 (22)} 

{41"-2 (136)} 

{42°*7 (88)} 

{42°-2 (65)} 

0i 

30“-8 (28) 

{28“-9 (44)} 

— 

{28"-9 (22)} 

— 

— 

— 

6i 

ir-6 (28) 

{!2°-2 (44)} 

— 

{12°-5 (22)} 

— 

— 

— 

Pl 

84"-4 (28) 

85"-4 (45) 

— 

84°-9 (22) 

— 

— 

i 


* The ? mean measurements of the El-Kubanieh North and South series compared in Table III are 
given in Biometrika , Vol. xix, (1927), Table II facing p. 117. 

t The means of these series have not been previously published. 

t The indioes and angles in curled brackets were obtained from the means of the component lengths 
instead of from individual values. 
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samples which happen to be available, and some method is needed to eliminate 
this factor as we wish to obtain, as far as possible, a measure of the absolute 
divergence of the types compared which does not depend on the numbers of skulls. 
The correction needed has been given by Professor Pearson in a recent paper*. 

* “Note on Standardisation of Method of using the Coefficient of Bacial Likeness.” Biometrika , 
Vol. xx B . (1928), pp. 376—378. [I am by no means satisfied with this so-called correction or reduction, but 
was urged to it by the criticisms of Dr Morant and Professor Mahalanobis as possibly the best at prevent 
available. The coefficient of racial likeness as originally proposed by me was a measure by which we 
might ronglily judge the likelihood that two cranial series were samples of the same population. 
I, personally, should lay no weight on any “crude” coefficient of the order three or less obtained from 
not more than 50 crania in each series as indicating a racial difference. Crania from two adjacent 
London burial places of the same period will give coefficients of this order. Such coefficients may 
easily arise from the differences in personal equation of two measurers, or from differences of class or 
environment of the two populations under consideration. We have also to remember tho neglected 
correlation terms of our expression for the C.R.L. It is not alone the error of random sampling 
which has to be weighed. 

Suppose three series d, 7>, C, then if the C.R.L. of A and C be much larger than that of A and Ii we 
arc justified in supposing that to the extent of the information derivable from the given data (and beyond 
that we cannot get) C is racially more remote from A , than B is. To this Dr Morant and Professor 
Mahalanobis reply: “Yes, but the C.R.L. increases when the numbers of one or both series of crania 
increase, and therefore it is dependent on the numbers used, as well as on racial divergence.” To 
illustrate this I take the 18 cases of Mr Woo’s Table III and rank them (a) in average number of 
crania measured, {b) in order of crude coefficients, (c) in order of reduced or corrected coefficients. 
If p be the correlation of ranks we have: 

/>«* = •7882, Poc~*2239, 

and accordingly for the variates approximately: 

r a i— '7972, r ae =*2339. 

The reduction has therefore very sensibly reduced the correlation between the numbers of crania used 
and the magnitude of the coefficient. Thus far the argument in favour of the reduction seems valid, but 
we have to consider how the changes in rank which lessen the correlation between the C.R.L.’s and 
tho numbers of crania used have been achieved. 

The series with the lowest numbers are: 18th Dynasty Egyptians (23*9), Bronze Age Spanish (24*2), 
Middle Dynastic Egyptians (33*1), 1st Dynasty Egyptians (33*0) and 4th—5th Dynasty Egyptians (39*9), 
giving the “crude” coefficients 2*74, 4*58, 2*74, 6*24 and 1*95 respectively. These occur in the ranking 
of the crude coefficients in the 3rd, 9th, 2nd, 12th and 1st places. In ranking of the reduced coefficients 
they occupy the 8th, loth, 3rd, 17th and 1st places respectively. There is thus for the series with the 
fewest crania an average change of 3*4 places in the ranking. If we take the five series with the largest 
numbers of crania, i.o. 26th—30th Dynasty Egyptians (885*4), Modern Portuguese (494*0), 17th and 
18th century Maltese (439*4), the 6th—12th Dynasty Egyptians (168*6), and the Naqada series (66*1), 
their ranks in the crude coefficients are 17th, 16th, 18th, 14th and 15th and these obtain with the 
reduced coefficients the ranks 14th, 10th, 16th, 9th and 18th or an average loss of 3*8 places. If wc take 
the 6th- ■ 9th ranks in numbers, we find without regard to sign an average change of one place only, and 
if we take the 10th to the 13th as the next highest series of numbers the average displacement in rank 
is again on*. Hence it would appear that, not only as we should expect are the series with lowest and 
highest numbers most changed in magnitude of coefficient by the correction, but it is these series which 
are also most changed iu their ranking. It is, however, in the values for the high numbers of crania 
in the crude coefficients that we are most sure of the order of significance, and it is the coefficients with 
the least frequency in the data, of which we are most uncertain, which are brought into high places in 
the series. The average number of crania compared with the Sedment series is here about 147. Mr Woo 
reduces to 100. 1 chose 75 because it seemed a fair average of the series then before me and it is 
desirable to raise the reduced coefficients as little as possible above the crude. The present note is only 
one of warning. What counsel can we draw from it? I think it is: Be moderate in the emphasis laid 
on the order of “reduced” coefficients, and lay no, or very little, emphasis on series with coefficients 
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The coefficient is first calculated by the formula above, this being known as the 
crude coefficient, and it is then reduced to the value it would have if all the means 
of both series in the comparison were based on 100 individuals. This reduced 
value is: 


50 x 


rh+ji's 
K x n'„ 


— 8 (a) -1 + — ± 67449 

m w m 



Both crude and reduced coefficients are given below for all the comparisons made. 

In a paper published in this journal in 1925 Dr Morant gave s the mean 
measurements of a considerable number of early Egyptian series calculated from 
the data provided by a number of different anthropologists *. He suggested that two 
extreme forms of skull could be distinguished—known respectively as the Upper and 
Lower Egyptian types—but these extremes could be linked together by a number 
of intermediate types so that all the material then available formed a fairly 
continuous series. A close resemblance could be found between every sample and 
one, or more, of the other samples. A map given ( loc . ait p. 3) showed the 
distribution of the sites from which the series were obtained. The majority of 
them are in Upper Egypt and these range from Early Predynastic to Roman 
times. There are only four from Lower Egypt, ranging from the 4th Dynasty to 
the Ptolemaic Period. Sedment is more southerly than any other of the sites in 
Lower Egypt, but it is nearly 130 miles from the most northerly of the Upper 
Egyptian sites (Qau). I endeavoured to find the closest relationships, i.e. the 
lowest reduced coefficients of racial likeness, between the Sedment series and any 
others available, whether Egyptian or not. In dealing with European and Egyptian 
types it has been repeatedly observed that the most significant differences arc 
almost always found for the length, breadth and height of the calvaria and the 
three major indices derived from these chords. Facial measurements are generally 
far less differentiated. By taking this fact into account, it is possible to select at 
once the series which will certainly not provide low coefficients of racial likeness. 
The following arbitrarily fixed ranges were suggested by Dr Morant and they were 
derived from his study of the inter-relationships of 39 European and 2 Egyptian 
cranial scries f. 



IV 




100 BjH' 


Sedment Mean 
Ranges 


181 -9 

175 * 4-188 -4 


138-3 

131 - 8 — 144-8 


137-4 

132 - 9 — 141-9 


76-1 

71 - 0 - 80-6 


75*5 

72 - 0 - 79*0 


100*9 

95 - 9 — 105-9 


below three, or on those containing fewer than 40 to 50 crania. Above all it is desirable on the earliest 
possible opportunity to take numerous samples of 20 to 60 individuals from a long series of skuUs 
like that of the 26th—80th Dynasty Egyptians, and find their coefficients of racial likeness with each 
other and with the entire parent population. It would be a long task, but would throw much light on 
present difficulties. Editor.] 

* “A Study of Egyptian Craniology from Prehistoric to Roman Times.” Biometrika , Vol. xvn. 
(1925), pp. 1—52, 

t “ A Preliminary Classification of European Races based on Cranial Measurements.’’ Ibid . 
Vol. xx B . (1928), pp. 801—875. 





TABLE III. 

Coefficients of Racial Likeness with the Male and Female Series from Sedment. 
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If the £ mean for any series falls outside the range indicated for any one, or 
more, of the 6 characters then it will be safe to assume that there is no close 
relationship between it and the Sedment series. Comparison was made in this way 
with about 80 £ European and 24 ancient and modern Egyptian types. All except 
23 could be excluded on account of the aberrance of one or other of the 6 measure¬ 
ments compared, and it was only thought necessary to calculate the coefficients of 
racial likeness with ten predynastic and dynastic Egyptian, three modern Egyptian, 
eight European, one Abyssinian and one Canary Island series. The reduced values 
of these twenty-three coefficients range from 5*07 to 42 72 and the eighteen values 
less than 20 are arranged in order in Table III. We may feel confident that com¬ 
parison is made there with all the series available which are most closely related 
to the Sedment one. All the coefficients which could be calculated with the 
? Sedment means are also in Table III. Male pleans of the most closely related 
series are in Table I and female means in Table II*. Comparisons arc made in 
Table III between the £ Sedment series and 18 others. The coefficients of racial 
likeness are given for the standard set of 31 characters, or as many of them as 

* Tbe comparative material used in the present paper was derived from the following sources: 

(i) Thomson, A. and Bandall-Maclver, D. : The Ancient Races of the Thebaid . Oxford (1905). Use is 
made of five series for which individual measurements are given in this work. The s means of these and 
of all the other ancient Egyptian and the Abyssinian Beries are given in Biometrika t Yol. xvii. (1925), 
pp. 14-86. 

(ii) Stahr, Hermann: Die Rassenfrage im antiken Aegypten. Kraniologische Untersnchungen an 
Mumienkdpfen aus Theben. Leipzig (1907). 

(iii) Toldt, C.: “ Anthropologische Untersuohung der menschlichen Ueberreste aus den altagyptischen 
Graborfeldern von El-Kubanieh. M Denkscliriften der Akademie der Wissenscliaften in Wien , Math.-natvr - 
wiss . Klasse , Band xcvi. (1919), S. 593—672. 

(iv) Schmidt, Emil: Die anthropologischen Sammlungen Deutschland* . Leipzig Catalogue (1S87), 
also published with Archiv fUr Anthropologic , Band xvii. 

(v) Sergi, Sergio: Crania Habessinica. Contributo all. Antropologia delV Africa Orientate . Borne 
(1912). 

(vi) Oetteking, B.: “Kraniologische Studien an Altagypteu.” Archiv fiir Anthropologie , Band xxxvi. 
(1909), S. 1—90. The sexes of the skulls used in computing the d means are given by Schultz in ibid. 
Band xliv. (1918), S. 72—79. 

(vii) Pearson, Karl and Davin, Adelaide G.: “On the Biometric Constants of the Human Skull.” 
Biometrika, Vol. xvi. (1924), pp. 328—863. 

(viii) Fawoett, Cicely D.: “A Second Study of the Variation and Correlation of the Human Skull, 
with special Beference to the Naqada Crania.” Ibid, Vol. i. (1902), pp. 408—467. 

(ix) v. Luschan, Felix: “ Beitrage zur Anthropologie von Kreta.” ZeiUchrift fiir Ethnologie , 
Jahrgang xiv. (1913), S, 307—393. 

(x) Lajard: *• La race Ib^re. Cr&ues des Canaries et des Azores.” Bulletins dc la SocietS d y Anthro¬ 
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could be used in a particular comparison, and for the 12, or fewer, indices and 
angles which form part of the total 31. The orders given by the two kinds of 
coefficients are not in good agreement and this may be supposed due to the 
fact that the values for indices and angles are not all based on the same number 
of characters. It is known that the average contributions of the individual 
characters to the coefficients arc far from being constant and the omission of a 
few measurements may have a marked effect if the total number compared is 
small. Female data for 13 of the 18 series are available and the corresponding 
and $ reduced coefficients are in fair agreement with one another. The Sedment 
and several of the other series are short ones and the errors of random sampling 
are probably large enough to account for most of the sexual differences of this kind 
observed. The most marked divergence is found in the comparisons with the 
modern Egyptian series from Cairo, the reduced coefficient being 8*39 and the 
? 26*85. The disagreement in this case is almost certainly due to the fact that the 
</ and ? samples from Cairo do not represent the same racial population * The mean 
indices and angles for the two sexes (cf. Tables I and II) have differences which are 
too large to be attributed to random sampling. The and $ mean indices and 
angles of the Sedment series are in close agreement and there is every reason to 
believe that they represent the same race. The relationships of that type will be 
measured most accurately by the </ reduced coefficients of racial likeness for all 
characters given in Table III. It is extremely satisfactory to find that the closest 
connection is with the 4th and 5th dynasty series from Deshasheh and Medum, since 
Sedment is closer to these two than to any of the other Egyptian sites represented, 
and the time interval between the scries is also small. The reduced coefficient of 
5*07 indicates a very close degree of resemblance and it will be of interest to com¬ 
pare it with the closest connections which have been found for other Egyptian series. 
In Morant’s paper all the lowest crude coefficients of racial likeness are given for 
23 closely related £ series, omitting the Aeneolithic Egyptian one which is of an 
aberrant type. These are all Egyptian of periods ranging from early predynastic to 
Roman times except in the Abyssinian series (Tigre district) which is modern. The 
coefficients were reduced and the distribution of the lowest values for each series is 
given below. 
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The lowest £ reduced coefficient in Table III is 5*07, so the Sedment series 
must be supposed less typically Egyptian than any of the 23 previously described. 
The fact that its second closest connection is with Modern Cretans again suggests 
foreign admixture. Seven series of the Egyptian type, of which one is a modern 

* The <? and $ indices and angles of this series are in bad agreement. Judging from the nasal index 
and angle the % series is predominantly of Negroid origin ; though the same is not true of the cf series. 
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series from Cairo and another is of modern Abyssinians, follow, then the Portuguese, 
and other Egyptian, North African and European types. The only European 
populations represented are ones from the Mediterranean area. The feature of 
the relationships observed which is most unexpected is the fact that the Sedment 
sample bears a closer resemblance to modern Cretans than to all except one of 
the available Egyptian types. To throw further light on the point the coefficients 
of racial likeness were computed between all pairs of the seven series which were 
found to be most closely related to the one from Sedment. Crude and reduced 

Rblationshtps of Series Resembling the, Sedment Series. 


MODERN 

CRETANS 

I 


& Reduced Coefficient of 
Rccitl Likeness - 


<6 - 

6-3 - 


MODERN 
EGYPTIANS 4 
(CAIRO) 


3X DYNASTY 
EGYPTIANS (SEDMENT) 

MIDDLE __ 

EGYPTIANS (EL-KUBANIEH NORTH) (THEBES) 


IV XV DYNASTY EGYPTIANS 

(deshasheh and iriEDim) 


EARLY AND IfflDDLE DYNASTIC 
EGYPTIANS (EL-KUBANIEH SOUTH)" 


. MODERN ABYSSINIANS 

(tigre district) 


values are given in Table IV, and the diagram below shows all the closest 
connections. The arrangement given by these means corresponds closely with the 
geographical distribution of the types since Sedment, Deshasheh and Medum 
are in Lower Egypt, while El-Kubanieh is south of Thebes. The Sedment series 
appears to be distinguished from all other early Egyptian ones by bearing a 
peculiarly close resemblance to both modern Cretans and modern Egyptians from 
Cairo. The earlier and later populations of Lower Egypt are represented by the 
4th and 5th dynasty series from Deshasheh and Medum and by the 26th—30th 
dynasty series from Gizeh. Neither of these is so closely related to the modern 




Coefficients of Racial Likeness between Series closely related to the Sedment Series {Male and Female). 
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Cretans. The ranges of the coefficients on which the diagram above is based are for 
( f readings. There are no adequate $ means for modern Cretans and the 4th and 
5th Dynasty Egyptians from Deshasheh and Medum. The J coefficients between 
the remaining six series furnish a scheme of relationship which is closely similar to 
the one already considered except in one particular; the Sedrnent and modem 
series from Cairo have $ means which are much further removed than the 
corresponding £ means. 

TABLE V. 

Values of "a” between the Male and Female Sedment and other Series. 
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4. A Comparison of Single Characters. The a’s found in computing the 
coefficients give a convenient measure of the significance of the differences between 
single mean measurements. The difference may be supposed to be definitely 
significant if the a is greater than 10. All values available for the 31 characters are 
given in Table V for the 4 and 2 $ scries which most closely resemble the 
Sedment type. The mean a !s are also given for the 18 series with which comparisons 
are made in Table III. As is usually found, the average contributions which the 
characters make to the coefficients vary greatly. Mean a’s have been given based 
on 820 comparisons between 37 European and 4 North African series f . The value 
for the cephalic index is almost twice as great as that found for any other character, 
and next in order are B, 100 £///', L and Oi. The characters 100 H'/L, the 

TABLE VI. 


Male Means of Egyptian and other Series f. 



L 

B 

H ' 

100 BjL 

100 IV jh 

Oc. 1 

B 1 

Egyptians: 9th Dy 
(Sedment) 

nastyj 

181-9 

138-3 

137-4 

76-1 

75*5 

64-0 

92-6 

Modern Cretans 


180-2 

139*4 

137*5 

77-5 

76-3 

— 

96*1 

Modern Egyptians (Cairo) 

176*1 

137-6 

134-6 

78-1 

76-4 
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94-3 

Egyptians: 4th and 5thj 
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184-9 

139-3 

136-0 

75-4 

72-6 
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and Modmn) 
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Egyptians: 18 th— 20th 1 
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183*5 

137-3 

133-7 

74-8 
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60-7 

94-9 

Egyptians: Middle Dy- 1 
nasties (El- Kubanioh N.) J 

182-2 

: 

134-2 

135-9 

73-7 

74-7 

61*9 

90-4 

Other Egyptian 
series: predynastio 

Range 

: 

181-4—185-8 

130*8—139*2 

130*7—135*1 

71*7-76*0 

71-3—73-9 

59*9- 61*9 

9M—96-2 

No. ofl 

16 

16 

16 

16 

16 

5 

7 

to Roman times J 

Series J 





occipital index (Oc. /.), H' and B' are nearer the middle of the range and hardly any 
significant differences were found for N L> A L> NB } 100 NB/NH' and 100 fmb/fml. 
In the present comparison the indices 100 H'/L , Oc. I. and 100 BjL are the most 
variable characters, and these are the ones most likely to distinguish the Sedment 
from all the other series. The height-length index is the only character showing a 
significant difference in the comparison with the 4th and 5th dynasty Egyptians 
from Deshasheh and Medum and the minimum frontal diameter is the only one 
which differentiates the Cretans from the Sedment scries. Mean values for some 
of the characters which differ most significantly are shown in Table VI. The length 
of the Sedment type is slightly greater than the smallest mean recorded for a 

* Biometrika, Vol. xx B . (1928), Table XVI, facing p. 336. 

t All the means in this table are based on 80 or more skulls. 

X The means of these series are given in Biometrika , Vol, xvn. (1925), pp. 14—86 (Fouquet’s 
measurements being excluded) and Ibid. Vol, xix. (1927), Table II, facing p. 117. 
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dynastic Egyptian series; the breadth is a millimetre less than the largest of these 
means and the cophalic index is 01 greater than any other recorded for this group 
of closely allied racial types. Both the basio-bregmatic height (H ') and the height- 
length index (100 H'/L) are more clearly differentiated from the continuous series 
given by previously measured early Egyptian samples. In the case of all five of these 
characters the tendency to diverge, or the actual divergence, of the Sedment 
constant from the inter-racial range is in the direction of the still more divergent 
mean for modern Cretans. The evidence of these measurements is not independent 
evidence, of course, since they are known to be quite highly correlated with one 
another both intra- and inter-racially. The high mean value of a found for the 
occipital index ( Oc . I.) is seen from Table VI to have been occasioned by the fact 
that the Sedment value is appreciably higher than any other found for an Egyptian 
series. Means of this character have been given for a considerable number of racial 
types *. They range from 58*0 to 68*8; all the lowest values are for Western 
European and all the highest for African Negro races. The highest as yet found 
for European races are for Rumanians (62-7), Serbo-Croats (62*8), Greeks (62*9) 
and Turks (63*3). The occipital index is unfortunately not available for the modern 
Cretans. It may be suggested that the high means found for the Sedment series 
(</* 64*0, £ 63*5) indicate Negroid admixture, but a comparison of characters 
which are better criteria of the Negro skull, such as angular measurements of pro¬ 
gnathism and the nasal index, fails entirely to substantiate that view. Minimum 
frontal breadths ( B ') are also compared in Table VI and the Sedment mean falls 
within the range furnished by other early Egyptian types. The same has been 
found for every other character measured, including a number which are not used 
in computing the coefficient of racial likeness. The nasal breadth, index and angle, 
however, are almost as low as any of the other means. The distinctiveness of the 
Sedment type is thus seen to depend on very few of the characters which may be 
compared. 

5. Type Contours. The £ and ? type contours for the Sedment series were 
constructed from the mean measurements of the individual contours in the way 
usually employed in the Biometric Laboratory f. They are given in Figs. I — VI 
and the means themselves will be found in Tables VII—IX, A number of chords 
and angular measurements of the types should agree very approximately with 
absolute mean readings and a check on both is thus obtained. Comparisons were 
made in the case of the auricular heights of the transverse section and a number 
of measurements taken on the sagittal figures. The maximum difference between 
the readings obtained by the two methods was 0*5 mm. for chords and 0°*4 for angles. 
This is a satisfactory agreement J. 

* Biometrika , Vol. xvi. ( 1924 ), pp. SS4 and 836. + See Ibid. Vol. xiv. ( 1928 ), pp. 227 — 244 . 

t Perfect correspondence botween all the absolute and contour measurements which are usually 
compared is not to be expected, even if the personal equations of both measuring and drawing were aero, 
owing to the methods employed in tracing individual and constructing type contours. For example, the 
craniophor aurioular height is the maximum projective height from the auricular axis, but the highest 
point on the transverse type is obtained from the mean of the vertical heights biseoting the aurioular 
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The transverse vertical contour is drawn through the auricular points—the 
“porions” of Martin—perpendicular to the Frankfurt horizontal plane. Thee/ 1 and $ 
types (Figs. I and II) are almost symmetrical, the maximum difference between 
the right and left sides of the same ordinate being 0’9 mm. in favour of the right 


A 



Fio. I. Transverse Tjjj*e Contour of 39 <? ’Egyptian Skulls from Segment. 

side on the J figure and T5 mm. in favour of the left side on the $ figure. The 
maximum breadths of both are close to the 6th parallel. For all racial type 
contours which have yet been published the maximum breadths lie between the 

axis. The two may not correspond on an asymmetrical skull. The fact that the point of the tracer was 
in a few oases raised or lowered to pass through some standard points shown on the sagittal figures will 
lead to projected lengths whioh are slightly different from the direct calliper readings. 

Biometrika xxn 6 
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4th and 6th parallels, and in several cases they are between the 4th and 6th. The 
relative position of the major diameter appears to be a character which distinguishes 
the Sedment Egyptian type from all others available. The point where the line 
joining the most lateral points right and left meets the axis MA may be taken to 



Ftg.1I Tranaver&e Tljjte Colour of 30 Q Egyptian Skulls from Sedment. 


indicate the height of the maximum horizontal diameter above the auricular axis. 
The character in question can be conveniently measured by expressing the distance 
of this point from ilf as a percentage of MA, The indices on the following page 
are given by type contours each based on 20 or more skulls; the index is for the 
(/ type unless otherwise indicated. 
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45—50. 9th Dynasty Egyptians: Sedment 487 (? 47*4), Congo Negroes: 
Fernand Vaz, 1880* 45*6. 

40—45. Predynastic Egyptians: Badari 44*4 ($ 43*2) f, 26th—30th Dynasty 
Egyptians: Qizeh 43*3*, 1st Dynasty Egyptians: Abydos 43*1 $, Tamils 41*6§, 
Burmese A 41*4 ( $ 38*0)||, Congo Negroes: Batetelu* 41*3, Northern Chinese 40*31[, 
Hokien Chinese 40*1 §. 

35—40. Prehistoric Chinese 39*0^, Congo Negroes: Fernand Yaz, 1864* 38*8, 
Basques 38*4**, Nepalese 37*5ff, Tibetan A 37*3+f. 

30—35. 17th century English: Whitechapel 34*8*, 17th century English: 
Farringdon StJJ 347 ($ 34*4), Eskimo 34*5*, Anglo-Saxons 31*8 (? 30*9) §§. 

TABLE VII. 


Mean Measurements of Transverse Vertical Contours . 


Sox 

Cases 

MA 

1! 

H* 


44- 

b 

2 R 

2 L 

3 R 

8L 

4 li 

\L 

i 

39 

114*9 

54*1 

58*2 

58*2 

57*8 

57*7 

61*3 

61*0 

64 -5 

64*1 

? 

30 

109*9 

51*5 

55*1 

54*9 

55*9 

55*5 

5.9*3 

58*8 

62-5* 

61*9 


Sex 

Cases 

5R 

5 L 

OR 

6L 

1R 

1L 

SR 

8 L 

9 R 

9r, 

6 

39 

65*9 

65*5 

66*3 

65*8 

65*3 

64*8 

61*4 

60*9 

52'6 

520 

9 

30 

63*9 

63*3 

63*9 

63-2 

62*6 

61*9 

58*9 

58*1 

50-9 

49*9 



The four Egyptian series available are all among the types found with the five 
highest values of this index. The Western European races are at the other extreme 
of the range and, unfortunately, no data for Eastern European typos can be given. 
It is interesting to observe that the £ index is greater than the ? in every case. 
For most races the mean auricular height is less than the mean auricular breadth, 
so that the index which expresses MA as a percentage of the parallel 1 is less than 

* Bonington: Biometrika , Vol. vm, (1911), pp. 157—198. 

+ Stoessiger: Ibid. Yol. xix. (1927), pp. 136 and 137. 

$ Motley: Ibid. Vol. xvn. (1925), p. 47. 

g Harrower: Transactions of the Royal Society of Edinburgh , Vol. liv. (1926), pp. 592 and 594. 

|| Tildealey: Biometrika , Vol. xnx. (1921), pp. 188 and 191. 

IT Black: Palaeontologia Sinica i Series D, Vol. vn. (1928), p. 47. 

** Morant: Biometrika , Vol. xxi. (1929), p. 78. 
ft Morant: Ibid . Vol. xvi. (1924), pp. 76 and 77. 

Hooke: Ibid. Vol. xvm. (1926), pp. 48 and 44. 

§§ Morant: Ibid. Vol. xvm. (1926), pp. 90 and 91. 
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100. This is so for the 26th—30th and for the 1st Dynasty Egyptian contours. The 
indices for the Badari Egyptians (</* 107*9, ? 110*0) are the highest that have yet 
been found however. The value given by the £ Tamil type is 107*7 and the Sedment 
indices^ 106*2, ? 106*7) are also close to the extreme. Other measurements of the 
transverse type contour which have been used for comparative purposes do not 
distinguish our Sedment from the other series. Figs. I and II are differentiated from 
all others available by having their maximum breadths peculiarly high up and their 
heights are also large in proportion to the auricular widths. In these and other 
respects they bear a closer resemblance to the Badari than to the 1st or the 26th—30th 
Dynasty sections. Superposing the Sedment and Badari types, with the aid of the 
tracings provided, a close correspondence is found for both sexes. The former outlines 
are slightly higher and broader than the others. 

TABLE VIII. 


Mean Measurements of Horizontal Contours . 




FO 

F±R 

F\L 

F\R 

FJL 



2*12 

2JL 

s n 

8 L 

6 

38 

180*6 

22*2 

22*7 

33*2 


45*3 

45*1 

45*9 

45-9 

47*6 

48*0 

9 

30 

172*4 

21*3 

21*2 

32*9 


44-2 

43*8 

44*5 

44-5 

47-0 

47*1 


Sex 

Cases 

4 R 

4 L 

522 

5 L 

OR 

6 L 

7 R 

7 L 

SR 

8 L 

i 

38 

30 

54*2 

53*1 

54*4 

53-0 

60*9* 

69‘7t 

60-8 

59-3 

65-6 

04-r.t 

65-4 

63*7 

07*4 

65*5 

67-1 

64-5 

65*5 

62*9 

65*2 

62*1 


Sex 

Cases 

9JR 

9 L 

1022 

10L 

B 

OJZ, 

TR 

TL 

y 

X 

y 

X 

<? 

9 

38 

30 

69*3 

56-3 

58-9 

65-6 


45*9 

43*5 

28*0 

26*3 

26*6 

25*9 

48*0 

45*2 



19*4 

17*4 


* Number of cases = 87. t Number of cases=29. 


The glabella horizontal section (Figs. Ill and IV) is drawn through the glabella 
parallel to the Frankfurt horizontal plane. The point F is the glabella, T R and T h 
mark the crossing of the temporal lines and 0 is the occipital point in the median 
sagittal plane. The type figures are almost exactly symmetrical. The maximum 
difference between the right and left sides of the same ordinate (see Table VIII) is 
1*4 mm. in favour of the right side for the £ figure and 1*0 mm. in favour of the 
right side for the ?. As for all other types which have yet been constructed, the 
maximum breadths are between the 6th and 7 th parallels. The outlines have no 
characteristics which are very distinctive. The temporal fossae are shallow though 
more marked, as usual, on the f than on the ? figure. A number of indices 
derived from measurements of the horizontal type contour have been used to 
compare degrees of frontal development and other features. The variation shown 
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HI. Hon^onW Type Contour of 38 (J Skulls from Segment. 
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• Tf. Horizontal Type Contour of 30 $kulU from Segment. 
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Fig. VI. S&gift&l Type Contour of 30 Q Egypfi&ts Skulls from Sediment. 
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by modern races is small and the Sedment values fall within the ranges given by 
the other types in all except one case. The distance of the parallel F\ from F — 
i.e. ^th of FO —expressed as a percentage of the total length of that parallel, gives 
a measure of the curvature of the most anterior part of the frontal section. The 
highest index found is 13*6 for the Sedment type contour, but there are several 
others greater than 13. The lowest index, indicating the frontal bone which is most 
flattened transversely, is 1T0 (Prehistoric Chinese) and all the lowest values are for 
Asiatic races. By superposing the contours it is found that the Sedment type 
corresponds more closely to the horizontal section given for the 26th—30th Dynasty 
skulls from Gizeh than to the Badari or 1st Dynasty Egyptian figures. 

The median sagittal contours (Figs. V and VI) again exhibit few distinctive 
features. As the series is an Egyptian one, the most characteristic are the unusual 
height and the flattened occipital section. The vertices lie between the 5th and 6th 
parallels and the same has been found for all other types as yet constructed. 
A number of indicial and angular measurements have been devised to aid in the 
comparison of the most important features of this section*. The £ and ? Sedment 
values were determined for each of these, and in all cases they fall within the ranges 
furnished by the type contours which had been constructed previously. Considerable 
differences are found from the sagittal figures available for other Egyptian series. 
The Sedment sections have quite the least protruding and flattest occiputs: they are 
also the greatest in height. A curious relationship is found on superposing the 
Sedment and Badari figures with the nasions and Ny lines coincident. The 
outlines from nasion to lambda almost cover one another and no difference can be 
detected between the heights of the vertices. Below the lambda the Badari occipital 
section protrudes beyond the Sedment, but the outlines cross between the inion 
and opisthion. Quite marked differences are found between the outlines of the 
basi-occipital and the palate, the Sedment bones being immediately below the 
Badari but appreciably further removed from the Ny line. The difference between 
the basio-bregrnatic, or vertical heights, of the two types is thus due solely to 
differences associated with the base of the skull. The most significant differences 
between the Egyptian types are found for this section. The comparison of type 
contours confirms the conclusion suggested by direct measurements that the 9th 
Dynasty series from Sedment is not closely related to any one of the other three 
Egyptian ones which have been described in this way. More adequate comparative 
material will be needed m order to determine its racial affinities more exactly. 

6. Measurements of Mandibles . There are 62 of the skulls in the Sedment series 
with more or less complete mandibles, 36 being </, 25 and 1 juvenile. Notes on 
the condition of the teeth and any dental anomalies noted are given in Appendix I. 
Measurements were taken according to the technique described by Morantf. 
Individual values are given in Appendix II and means in Table X. There is far less 
comparative material than for the skull, and no standard deviations or correlations 

* See Armais of Eugenics , Vol. ii. (1927), pp. 865—368. 

t “A First Study of the Tibetan Skull,” Biometrika , Vol. xiv. (1928), pp. 198—260. 



Mean Measurements of Sagittal Contours . 
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Plate II 



Normal Sedment Egyptian Skulls. Norma, lateralis. A No. 21 ? . B No. 27 <J. 






Biometrika, Vol. XXII, Parts I and II Plate III 

Woo, Egyptian Skulls from Sedment 
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Woo, Egyptian Skulls from Sedment 


Plate IV 




Normal Sedment Egyptian 8kull8. Norma occipitalis (oiroa 075 natural size). 
A No. 21 9 . B No, 27 






Biometrika, Vol. XXII, Parts I and II 

Woo, Egyptian Skulls from Sedment 


Plate V 



A. Basi-oceipital incisure on the left side. No. 05 g (circa 1*5 natural size). 



B. Large protruding ossicle above parieto-mastoid suture. 


No. 03 (J ? (circa natural size). 


Anomalous Sedment Egyptian Skulls. 
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of mandibular measurements are as yet available. It is not to be doubted, however, 
that measurements of the lower jaw will be extremely useful ultimately in aiding 
the discrimination of racial types and in other ways. Data determined by following 


TABLE X. 



Sex 


Length# with Calliper# 

Tap '* 



Lengths and Heights on Mandible Board 



Ta A t 

Pa Hn 

r„ d t 


UoPaPo 

ih 

ih* 

c r h 

c v h 

d t h 

wto h 

Pl h 

Cp / 

rl 

ml 

6 

Mean 

28'3 

8*2 

25*3 

30*7 

191-0 

48*3 

13*3 

67*7 

57*0 

36*9 

26*9 

31*5 

75*8 

63*0 

102*6 

No. 

32 

36 

32 

32 

29 

35 

32 

33 

35 

32 

34 

33 

36 

35 

36 

? 

Mean 

26*6 

7*0 

23-0 

27'4 

178*3 

42*7 

12*2 

60*5 

51*2 

34*2 

24*1 

28*9 

71*6 

56-9 

98*1 

No. 

22 

23 

22 

22 

18 

24 

22 

24 

22 

22 

23 

21 

21 

23 

21 


Sex 


Indices 


100 c’,./i/m/ 

100 c r e r jml 

100 g 0 gjcpl 

1 

s: 

100<' ybjCyl 


100c v h/c r h 

100 i'h/c v c r 

im,hlc T h 


i 

Mean 

66*5 

90*8 

116*5 

53*0 

43*7 

96*2 

85*1 

38*5 

53*8 

No. 

33 

22 

29 

34 

30 

21 

32 

32 

29 

? 

Mean 

61 -8 

86*5 

114*2 

53*9 

44*2 

95-4 

84*5 

38*8 

57*1 

No. 

21 

16 

18 

22 

21 

17 

22 

22 

21 


Sex 


Angles 


Ml 

Rl 

Ql 

Cl 

CU 

hi 

L'l 

Fi 

Si 


6 

Mean 

121°*0 

77°-1 

63° *2 

73°’9 

75° *5 

94° *1 

93°*1 

90"-2 

17° *6 

No. 

36 

34 

28 

31 

32 

25 

26 

25 

24 

? 

Mean 

123° *4 

74° *6 

62°'6 


71 0, 3 

94° *0 

92° *3 

90° *5 

23° *9 

No. 

23 

23 

IS 

22 

22 

17 

17 

17 

17 
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precisely the same technique as we have used have only been published for one 
other Egyptian series: that is the Badari studied by Stoessiger*. Mean values of 
the principal measurements for the Egyptian and for a Tibetan and an Anglo-Saxon 
series are given in Table XI. Some of the differences between the extremes are 

TABLE XL 

Mean Male Mandibular Measurements for Egyptian and other Series . 



9th Dynasty 
Egyptians 
(Sedment) 

Predynastio 

Egyptians 

(Badari) 

Tibetan At 

Anglo- 

Saxons}: 

Maximum breadth at condyles (wj) 

„ „ angles (w 2 ) 

Height of symphysis ... (^) 

Minimum breadth of ramus ( rV) 
Oondylion to coronion ... (c v c r ) 

Maximum length of condyle (c v l) 
Height of coronion ... (c r h) 

Height of incisura ... ( ih!) 

Length of ramus. ( rl) 

Total projective length ... {ml) 

100 cjkjml 

100 rb'/rl 

Ml 

114*3 (26) 
92*0 (32) 
33*7 (33) 
33*3 (35) 
34*7 (32) 
20*8 (80) 
67*7 (33) 
13*3 (32) 
63*0 (35) 
102*6 (36) 
66*5 (33) 
63*0 (34) 
121° *0 (36) 

109*6 (30) 
88*8 (32) 
32*6 (34) 
33*6 (39) 
33*8 (37) 
20*3 (36) 
61 *8 (33) 
12*2 (33) 
57*6 (33) 
101*2 (33) 
61*0 (32) 
58*5 (33) 

120° *0 (34) 

117-0 (25) 
06-2 (25) 
30-8 (26) 
32-1 (25) 
34-2 (25) 
18-8 (25) 
00-8 (25) 
15-0 (25) 
58-4 (25) 
105-2 (25) 
57-8 (25) 
55-3 (25) 
125“-3 (25) 

123-7 (25) 
103-2 (45) 
33-1 (40) 
33-2 (61) 
33-9 (40) 
21-7 (38) 
65-7 (48) 
13-6 (35) 
64-0 (45) 
107-2(31) 
60-9 (27) 
51-5 (45) 
120“ "3 (47) 


surprisingly large. For the condylar breadth ( Wi) the greatest mean exceeds the least 
by 14*2 mm. and for the angular breadth (w 2 ) the extreme difference is 14*4 mm. 
These values are almost as great as the maximum inter-racial difference found for 
the larger diameters of the skull such as the length, breadth and height. Some of 
the other characters—notably rb' and c v c r —are almost constant for the four series in 
the table. It is probable that several of the differences between the Sedment and 
Badari means are significant. 

7. Conclusions . The series of 9th Dynasty skulls from Sedment, in Upper Egypt, 
is not more variable than other Egyptian dynastic ones. Judging by a generalised 
measure of resemblance—Professor Karl Pearson’s coefficient of racial likeness—the 
type is more closely related to that of 4th and 5th Dynasty skulls from neighbouring 
graveyards at Deshasheh and Medum than to any other which has been adequately 
described. In spite of this close link, the Sedment series stands still closer to one 
of modem Cretans than to any Egyptian series at present available. No other 
close connections have been found with European races, and all those of a rather 
less intimate order are with dynastic series from Upper Egypt except one with a 
modem series from Cairo. The last, and the modem Cretans, are only connected 

* “A Study of the Badari Crania reoently excavated by the British Sohool of Archaeology in 
Egypt.” Biometrika , Vol. xix. (1927), pp. 110—150. 
f Ibid, Vol. xvi. (1924), pp. 103 and 104. 
t Ibid . Vol. xvin. (1926), p. 96. 
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with the slightly differing early Egyptian types by our present series. These 
relationships suggest that we are dealing with a sample from a population which 
was predominantly of Egyptian origin and they may be taken to indicate that at 
some unknown period there was a direct, or indirect, link between the native 
Egyptians of Sedment and the Cretan people. The evidence is not sufficient to 
warrant any more definite statement. The Sedment has a higher cephalic index, a 
greater height and a higher height-length index than any other early Egyptian 
type: it is also differentiated by a high occipital index indicating that the arc from 
lambda to opisthion is less convex than usual. For the first three of these characters 
the divergences are in the direction of the modern Cretan type, but data for that 
type are not available in the case of the occipital index. Male and female type 
contours and mandibular measurements are presented, but owing to the lack of 
sufficient comparative material no definite conclusions can be deduced from these. 
The maximum breadth of the transverse section is relatively higher for the Sedment 
than for any other series for which transverse type contours have been published. 

In conclusion I should like to express my great gratitude to Professor Karl 
Pearson for permitting me to undertake this research in his Laboratory, to Dr Morant 
for aid in many ways and to Miss McLearn for drawing the type contours. 



A STATISTICAL STUDY OF CERTAIN ANTHROPOMETRIC 
MEASUREMENTS FROM SWEDEN. 

By P. C. MAHALANOBIS, Presidency College, Calcutta. 

1. Introduction. The present paper consists of a statistical study of certain 
anthropometric data from Sweden, which have been taken from The Racial 
Characters of the Swedish Nation, edited by H. Lundborg and F. J. Linders, and 
published by the Swedish State Institute for Race Biology, Uppsala, in 1926*. 
My aim is to make a first application of the Coefficient of Racial Likeness to the 
discrimination of racial differences to be ascertained from measurements on the 
living. Hitherto the method of the C.R.L. has been applied chiefly to craniometric 
dataf. As I have indicated in an earlier memoir ( Biometrika , Vol. xx A . pp. 1—31) 
the want of standardisation renders analysis of measurements on the living by this, 
or indeed by any other, method largely futile. 

The material consists of measurements of 46,983 conscripts and regular soldiers 
belonging to the Swedish Army and Navy. The subjects were all born in Sweden 
and were over 20 and under 22 years of age. The measurements were taken in 1922 
and 1923, each person being measured by two observers. Special precautions were 
taken to ensure the same standards being maintained by all observers. One of the 
examiners measured the entire naval force, and another examined nearly half of the 
persons included in the investigation. The total number of observers was small, and 
all of them were connected with the Swedish State Institute for Race Biology. It 
may be assumed therefore that the present series of measurements are standardised 
and comparable inter se. Measurements of 404 persons born in foreign countries 
are available, but they were excluded from my analysis. 

The birthplace of the person examined was chosen as the basis for the regional 
grouping of the material into five territories: 

(A) North Sweden, comprising the provinces of Lappland, Vasterbotten and 
Angermanland. 

(B) West Sweden, comprising Jamtland, Harjedalen, Dalarne, Varmland, Vast- 
manland, Narke, Dalsland, Bohuslan and Vastergotland. 

(C) East Sweden, comprising Medelpad, Halsingland, Gastrikland, Uppland, 
Sbdermanland, Ostergotland, Sm&land and Gland Island. 

(D) South Sweden, comprising Halland, Sk&ne, Blekinge and Gotland Island. 

(E) The four biggest Cities: Stockholm, Goteborg, Malmo and Norrkoping. 

* I am muoh indebted to Professor H. Lundborg for kindly sending me a copy of this book immedi¬ 
ately after its publication. 

t In Biometrika it has been applied to racial characters in silkworms and to those of Macedonian 
local groups. 
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The material from each territory was farther classified into four groups on an 
occupational basis: 

(a) Agricultural communities in which, according to the 1910 Census, more 
than 60 °/ 0 of the inhabitants earned their livelihood through agriculture, forestry 
and fishing. 

(fi) Mixed communities in which the corresponding percentage was under 60 
but over 80. 

( 7 ) Industrial communities in which the percentage was less than 30. 

(8) A fourth group, the Urban communities, consisted of the inhabitants of the 
cities, towns and market towns (exclusive of (E)). 

We thus get the scheme (shown in Table I) for the whole of Sweden divided 
into 17 sections. 

TABLE I. 


Divisions of the Population of Sweden. 


Territory 

Occupational 

Group 

Section 

Number 

Number of persons 
examined 

(A) North . 

Agricultural 

1 

2993 


Mixed 

2 

1059 


Industrial 

3 

406 


Urban 

4 

337 

(B) West . 

Agricultural 

5 

7054 


Mixed 

6 

3200 


Industrial 

7 

1245 


Urban 

8 

1723 

(C) East . 

Agricultural 

9 

6496 


Mixed 

10 

4642 


Industrial 

11 

1894 


Urban 

12 

2465 

(D) South . 

Agricultural 

13 

3687 


Mixed 

14 

2665 


Industrial 

15 

625 


Urban 

10 

1737 

(E) Four Largest Cities 


17 

4765 

Total 46,983 


Mean values of the different characters for each section are shown in Table III 
on the following page. 

Pooling certain of the above section^ we obtain the geographical territories 
and occupational classes shown in Table II. 

Several of the mean values for the occupational classes given in Table III were 
calculated by me; the other figures were taken from the published volume. 

I may note here that after a careful comparison with the Census figures for the 
whole of Sweden the authors came to the conclusion that the geographical as well 
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as the occupational and social distributions of the persons measured were represen¬ 
tative of the whole population. In other words, the present material may be con¬ 
sidered to be a fair sample of the male Swedish population for the age-group 20— 
22 years * 

The values of the general means and standard deviations for the total sample 
are given in Table IV. The standard deviations for Bi-acromial Index, Supra- 

TABLE II. 


Divisions of the Population of Sweden ( continued ). 


Territory 

Number 

examined 

Occupational 

Class 

Number 

examined 

(A) North 

4,795 

(a) Agricultural 

20,230 

(B) We«t 

13,222 

(&) Mixed 

11,566 

(C) East 

15,497 

(y) Industrial 

4,-170 

(D) South 

8,714 

(8) Urban 

6,262 

(E) Cities 

4,755 

(E) Cities 

4,755 

Total 46,983 

Total 46,983 


TABLE IV. 


General Means y Standard Deviations and Coefficients of Variation , with their 
Probable Errors f, based on the total Population of 46,983. 

(Body measurements are in cms. and head measurements in mms.) 


Character 

Mean 

Standard 

Deviation 

Coefficient of 
Variation 

1. Stature . 

2. Supra-sternal Height 

3. Trunk Length . 

4. Arm Length . 

5. Leg Length. 

6. Bi-acromial Diameter 

7. Inter-iliocristal Breadth ... 

8. Trunk Length Index 

9. Leg Length Index. 

10. Bi-acromial Index. 

11. Head Length . 

12. Head Breadth . 

13. Face Breadth . 

14. Morphological Face Height 

15. Minimum Frontal Diameter 

16. Cephalic Index . 

17. Morphological Face Index... 

172-23 +-018 
140-89 ±-013 
52-37 + -007 
78-46 ±-010 

92- 02 +-013 
39-23 ±-005 
28-80 ±-005 

30-49 ±-004 
63-43 ±-004 
22-80 ±-003 

193-84 +-019 
150-44+-016 
136-02±-015 
126-57 + -022 
104-571-013 
77-69+-010 

93- 141-017 

5*93 +*013 
5*29+*012 
2*41 ± *005 

3 *34 ±-007 
4*30+-009 
1-67 ±-004 
1*52 ±*003 
1*18 ±*003 
1-29 ±*003 
0*92 *4- *002 
6*19 ±*014 
5*10±*011 
4-84 ±*011 
6*92 ±*015 
4*33 ±*010 
3*14 ±*007 
5*01 ±*012 

3-441-008 

3- 751-008 

4- 601-010 
4-26+-009 
4-671-010 

4- 26f009 

5- 271-012 

3- 88 +-009 

2- 411-005 

4- 041-009 

3- 201-007 
3-39f007 

3- 561-008 

6- 461-012 

4- 141-009 
4-041-009 
6-021-013 


* Lnndborg and Linders say: “the geographical distribution of the primary material must be 
regarded as satisfactory” (op. cit. p. 18), and again: “the agreement (with Gensus figures) must be 
regarded aa good and the primary material fully representative from the sooial standpoint” (p. 30). 

+ Standard Errors are given throughout The Racial Characters of the Swedish Nation , and the 
probable errors in this table were found as those in Table HI. 










* Standard Errors are given throughout The Racial Ckaracterg of the Swedieh Nation ; the Probable Errors in the present table were calculated irom*the Standard Deviations provided in the above book, or from values calculated from the frequency distributions themselves. 
Neither were available for the cases of the Supra-sternal Height and the Bi-acromial Index, and for these it was assumed that the Standard Deviations for each component distribution were equal to the approximate values calculated for the total sample (see p. 97). 
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Mean Values with their Probable Errors for different Sectionsfl^ll), Territories and Occupational Glasses of Sweden # . 
(Body measurements are in cms. and head measurements in mms.) 





To face p. 97 
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(a) Coefficients for Sections, (b) Coefficients for Territories and Occupational Classes. 
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sternal Height, and Leg Length Index were not given by the authors, They were 
obtained indirectly in the way explained below. The Bi-acromi&l Index is defined 
as the ratio of the Bi-acromial Diameter to the Stature, i.e„ 

• tx j /v - Bi-acromial diameter (x) 

Bi-acromial Index (z) *=100-r-r-r-— . 

v 7 Stature (y) 

Therefore writing r^ as the correlation between Bi-acromial Diameter (#) and 
Stature (y), we have approximately: 

Vz* = v x * + v y 2 -2r (ey v x Vy t 

where v Zi v Xf v y are the coefficients of variation (100 <r/M) for the Bi-acromial Index, 
Bi-acromial Diameter and Stature respectively. Substituting the constants for the 
total sample (Table IV): 

M y 5=5 172*23, <r y =s 5*93, v y = 3*44, = 4 - 0*47, 

M x = 39*23, a % = 1*67, v* = 4*26, M z = 22*80, 
we obtain a z = 0*92 approximately. 

Again the authors define* (p. 73) 

Supra-sternal Height (z) ~ Trunk Length (a?) 4 - Leg Length (y) — 3*5 cm. 
so that <r 2 *= o '* 2 + <r y 2 4- 2 r*y( 7 * cr y . 

Since <r K * 2*41, a y = 4*30, and r**, = 4 - 0*18 

we have a z 2 = 28*0288, and a t =*5*29 approximately. 

Finally, the standard deviation for Leg Length Index was directly calculated 
from the frequency distribution given in the Swedish work, Table VIII (Supple¬ 
ment, p. 34). 

The authors state that the measurements were taken to the nearest millimetre 
with an ‘Anthropomcter” (compass callipers or Tasterzirkel), and sliding callipers 
(Gleitzirkel) supplied by P. Hermann of Zurich. 

The following notes on measurements are given (pp. 10 — 11 ): 

“ Hi-acromial Diameter , defined as the distance between the acromial points, is 
measured, in departure from the instructions given in Martinf, from the back, the 
immediate reason for this being to control the posture during measurement. ,, 

“ Morphological Face Height must be regarded as less exactly determined than 
the other measurements of the head, since the examiner often cannot locate the 
nasion (sutuya naso-frontalis) with certainty.” 

" Trunk Length was calculated as the difference between the supra-sternal height 
and the height of symphysion.” 

“ Height of Symphysion (upper border of symphysis pubis in the middle line). 
Measurement is rendered difficult in rare cases of excessive corpulence.” 

“Arm Length is the difference between the height of acromion and the height of 
dactylion, and Leg Length is obtained by adding 35 mm. to the height of symphysion 
(all according to Martinf).” 

* [An arbitrary definition, which does not allow for personal or racial variation. En.] 

t It is dear from the remarks under “Bi-acromial Diameter ” and “ Leg Length ” that Martin’s 
directions (presumably those given in his Lehrbuch der Anthropologies 1st edition, 1914) were followed 
in all oases unless otherwise mentioned. 

Bioxnetrika xxu 7 
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“Height of Acromion could not always be determined with accuracy, since the 
processus acromialis sometimes showed malformation or at least considerable devia¬ 
tions from the normal form.” 

“Height of J)actylion presented difficulties of measurement in certain cases when 
the subject could not fully extend the right arm, also when malformations existed 
in the fingers of the right hand. In such cases this measurement was made from 
the left.” 

The Bi-acromial, Leg Length, Trunk Length and Arm Length Indices all have 
the stature as the denominator. s 

2 . Comparisons by the Method of the Coefficient of Racial Likeness . The main 
object of the present paper, as I have said, is to present the results of comparisons 
between the various groups of the Swedish material, described above, made by 
Professor Karl Pearson's method of the Coefficient of Racial Likeness. In The Racial 
Characters of the Swedish Nation detailed comparisons are made between the means 
and standard deviations of the characters considered singly, and between the cor¬ 
relations for some pairs of characters calculated for different divisions of the total 
population. These correlations are shown to bo remarkably constant and few 
significant differences in variability are observed. The means are less constant, and 
it was felt that a far clearer conception of the anthropological significance of these 
differences would be given by a generalised criterion, which takes into account a 
number of characters at the same time, than by the more usual method which 
deals with individual characters. The coefficient of racial likeness has been ex¬ 
tensively used in craniometric work, but little has yet been done in applying it to 
measurements on the living. One of the principal objections against its use in this 
case has been the fact that the technique of measurement has not been standardised 
satisfactorily, and thus the data provided by different observers can seldom be com¬ 
pared with safety*. Such an objection docs not apply to the material now under 
consideration; it constitutes the most complete and most valuable description of 
the population of a single country which has hitherto been provided. Numbers of 
individuals large enough to form statistically adequate samples are dealt with, which 
unfortunately can seldom be the case for cranial series. The number of characters 
determined is less satisfactory as we can only use 17, and intra-racial correlations 
between some pairs of these are known to be high. The problem of determining 
a sufficient number of head and body measurements which are all uncorrelated, 
or at least lowly correlated, with one another is yet unsolved, and the characters 
which are customarily determined have certainly not been chosen with this object 
in view. 

If m 9 is the mean of the 5th character in the first group, cr* its standard devia¬ 
tion and n the size of the sample, while m/, a / and n' are the corresponding 

* See P. 0. Mahalanobis: ‘‘On the Need for Standardisation in Measurements on the Livingy” 
Biometriha , Vol. xx A . (1928), pp. 1—81. 
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quantities for the second sample, then Professor Pearson’s coefficient of racial like- 
ness is defined to be 

1 (m, - m a 'f . /o 

a v *7f -i + i±‘ 67449 v®. (1) * 

n + n' 

where there are Jlf characters compared*. If pairs of samples are drawn from the 
same population the coefficients between them will vary round zero with the prob¬ 
able error shown. In the present investigation the number of characters used (17) 

is the same in every comparison and the term ^(=*06) has been neglected. The 

standard deviations are those of the samples and when these are small, as in cranio- 
metric work, it has been customary to suppose that they are equal to one another 
and to the values available for the longest related racial series. The constants have 
been provided for the Swedish data and they are practically identical for different 
sections in the case of a particular character and also equal to the general standard 
deviations calculated for the total sample of 46,983. If the last be denoted by <r 9 , 
then the calculation is greatly simplified by assuming that <r a =* <r 8 ** <r 8 . The co¬ 
efficient becomes __ 

8 (l - 1 ± -67449 J\ .( 2 ), 

vJ/w + n <v / v in 

when the term ~ is neglected. This is the form which has been used. Values of 

o for the 17 characters are given in Table IV. The characters used should theo¬ 
retically be uncorrelated with one another, but this condition is far from being 
satisfied. We are dealing with five indices and the two component lengths from which 
each is derived are used in addition. The spurious correlations in such cases are 
probably all greater than 0*5. A number of the absolute measurements also cover 
one another. Several of the correlations are given in The Racial Characters qf the 
Swedish Nation , and in the case of stature and leg length the values for five groups 
and for the total sample are between 0*86 and 0*88. If the condition were made 
that no pairs of the measurements used should have correlations greater than 0 5 
with one another, then all except three or four of the 17 would have to be rejected. 
The inclusion of highly correlated measurements is necessitated if the Swedish 
material is to be dealt with by the method of the coefficient of racial likeness, 
although these high correlations are far from satisfactory. The procedure is partly 
justified, perhaps, by the fact that precisely the same group of characters is used 
in every case. The comparison of these coefficients of racial likeness with others 
calculated for a different group of measurements would not be justified. 

The coefficient provides a measure of the probability that the two samples com¬ 
pared were drawn from the same population. This probability will depend on the 
sizes of the samples available. It has been suggested that comparable measures of 

# Karl Pearson: “On the Coefficient of Baoial Likeness,” Biometrika, Vol. xvm. (1926), 
pp. 106—117. 
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the absolute divergences of the populations represented by the samples may be 
obtained by reducing each coefficient to the value it would have if each sample were 
of a standard size*. In the present paper the coefficients have been reduced to 
values they would have had if each series in the comparison had contained 100 
individuals. These values are given by 


50 x 


Kk-rk^O - >} * * 50 * 


Crude coefficients of racial likeness, calculated from formula (2), were first found 
for the 17 sections defined in Table I and for the territories and occupational classes 
defined in Table II. The occupational samples for the whole country were made 
up by pooling the relevant sub-groups of the four major territorial divisions and 
hence some of the larger groups are not independent samples. No comparisons were 
made in such cases. Every crude coefficient differs significantly from zero. The 
values for the sections range from 1*04 ± *23 to 142 54 ± *23 and the mean of the 
136 coefficients is 24 85. The values between the territories and occupational classes 
range from 3 99 ± *23 to 169 34 ± ’23 and the mean of the 20 coefficients is 68*22. 
The difference between these means must be attributed to the fact that the samples 
are larger in the one case than in the other. All the samples are large and hence 
it is not surprising to find that the majority of the coefficients are of an order which 
would indicate marked racial divergence if found for short cranial series. The co¬ 
efficients clearly increase with the sizes of the series compared and no direct com¬ 
parison can be made between them until correction is made for this varying factor. 


Reduced coefficients of racial likeness calculated from formula (3) are given in 
Table Va for the 17 sections and in Table V6 for the five territories and four 
occupational classes. The reduction when all the means are supposed to be based 
on 100 individuals only is very great in all cases, and values as low as many shown 
have seldom been found for cranial comparisons. All differ significantly from zero. 
The 136 coefficients between the sections range from 0*05 ± *005 to 5*98 ± *030 and 
their mean is 1*38: the 20 coefficients between the territories and occupational 
classes range from 0*08 ± *005 to 3*13 ± *005 and their mean is 0*97. All the lowest 
reduced coefficients between the sections are indicated in Fig. I. These measures of 
relationship suggest an arrangement of the territories (Table V6) which is almost 
linear. The north and west divisions occupy extreme positions, with the east very 
close to the west and the south closest to the east and rather closer to the west than 
to the north f. A comparison of the sections of the territories representing any 
one particular occupational class leads to almost precisely the same geographical 
arrangement. The urban sections Noa 4, 16, 12 and 8 are of the north, south, east 
and west territories respectively, and their reduced coefficients of racial likeness 
(Table Va) give the same arrangement as the total samples for the territories, except 

# Karl Pearson: “Note on Standardisation of Method of using the Coefficient of Aaoial Likeness,” 
Biometrika , Vol. xx®. (1928), pp. 376—878. 

t To correspond more exactly to this arrangement the distanoe between the circles representing the 
north and sooth territories in Fig. I should be increased considerably. 
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that the SQUth is now rather nearer to the north than to the west. The same is found 
for the industrial sections except that the south is rather nearer to the west than to 
the east. For the mixed sections the south is again rather nearer to the north than 
to the west, and the single inversion in the case of the agricultural sections is the 
slightly closer approach of the north to the west than to the east In spite of these 

Fig. I 

Inter-‘RELAT roNBHiPS or various Groups of the Population of Sweden. 



. reduced coefficiettTof r&eiel likeness 
less ftz&tz 0*40. 
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small discrepancies, it is true to say that the best linear arrangement of the terri¬ 
tories is precisely the same whether we consider their total samples, or the samples 
for any single one of the four occupational classes. The underlying geographical, 
or racial, differences can be appreciated nearly as well by considering one particular 
class only as by considering the total populations irrespective of class. It does not 
follow from this fact, of course, that the relationships between the territories are 
precisely the same for one class as for another and, indeed, the contrary can be easily 
demonstrated. In the comparison of any pair of the four geographical divisions the 
reduced coefficient between the urban sections is always less than the coefficient 
between the sections representing any other occupational class. The mixed sections 
have the next closest degree of relationship in four out of the six possible com¬ 
parisons, and in five cases the coefficients between the industrial sections are the 
greatest found. The classes can thus be arranged fairly definitely in the sequence: 
urban—mixed—agricultural—industrial, with the first on the average showing the 
minimum and the last the maximum racial differences. All the most intimate connec 
tions between the sections are shown in Fig. I, the upper limit being fixed arbitrarily 
as a reduced coefficient of 0'40. The territories were arranged by considering their 
total samples and these closest links are now only found between the sections of 
contiguous territories, and there are far more of them between the east and west 
sections than between those of the east and south, or south and north territories. 
A comparison of the total occupational samples for the whole of Sweden (Table V6, 
facing p. 97) gives the definite sequence: agricultural—mixed—industrial—urban, 
and precisely the same order is given by the sections within any one of the territories 
west, east or south. The connections between any two classes are approximately 
the same for all these three. The sections of the north territory have different 
relationships. The agricultural and mixed sections are still as closely connected as 
for the other territoiies, but the resemblances of all other pairs of sections are far 
less close. The same two also stand nearer to the urban than to the industrial 
sections and the urban stands nearer to the mixed than to the industrial. It is clear 
that the occupational arrangement which applies uniformly to the south, east and 
west territories is different in the case of the north owing to the less homogeneous 
racial constitution of the last territory. Its agricultural and mixed sections are 
closely linked to one another and they are distinct from all other samples and must 
therefore be supposed to contain a peculiarly large proportion of a racial element 
which is foreign to the bulk of the Swedish population. The industrial community 
of the north territory also stands apart but the urban is not distinguished in this 
way (see Fig. I). The racial significance of the observed relationships will be 
considered later. 

3. Compai'isons of Individual Characters. In making comparisons by the 
method of the coefficient of racial likeness it has been constantly observed that on 
the average the differences between the various characters vary greatly in signifi¬ 
cance. The values of the a’s* have been used in examining this point, but one 
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objection to their use is that they are influenced, like the coefficients, by the sizes 
of the samples compared. Since all characters for any one of our samples are baaed 
on the same number of individuals it was not necessary to calculate the individual 
a’s in the present investigation. A more direct method of grading the characters 
can be employed, however. In Table VI are given the inter-group standard devia¬ 
tions (2) for the 17 sections of the Swedish material. The co-group standard 
deviations (a) in the same table are the general values given for the total sample 

TABLE VI. 

Inter - and Co-Group Standard Deviations with their Probable Errors. 


Character 

Inter-gronp 
Standard 
Deviation (2)* 

Co-group 
Standard 
Deviation (?) f 

2 

a 

Cephalic Index . 

•565 ±-065 

3-14 ±-007 

•180 

Head Breadth 

•804+ -093 

5-10 ±-011 

•158 

Arm Longth . 

•509+*059 

3'34 + *007 

•153 

Bi-acromial Index. 

•182+*015 

0-92+-002 

•143 

Face Breadth . 

*656 + *076 

4-84 fOIl 

•136 

Inter-iliocristal Breadth ... 

•205+ ‘024 

1*52 + -003 

•135 

Bi-acromial Diameter 

•214+-025 

1 *67 ± ’004 

•128 

Stature . 

•680 +-079 

5-93 ±-013 

•115 

Leg Length. 

•478+-055 

4-30 ±*009 

•111 

Head Length . 

•686 ±*079 

6*19± *014 

•111 

Supra-sternal Height 

•569 ±’066 

5-29 ± *012 

•108 

Morphological Face Height 

•688 ±-080 

6*92 ±-015 

•099 

Trunk Length Index 

•106±-012 

1-18 +-003 

•091 

Minimum Frontal Diameter 

•372 + *043 

4-33 ±-010 

# -086 

Leg Length Index. 

•106 +*012 

1 *29 ± *003 

•082 

Trunk Length . 

•175 ±*020 

2*41 ± *005 

•072 

Morphological Face Index... 

•368 ±*043 

5-61 ±-012 

•066 


of 46,983 individuals and these are almost precisely the same as the values found 
for any one of the 17 sections. The 5*s are the ones which were used in computing 
the coefficients of racial likeness. It is clear that the ratio of 2 to a will give a 
measure of the average significance of the differences found for the various charac¬ 
ters. The inter-group variability is small compared with the intra-group variability 
in every case, but there are still marked differences between the measurements in 
this respect. The cephalic index tends to show more significant differences than any 
other character and this has been confirmed in the case of several other comparisons 
of measurements made either on the living or on the skull. It has been usual to 
find, too, that the head breadth varies more significantly than the head length and 
much more significantly than the minimum frontal diameter. The stature is Iobs 
capable of differentiating the groups than several of the other characters. An index, 
such as the cephalic or bi-acromial, may vary more significantly than either of its 
component lengths, or the reverse may hold, as for the leg length and morpho¬ 
logical face indices. 

* These standard deviations are for the means of the 17 sections given in Table Ill. 

t These standard deviations are for the total sample of 46,988 individuals. 
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The 17 characters may now be considered individually with regard to both 
geographical position and occupational class. They can be divided into a number 
of groups by considering whether the order in which each arranges the 17 sections 
is controlled more by one of these factors than by the other. The cephalic index is 
extreme in this respect The four lowest means are for the sections of the west 
territory, the sections of the east and the urban section (No. 17) follow next and 
then the four of the south, while the cephalic indices for the sections of the north 
territory are greater than any others. There is thus a clear distinction between 
the territories, and they are arranged in the order shown in Fig % I. The maximum 
difference between the sections of the same territory with extreme cephalic indices 
is only 4 0 times its probable error (south and east territories) and no significance 
whatever can be attached to the orders in which the occupational classes are arranged 
within the territories. This character is clearly controlled by geographical position 
and there is no evidence of any significant association with occupational class. The 
bi-acromial index affords an example of a measurement which is affected by conditions 
entirely different from these. The order in which the means arrange the 17 sections 
appears to have no geographical significance whatever, but the three highest indices 
are for agricultural sections, the lowest is for the sample from the four largest cities 
(No. 17) and the next four lowest are for the other urban sections. For each territory 
the highest index is for the agricultural section, the second highest for the mixed, 
the next for the industrial and the lowest for the urban section. The differences 
between the agricultural and urban sections of the same territory are very significant 
in every case, being 8*4,12*2,16*9 and 15*1 times their probable errors for the north, 
south, east and west divisions respectively. The bi-acromial index is thus clearly 
controlled by the occupational class, and there is no evidence of any significant 
association with geographical position. These two characters are at opposite extremes 
in so far as they are controlled by one or other of the factors on the basis of which 
the groupings were made, but in most other cases there is a definite tendency for 
a measurement to approach one extreme in this respect rather than the other. The 
orders in which the sections are arranged may be supposed to have been influenced 
by both factors in the majority of cases. Whenever there is a clear territorial 
sequence, or the suggestion of such a sequence, it is always: north, south, east and 
west. Whenever there is a clear occupational sequence common to all the territories, 
or the suggestion of such a sequence, it is always: agricultural, mixed, industrial 
and urban. Paying due regard to the significance of the differences, the following 
classification of the characters can be made: 

(a) Characters showing markedly significant territorial differences, but no 
occupational sequence within the territories—cephalic index, stature, supra-sternal 
height. 

( b) Characters showing significant territorial differences and a significant 
occupational sequence within the territories—head breadth, head length, inter- 
iliocristal breadth. 

(c) Characters showing a suggestion of territorial differences, but no occupa¬ 
tional sequence* within the territories—minimum frontal diameter, leg length. 
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(d) Characters showing a faint suggestion of territorial differences and* a 
.markedly significant occupational sequence within the territories—face breadth, 
arm length, bi-acromial diameter. 

(e) Characters showing a faint suggestion of territorial differences and a 
significant occupational sequence within the territories—leg length index, trunk 
length index. 

(/) Characters showing no territorial differences and a markedly significant 
occupational sequence within the territories—morphological face height, bi-acromial 
index. 

( g) Characters showing no territorial differences and no occupational sequence 
within the territories—morphological face index, trunk length. 

The comparison of individual characters has confirmed in a very satisfactory 
way the scheme of relationships suggested by the coefficients of racial likeness. It 
can now be seen that there are marked differences between the characters not only 
in their average effect on the coefficients, but also according as they are more or 
less capable of discriminating between regional or occupational samples. The two 
in group ( g) above are the only ones which appear to be quite incapable of serving 
either purpose and these are the two with the lowest values of X/a (see Table VI). 
By making a suitable selection from the other 15 it would clearly be possible to 
obtain coefficients which would emphasise the geographical differences and obscure 
the occupational, while the reverse effect could be obtained by making a different 
selection. The characters which show territorial differences will be considered 
again in the next section. There are seven absolute and three indicial measure¬ 
ments which furnish either a significant, or a markedly significant occupational 
sequence, and for all except one the agricultural section tends to have the greatest 
mean and the urban the least. The trunk length index is greater for the urban 
than for the rural populations, but the reverse is found for the bi-acromial diameter 
and index, the arm length, the head and face breadths, the head length, the 
morphological face height, the inter-iliocristal breadth and the leg length index. 
The fact that the first three of the last nine measurements are greater for rural 
than for urban samples was to be expected. The relations observed in the case of 
the others suggest that the agricultural workers have skeletons which are broader 
in all ways and with relatively longer limbs than town dwellers, though no 
differences between the statures of the groups can be detected. The differences 
between the extreme means are all very small, however. The bi-acromial diameter 
provides a more definite occupational sequence than any other absolute measure¬ 
ment, but the largest mean for a section only exceeds the smallest by 7*4 mm. 
Whether any of the differences between occupational classes are due to use, or 
whether they are occasioned by selection, cannot be decided from these Swedish 
data. With smaller samples, or in the case of a more racially heterogeneous popu¬ 
lation, it would probably be impossible to prove their existence. 

4. The Racial Constitution of the Swedish Population . The present study is 
restricted, on the regional side, to a comparison of the four territorial divisions into 
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which the whole of Sweden was divided, and some important facts may be over¬ 
looked by taking such large areas. All the individuals examined were born in Sweden. 
The remarkable constancy of the coefficients of variation and correlation, provided 
in The Racial Characters of the Swedish Nation , suggests that the populations are 
now thoroughly hybridised if they once had diverse racial origins. The coefficients 
of racial likeness suggested the simple linear arrangement shown in Fig. I and the 
reasonableness of this order was emphasised by finding that all the characters which 
are capable of making definite distinctions between the territories show the same 
sequence from the north at one extreme to the west at the^other. Of the 17 
measurements there are only six which give significant or markedly significant 
regional differences when a single occupational class is considered. The total 
means for the territories are given for these in the table below and this comparison 
is now not quite so convincing since the relative proportions of the different 
classes are not the same for all the territories. 


Territories 

Cephalic 

index 

Stature 

Supra* 

sternal 

height 

Head 

breadth 

Head 

length 

Inter* 

iliocristal 

breadth 

North 

78*84 

171*23 

140*13 

152*27 

193-33 

28*43 

South 

78*02 

171*88 

140*02 

150*69 

193-33 

28-79 

East 

77*53 

172*32 

140*96 

150*14 

193*85 

28*86 

West 

77-31 

172*43 

141 *04 

150*23 

194-52 

28*95 

__ 


Some pairs of these six measurements are lowly correlated with one another and 
the fact that they provide the same sequence is all the more significant on that 
account. The coefficients between the sections are so low that it can only be 
assumed that all divisions of the total population of Sweden belong predominantly 
to the same racial type. The observed relationships can be explained on the 
hypothesis that this basic type has been modified slightly, but in different degrees 
in different territories, by admixture with another race. The north territory was 
more modified than any other by this means, the south considerably less, the east 
still less and the west territory may have been unaffected, or modified to a less 
extent than any other. The racial crossing seems to have resulted in a perfect 
blending of all the characters for which data are available and those which show no 
territorial differences may be assumed to have been the same for the two racial types. 
These are the conclusions suggested by a purely statistical analysis of the material 
and we may attempt to reconcile them with what is known of the ethnic history of 
the country. The following particulars are taken from the section written by Rolf 
Nordenstreng in The Racial Characters of the Swedish Nation*. 

“The Swedes have inhabited their country since later neolithic times. The main 
body of the prehistoric population seems to have been of rather distinctly Nordic 


# “Origin, Growth and BaoiaJ Components of the Swedish Nation,” op. eit ., pp. 41—49 and sum- 
wmtj on p. 174. 
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race, though other types also occur .. .The finds from the Bronze Age and the Iron Age 
do not present any new types, but agree with those from the Stone Age. ...The early 
Swedish kingdom did not consist of more than the present central territories about 
Lake Malaren; but gradually other parts of the present kingdom were conquered, 
the people of the Gauts south of the Swedish settlements between the Baltic Sea 
and the North Sea being the most important of those incorporated into the nation* 
All these peoples on the Scandinavian Peninsula were Teutons like the Swedes, of 
much the same race, and using similar languages. Only in the northernmost part of 
the country lived Lapps, roving since prehistoric times. The Swedish dominion was 
early extended to territories east of the Baltic, whence in the course of time came 
an influx of the East Baltic race, especially in a Finnish immigration in the last 
years of the 16th, and the first half of the 17th century... .That the Nordic race 
has been the chief stock of Sweden’s ancient population, as of the present, is beyond 
all doubt. But as to what extent it was mixed and with which races, we can venture 
nothing more than a guess. ...It is not impossible that the East Baltic race is very 
ancient in this country, more ancient oven than the Nordic, but this cannot be 
proved and is hardly very likely; the possibility should not, however, be wholly 
dismissed. The most noteworthy support is given by the type demonstrated by 
Arbo in South Norway and often called ‘the blond brachycephal,’ a type which 

reminds one not a little of the Finnish_According to Lonborg’s calculations 

Sweden (except Norrbotten) and parts of East Norway had at the close of the 
17th century a Finnish population of between twelve and thirteen thousand persons. 
This figure is very likely too low, but nevertheless is highly appreciable, considering 
that Sweden’s entire population then amounted to hardly 1 \ millions, and that the 
parts of the country in which the Finns were living were certainly very sparsely 
populated. As these immigrants were unusually prolific, their offspring undoubtedly 
increased at a proportionately higher rate than those of the real Swedes... .There 

is also a Lappic race-admixture in the Finnish population of North Sweden_The 

number of Finnish-speaking persons in Northern Sweden probably amounts at 
present to about 30,000. ...How strong the race-mixture with East Baltic blood has 
been in Sweden is at present impossible to state. But it would hardly be an 
exaggeration to assert that at least some hundred thousand present-day Swedes and 
perhaps many more evince more or less East Baltic characters.” 

The only foreign races which are known to have influenced the population of 
Sweden to any marked extent since neolithic times arc thus the Finns and, to a 
lesser extent, the inhabitants of the East Baltic states; the Lapps, as far as is 
known, have lived in the north as long as the country was inhabited at all. All these 
alien races are closely allied to one another, and, where they differ from the Swedish 
type, they apparently do so in the same direction as, for example, in possessing 
higher cephalic indices and shorter statures. The miscegenation with the so-called 
nordic population must have been extremely thorough, since the variabilities for 
all sections are almost identically the same. Even in the north, the bulk of the 
population must be of * 4 nordic” origin, and it is not surprising to find that the 
effects of slight differences between the types with which admixture was made in 
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different regions cannot be detected at all by considering large groups of the exist¬ 
ing population. Comparisons made in that way only suggest that there was a 
crossing with a single racial type resulting in a perfect blending of all the characters 
considered. The alien element is far more evident in the north than in any other 
territory; it produced a greater effect in the south than in the central regions of 
Sweden, and the east was slightly more affected than the west. 

Note added in proof \ 

• 

This paper was originally written as an integral part of an ^empirical study of 
certain alternative formulae for the measurement of racial divergence. Very ex¬ 
tensive and substantial editing of the text was therefore necessary in publishing it 
in the present form. I am deeply indebted to Dr Q. M. Morant for having carried 
out the editing work much more satisfactorily than I could have done myself. 
I also wish to acknowledge the help I received from my assistant Mr Sudhir Kumar 
Banerjee in reducing the statistical material for the paper. P. C. Mahalanobis, 
Calcutta, 22nd July, 1930. 



SKEW BIVARIATE FREQUENCY SURFACES, EXAMINED 
IN THE LIGHT OF NUMERICAL ILLUSTRATIONS. 

By S. J. PRETORIUS, M.Sc. 

CONTENTS. 

PAGE 


A. Introductory.109 

B. Notation and Terminology . . . . 110 

0. Historical.Ill 

1. Writers Wore Galton.Ill 

2. Skow Univariate Distributions.112 

3. Sobols and Perozzo.121 

4. Double Hypergeometrical Scries.122 

6. Skew Correlation and Non-linear Regression.124 

6. The Correlation Function of Tyi>e A.126 

7. The Correlation Functions of Typo B, and of Typo A and Type B . 129 

8. Translation applied to Correlation. Edgeworth . . . . 129 

9. Logarithmic Correlation. Wicksell.130 

10. Stoffensen’s Correlation Formulae.132 

11. Rhodes’Surface.134 

12. Narumi’s System of Frequency Surfaces (1923) .... 130 

13. Pearson’s Non-Skow Frequency Surfaces (1923) .... 136 

14. The Dissection of Frequency Surfaces.137 

15. “ Mutually Consistent Multiple Regression Surfaces.” Camp . 138 

16. “ On Treating Skew Correlation.” Van U von .... 139 

D. Further Analysis of Some of the Proposed Constructions. 140 

1. Tho Array Moments of a Certain Double Hypergeometrical Series 140 

2. The Third and Fourth Partial Moments of the Typo AaAa Surface 142 

3. The Logarithmically Transformed Normal Curve .... 146 

E. An Examination of tho Adequacy of tho Mathematical Surfaces. 

Graphical Analysis and Specification of Observed Data \ 150 

1. Data.150 

2. The Regression, Scedastic, Clitic and Kurtic Curves . . . 151 

3. CurvoB of Equal Probability.194 

4. Identical Eolations between the Moments.205 

6. The Marginal Distributions.207 

F. General Considerations.219 

Bibliography.221 


I. 

A. Introductory . 

Since the development of the theory of normal correlation by Galton and Dickson 
( 1886 ) several attempts have been made to describe analytically a distribution 
of two correlated variables when both variables follow a law of skew variation. These 
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attempts may be considered as of two types: those that are founded on one 
or another hypothesis, and those that are purely empirical. This discrimination, 
however, is not of great practical importance. The superiority of one frequency 
function over another depends rather on the success with which that function can 
be applied to graduate data than on the manner in which it originated. The univariate 
functions that are in common use can, as a rule, be fitted fairly easily. But in the 
case of bivariate functions, the process of fitting is extremely laborious. Comparative 
results are rare, and such illustrations as do exist are of little final value. Either 
the test has not been stringent enough, or the paucity of observations has made it 
impossible for a dispassionate judgment to be passed on the goodness of fit. In short, 
the descriptive power of the various surfaces has as yet not been extensively 
investigated. 

The purposes of this study are: (i) to present an account of the surfaces that have 
been evolved; (ii) to analyse geometrically a few observed distributions, each 
containing a large number of observations; hence (iii) to put to a practical 
test some of the hypotheses from which these surfaces have been developed; and 
(iv) finally, to compare the adequacy of the surfaces by fitting their marginal and 
partial moment curves to the observations. 


B. Notation and Terminology . 

To avoid unnecessary repetition, a description is given below of the notation and 
terminology that will be adopted. 

The two variables will be denoted by x and y ; the total number of observations 
by N\ the number of observations in an #-array of ys and in a y-array of xs by n x 
and n y respectively; any cell frequency by the usual correlation coefficient 
between x and y by r ; the correlation ratio of y on x and of x on y by rj yx and rj xy 
respectively. The ss'th product-moment coefficient calculated from the observations 
about any origin will be denoted by y! & and v &, according as corrections for grouping 
have or have not been applied; the dashes will be dropped when the origin is the 
arithmetic mean (x, y). Thus 

V *»• = ^22 (n m . Vy"'), 


anA „ JJjXg. y) O - g) 1 (y - vY d*dy 

JJF(a>,y)dwdy ’ 

where F{x t y)dxdy expresses the probability that x lies between x and x + dx, 
y between y and y + dy y and the integrations are taken over the entire surface. 

Still following the usual notation, I shall write: 




PlO 3 1 
M» 


O r*03 


p _ ^40 

Pao- —a, 
Mao 
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where ai^Jy % 0 and <r% s Jy^ are the standard deviations of the x- and y-marginal 
totals respectively. 

The moments of an array distribution will be termed array moments ; those of 
a section of a theoretical surface parallel to the zx or zy plane, will be termed 
partial moments . The corrected 5 th moment coefficient of an a?-array of y*s about 
the mean of the array, will be denoted by y 9 {y)\ that of a y-array of x'b by fi 8 (x); 
the x - and y- array means by yi (y) and yi (x) respectively. The same notation will 
be used for the partial moments, but it must be remembered that in this case the 
variable assumes “ singular ” and not “ plural ” values ; this distinction is brought 
out by the terms introduced above. The curves in which y^ (y), cr y s J y 2 {y), 

Jfiriy) = and /3 2 (y)-3 = r/i-3are plotted to a?are the reyression,8cedastic, 

M2 Hy) v* w 

clitic and kurtic curves of y on x*. A system is either homoscedastic or heteroscedastic 
according as the arrays “ are equally scattered about their means,” or not. 


C. Historical. 

1. Writers before Oalton . The normal probability surface discussed by Lagrange, 
Laplace, Plana, Gauss, Bravais, has little bearing, if any at all, on the theory of 
correlation. With admirable clarity Pearson f pointed out a few years ago that the 
quantities Gauss and Bravais were observing, were absolutely independent of one 
another. Only by the introduction of quantities linearly related to those observed, 
did the product terms in their expressions arise. In a more recent paper, dealing 
with Planas work, Pearson J again indicated that the writers on the theory of 
observations up to the time of Galton were concerned merely with finding a 
mathematical expression for the probability of the simultaneous occurrence of two or 
more errors and not with finding a measure of relationship between two variables 
organically associated. 

Galton, on the other hand, started with the conception that the observed 
quantities are dependent. In studying the inheritance of traits, he developed in 

* Pearson originaUy defined the scedastio curve as the curve in which the ratio of the standard 
deviation of the array to the standard deviation of the character in the population at large is plotted to 
position, and the clitic ourve as the curve in which the skewness of the array is plotted to position. 

For the Pearaon Type III curve: SkewneaB= B£ ^r^g_ =i 

Wioksell caUs the ourve y = - 4 J (■ “ skewnesB ”) the clitic curve, and the curve y =| (ft, ( y) - 8) 

(s “excess”) the synagic curve. I prefer, however, to retain Pearson’s original term “kurtosis” 
as expressing that deviation of frequency curves from the normal type which corresponds to forms 
more or less flat-topped. Further, being oonoemed merely with how the skewness varies from array to 
array and not with the degree of skewness of any particular array distribution, I shall omit all constant 
multiplying factors for (y) and £ 2 (|/) - 3. 

t ** Notes on the History of Correlation,” Biometrika , Vol. xm. 1920—21, pp. 25—45. 

I “ The Contribution of Giovanni Plana to the Normal Bivariate Frequency Surface,” Biometrika , 
Vol. xxA 1928, pp. 295—298. See also Walker, Helen M.: “ The Relation of Plana and Bravais to the 
Theory of Correlation,” Isis, Vol. x. No. 84,1926, pp. 466—484. 


8—2 
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a series of papers, from 1877, the ideas of regression and correlation. Dickson*, in 
1886, investigated mathematically the system of concentric ellipses that would 
correspond to the ellipses deduced by Galton in his study of “ Regression towards 
Mediocrity in Hereditary Stature ** (1886). 

2. Skew Univariate Distributions . At the time when Galton developed his theory 
of correlation, writers on mathematical statistics realised that the univariate normal 
law of De Moivre and Laplace could not be regarded as a universal law of frequency 
distribution; the presence of skewness in homogeneous material was certainly as 
common as that of normality. Attempts to describe analytically this skew variation, 
led up to the work of Gram, Thiele, Pearson, Edgeworth, Bruns, Charlier, and 
Kapteyn, to mention only the most prominent contributors. 

It would be superfluous to give here more than a short summary of these curves 
such as will be required for further reference. We may conveniently treat them 
under the following three divisions: 

(a) Pearson’s system of skew frequency curves derived from the generalised 
probability equation: 

1 dy __ x + a 
y'dx bQ + biX + bio?' 

(b) (i) Edgeworth’s generalised law of error, 

(ii) The Gram-Charlier Type A and Type B series; 

(c) The translated, or transformed, curves of Edgeworth, and of Galton and 
MacAlister, as treated by Pearson and Wicksell. 

Only (6) and (c) will be shortly discussed. 

( b ) (i) Edgeworth f deduces his generalised law of error from a consideration 
of a large number, n, of elemental frequency groups which satisfy certain conditions. 
The most important of these conditions are: that selections from different groups 
are independent of one another; that the chance of obtaining a particular magnitude 

from one group is independent of previous selections; that ~ v n is finite for all values 

a p 

of p in the elemental groups. On these assumptions the frequency locus of the 
aggregate formed, is found to be: 

-I* <** * * _ 

F(x)sae 8 1 A dx* ,<f)(jx), 

where tf> (x) — . e “ ***, 

=a V/9i, ki = j3% — 3, . 


* Galton, Francis: “Family Likeness in Stature.” With an appendix by J. D. Hamilton Dickson, 
Proc. Roy. Soc. Vol. xl. 1886, pp. 42—78. 

t “The Asymmetrical Probability Carve,” Phil . Mag . Vol. xlx. 1896, pp. 90—99; “The Law of 
Error,” Camh. Phil Trane . Vol. xx. 1906, pp. 86—66,118—141. 
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It is further shown that k p+t is of the order n~^ p , so that to an approximation of 


the order -: 
n 


■ kid 3 kid* 1/k 

j\ 2 

3! da? * 41 dal * + 2 \3 

1!/ ' dafi_ 


Introducing Pearson's definition of the tetrachoric functions, viz., 


we have from (1): 


si*) 


\/«!\ dti) n /27 t 


F(*) = n + VsWfr.u+ </&.(&-3).^ + ^.ft. t, .( 1 )«*. 

(b) (ii) Several other writers—Gram, Bruris, Charlier—have discussed a series 
almost identical with (1). Starting from the hypothesis of elementary errors, 
Charlier * deduces two forms of the frequency function, called by him Type A and 
Type B. Type A is an extension of the De Moivre-Laplace approximation to the 
binomial; Type B is an extension of the Poisson limit to the binomial. The 
transition from Type A to Type B cannot be expressed mathematically. Usually 
Type B is employed when there is a marked asymmetry, while for slightly asym¬ 
metrical curves the type can be determined only by trial. 

Type A. F («) - * (.) + Z(-1 )■■ 4 , 

where A s = \/fi 1 = \ a , A 4 = (fit - 3) = \ 4 , 

A s = /8 8 '-10\/fr = \ B , = 15ft + 30=X« + 10V, 


the Vs being the third, fourth, ... semi-invariants and fi 8 ' = /t 6 /u 6 . Expressed in 
terms of tetrachoric functions : 


F{x) = t x + Vf. V/Si.r 4 + .(/9 a -3 ).t 5 ..(2), 


up to moments of the fourth order only. 


The two approximations (l) &te and (2) are not quite identical. It is partly on 
this ground that Edgeworth f criticised the Gram-Charlier series as not being the 
true generalisation of Laplaces law of error. In a later paper CharlierJ has shown 


the order of magnitude of the coefficients A p 


^ to bo: 
p\ 


* “Uber das Fehlergesetz,” Arkiv for MatAstr. och Fysik, Bd. 2, No. 8,1905, pp. 1—9; “tiber 
die Darstellung willkiirlicher Funktionen,” Arkiv ft\r Mat., Astr. och Fysik, Bd. 2, No. 20, 1905, 
pp. 1—22; “ Die strenge Form dee Bernoulli’sohen Theorems,” Arkiv for Mat., Astr . och Fysik , Bd. 5, 
No. 16, 1909, pp. 1—22; “ Contributions to the Mathematical Theory of Statistics. 5. Frequency 
Curves of Type k in Heterograde Statistics,” Arkiv f'&r Mat., Astr. och Fysik , Bd. 9, No. 25, 1914, 
pp. 1-17. 

t “ On the Representation of Statistical Frequency by a Series,” Joum , Roy. Stat. Soc . Vol. lxx. 
1907, pp. 102—106. 

X “ Die strenge Form des Bernoulli’sohen Theorems,” Arkiv fir Mat., Astr. och Fysik, Bd. 5, No. 15, 
1909, pp. 1—22. 






114 


Skew Bivariate Frequency Surfaces 


A i is of the order of magnitude of —j= 


A t ' 

A e ' 

A,' 


1 

n 

1 

n 

1 

n \/n 


•(3). 


where n is the number of “error-sources.” It is further shown* that X* is of the 
order - a , so that 


A& 

6 ! 


= \ (|f) + term of order 


and hence to an approximation of the order -: 


F(x) = Ti 4- .($ 2 ~ 3 ).t 5 + t 7 , 

which is identical with (1)*™ In the paper just cited, Wicksell shows the orders 
of magnitude (3) not to be a necessary consequence of the hypothesis of elementary 
errors; they can be deduced only when the skewness of the error distributions is 
regarded as independent of n. The convergency of tetrachoric expansions has been 
discussed from a more practical point of view by Pearson f. He assigns definite 
values to fix and $ 2 and demonstrates that, unless the skewness be chiefly in 
the one direction or the other, any tetrachoric term in the series is not negligible 
as compared with those preceding it. A good illustration of the oscillatory nature 
of expansions in terms of tetrachoric functions and of their practical non-con- 
vergency, is provided in a paper by James Henderson J. Closely associated with 
the problem of convergency, is the appearance of negative frequencies in the tails 
of the curve and the impossibility of making the curve start at a fixed point. 
Although a fairly good description of the central part of the observations is likely 
to be obtained, the curve fails us almost entirely in the determination of the 
significance of outlying observations. 

For convenience we shall refer to equation (2) as Type Aa; to (1)*** as Type Ab; 
to both or either of the two as Type A. 

Type B. F(x) = k 0 . ** (x )-^ A** (x) +§? A 2 *,(*)--, 


where Ai/t a ( x ) = (x) - ^ (x -1), 

A (x) = (x) - 2\fr K (x-l) + (x - 2), 


* Wicksell, S. D.: “ The Correlation Function of Type A and the Regression of its Characteristics,” 
Kungl. Sv. Vet. Akad . Handl. Bd. 58, No. 8, 1917, pp. 1—48. 

f “ The Fifteen Constant Bivariate Frequency Surface,” Biometrika , VoL xvn. 1925, pp. 277—280. 

J “On Expansions in Tetraohorio Functions,” Biometrika , Yol. xiv. 1922—23, pp. 157—185. 
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and 


^ a ((c )« 


e~ K f 


+ir 


7 r 


Jo 


a \ COB 


. cob (X sin w — aw) dw 


e~ K . \ m 

S3 - 

in ! 


when x is a positive integer, m. 


The function (#) and the more general function 

b —^ r 

=- gXooew CQS ^ gjjj w _ ^ 

7T Jo 

have been introduced by Charlier* as continuous functions representing the Poisson 
exponential. Charlier confined his treatment to the function ^frx(x) and deter¬ 
mined the coefficients k by an approximate method. The more general function 
,(#) has been discussed by Jorgensen f. He finds the exact values of the 
coefficients and considers special cases of a linear transformation of the argument. 
The order of magnitude of the coefficients necessitates the use of an even number 
of terms in successive approximations to the series. 

Because of the theoretical and practical objections that can be adduced against 
the use of these continuous generating functions, I shall not give a detailed account 
of the Type B distribution. In a critical note on Jorgensen's proof of these functions 

Steffensen J has shown that the moment integrals ^(x).x^dx are divergent. 

J o 

Apart also from the negative frequencies that arise in applying the series, the 
curve assumes a sinusoidal form for fractional values of the variate: “ for brudne 
Vrerdier af Abscisserne svinger de i Virkeligheden sinusoideformet og giver for 
store Abscisser negative Ordinater, hvad der navnlig for X = ^ for negative Abscisser 
traeder staerkt frem§.” 

(c) The Method of Translation . Let r} = <f>(%) be the frequency curve of a 
hypothetical variate f. Replace f by a function f (x) of x, x being the quantity 
observed. If the areas between corresponding ordinates of the generating curve 
<f> (f) and the generated (“ translated curve F(x) are to remain unchanged, then 

y-F(x) = <f> [/ (#)] ./' (a:). 

By a suitable choice of <f> and /, the form of F(x) might be such as is commonly 
observed in practical statistics. 


# “Die Zweite Form dea Fehlergesetzes,” Arkiv flir Mat., Astr . och Fysik, Bd. 2, No. 16, 1906, 
pp. 1—8; “ Weiteres iiber das Fehlergesetz," Arkiv feir Mat., Astr . och Fysik, Bd. 4, No. 13, 1907, 
pp. 1—9. 

t “ Note sur la fonotion de repartition de Type B de M. Charlier,” Arkiv fdr Mat., Astr . och Fysik , 
Bd. 10, No. 16,1914, pp. 1—18; Unders+gelser over Frequensflader og Korrelation . Kobenhavn: Arnold 
Basok, 1916. 

X Svenska A ktuariefireningens Tidskrift, Nos. 4—5, 1916. See also Matematisk Iagttagelselare , 
Kobenhavn, 1923, p. 71. 

§ Jorgensen: loc. cit. p. 28. 
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(i) Edgeworth's Translated Curves *. Take <f> (f) to be the normal curve: 



Vff 


and consider the particular equation of translation: 

« = a(£ + fc£* + Xf) 

The ordinate of the translated curve is: 


(4). 


1 f* 1 

y ~*jv tr ■ «(i + m +axf) 


•( 5 ). 


and tlie rth moment about the origin—the median—is: 

M r ' - f +K y . a?dx = ~ [ + V (£ + k? + X?»y . e-**d£. 

J -00 VTT J -od 


From the moment coefficients about the mean, the constants a, &, and \ can be 
determined. The equations are: 

6 X + 3\ + 3 x a + 54 X X + 27X 2 + 135 x \ 2 + l.(6), 

-i(l + x + 3^ + ¥ X ' a ) a:3s0 J 

where X = /“A/8, t = i(A-3). 

The area subtended by the translated curve between any two values of x can 
be obtained, after solving the cubic (4), from tables of the normal probability 
integral. An ambiguity arises when the values of k and \ are such that for a 
certain range of x, the cubic has three real roots. The translated curve then loses 
its typical shape of rising continuously from a practically zero value to a maximum 
and falling at the same or at a different rate down to zero again. The singularities 
that occur are of two types. In Edgeworth’s terminology: there is a “ break ” if 


dx 

, the quadratic expression in the denominator of (5), becomes negative; there is 
a “stop” if the ordinate of the curve has a relative minimum value, that is to say, 
if has real roots other than the mode. After passing through the minimum 
value the curve ascends and ultimately changes abruptly from + oo to — oo at that 

. dtX . 

value of x which corresponds to a root of Edgeworth claimed that the 


method of translation is applicable especially to slightly and moderately abnormal 
curves; and he considered the construction as sufficiently accurate if no peculiarity 
occurs within a distance from the median of the translated curve corresponding to 
a distance of | £ | = 2 from the mean of the generating curve. The tail areas cut 
off outside this range of about 2*83 times the standard deviation of the normal 
curve from its mean amount to only about 5 per-mille of the total frequency, 


# Edgeworth’s papers on the mathematical representation of statistical data appeared chiefly in the 
Joum. Roy. Stat . Soc . For a complete bibliography see A. L. Bowley: “F. Y. Edgeworth’s Con¬ 
tributions to Mathematical Statistics,” London, 1928, Roy . Stat . Soc. 
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and are therefore practically insignificant as compared to the central portion of 
the curve. They are folded over or swung round, so to speak, in the process of 
translation, the central portion being extended or contracted according to the 
nature of the data. 

j 

Now will be positive for all values of | £ | from 0 to 2, provided &* < 9 (X + 3 *$)*. 

Also, the derived function 

1 dy -2[3X£* + 2*P + (3X + 1)£ + *] 
y’d? l+2A£ + 3X£ a 

equated to zero, will have no real root within the region |f| = 2 other than the 
mode, provided P < Xjp (X + These conditions, together with < 3\, form a 
lower boundary to the x> ^ field within which the method can be applied. By 
assuming /3% = 15 to be a fairly extreme case, Edgeworth obtained from the second 
of equations ( 6 ) an upper boundary to the x> X area which is to be searched for 
values of x an( l satisfying equations ( 6 ). Professor Bowley* utilised these 
conditions in constructing a table which shows the values of x and X to three 
decimal places for given fti/8 and e = ^ (/3% - 3) by intervals of - 01 . 

The portion of the &, & plane within which Edgeworths hypothesis holds 
good, subject to the conditions laid down above, extends upwards—towards higher 
j 8 ’s—from the broken line shown in Diagram ( 1 ). I obtained this locus by com¬ 
puting the values of £1 and & from equations ( 6 ) corresponding to the values of 
X and X which satisfy the lower boundary of the restricted X area. When the 
/ 8 's of an observed distribution lie in Pearson’s Type I area below the broken line, 
the translated curve will present singularities within a region of |£ | = 2 . 

To illustrate, not so much the application of the method as the nature of the 
singularities, I take the distribution of single births arranged according to the age 
of mother at birth of child (Table II, p. 153). The observed constants are : 

# 1 = *100,603, a = 3*083,148 (2-year unit), 

& « 2*430,327, N = 631,682. 

Using Diagram (1) we note that the ffs fall outside the limited area; hence at 
least one singularity within the range | f | = | V 2 f | = 2*83 is to be expected. 

The constants of the translated curve are: 


X = - *07659, k = *08746, a = 4*87522, 
Mean-Median = *21320. 


and 

N 1 

Hence: 1 3*44730 (1 + 12369?-*11488f 8 ) ’ 

where f = V 2 £, the origin of the curve being at the median. The curve fitted to 
the observed frequencies is shown in Diagram ( 2 ). 
doc 

The denominator, , becomes zero for fi = - 2*46076 and {*, = + 3*53749, 


* Loe. eit. pp. 128—128. The table must be entered with j3/8 and not with /9. 
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corresponding to ages of mother 18'7 and 47'1; the ordinate of the curve becomes 

• • • dx 

infinite at these two points. For values of | f | greater than fi and fa, jz. is negative 

(or, x decreases with increasing f) and we get the two lower (negative) branches 
shown in the figure. They both asymptote to the a?-axis as x -*■ ± oo, or as 
?-* + oo. 

The relative advantages and disadvantages of the method will be discussed 
more fully in a later section. 


Edgeworth’s Translated Curves tn Relation to the Rearson Types. 

A 


0*2 0*6 1-0 1*4 1*8 2*2 2*6 3*0 3*4 3-8 4*2 4*6 5*0 



Diagram (1). 
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Distribution or Stnole Births according to Aat or Mother at Birth or Child. 



(ii) Logarithmic Transformation. Galton* suggested in 1879 that in many 
vital phenomena the geometrical mean and not the arithmetical mean is likely to 
be the most probable value of the quantity measured. The corresponding law of 
frequency was deduced by MacAlister| in the same year. The fitting of the curve 
by the method of moments was discussed by Pearson J (1905) and more recently 
by J0rgensen§, Wicksell|| and several other writers. 

* “The Geometric Mean, in Vital and Social Statistics/’ Proc. Roy. Soc. Vol. xxix. 1879, 
pp. 865—867. 

t “The Law of the Geometric Mean,” Proc. Roy. Soc . Vol. xxix. 1879, pp. 867—376. 

X ‘“Das Fehlergesetz und seine Verallgemeinerongen duroh Fechner und Pearson.' A Rejoinder.” 
Biometrika , Vol. nr. 1905—1906, pp. 198—196. 

§ Loc. cit. pp. 47—49. 

|| “ On the Genetic Theory of Frequency," Arkiv fir Mat., Astr. och Fytik , Bd. 12, No. 20,1917, 
pp. 1—56. 
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Consider the normal curve: 


and transform it by writing: 


rj = •—=. . e 


■if 9 




loguai-l . 

8 . V 


.( 8 ). 


The resulting frequency curve is of the form: 

i -iO®?-')' 

y = y 0 .-.e v 1 .<. 

The pth moment about the start of the curve is given by : 

M p ' = [ y.xP.dx 

.'ft 

= y 0 .^.b.s.e h 'P + ^ g, P\ 
where logic e = 1/6. 

For the areas under the two curves to be equal, we must have: 

N 

V27T.6.S 

Hence: ^ 

Or, taking moments about the mean: 

Ma = e 2 M + tV t[e fc»»=_i] 

p 3 = e 3M+P 8 » 8 . - 3 . e b *‘ a + 2 ] -.(9). 

H = «4M+»V. _ 4 e 8 w + 6 . e b»« a _ 3] ; 

The following relations* hold between the fourth and lower order moments about 
the start: 

A*/. W)*-(/*•)* ) 

m/.(pi') 6 = W) 3 -M3' .'(10). 

(/*.')• W)* = W) 6 

If the observed distribution fixes its own start, then l and s can be determined 
from m' and fia • 


I 




(ii). 


In the majority of cases, however, it will be better to find the start of the curve 
from the moment coefficients about the mean. Let & be the distance between the 
start and mean of the curve, then from (9): 

.( 12 ), 

* For a more oomplete analysis of the range of applicability of this carve, see pp. 146—150. 
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from which ft is to be determined. Further: 

J = 2 log ft — J log (/*a 4- ft a )' 
6s a =21ogft-2i 

«log (fx 2 + ft 2 ) - 2 log ft J 

The possibility of extending this method to the Typo 
pointed out by Jorgensen and Wicksell in the papers cited. 


.(13). 

A series, has been 


3. Schols and Perozzo. To preserve completeness in the historical survey, as 
far as possible, it seems desirable before passing on to the extension of the uni¬ 
variate formulae to the problem of correlation, to give a brief account of Schols** 
treatment (1875) of errors in space, and of Perozzo’sf analysis (1882) of Italian 
marriage statistics. 

A full theory of errors of observations in space was for the first time worked 
out by Schols. He dealt generally with the principal axes of inertia, and showed 
that for the normal surface they were axes of independent probability. Generalising 
this it would signify that if z=^F(x f y) be the expression for the frequency surface, 
then by a rotation of axes it could be put into the form : 

•/*(/)• 

Sections parallel to the principal axes are thus not only similar but also similarly 
situated. Any justification for applying this idea to frequency surfaces in general 
necessarily rests on the geometrical analysis of observed data; Schols does not 
seem to have attempted this. 

Perozzo’s investigation is, as far as I am aware, the first attempt to analyse 
graphically a skew bivariate distribution and to give general formulae for its 
representation. From the table exhibiting the number of marriages contracted in 
Italy during the years 1878-79 Perozzo obtains the contours of equal probability; 
he points out that they are not concentric and are tending to symmetry with 
respect to one axis only. In other words, the normal surface—which at that time 
was of interest only in ballistics—no longer applies. As an approximation to the 
binomial Perozzo gives the asymmetrical curves: 


- __ ittiS-aaariaaar 8 -... 
Z 5=5 Zq . V 



Similarly for the asymmetrical surface 


and 


z = z 0 . Zq . e -*** 3 *^**-- 


JIT (r - (• - ^. 


# “ Thlorie des erreurs dans le plan et dans l’espaoe,” Ann. de l’£cole Polytechn. de Delft , 1886, 
pp. 128—175. Published in Dutch in the Verhandelingen van de Koninklijke Akademie van Weten* 
echappen , Deel 15, 1875, Amsterdam. 

t “ Nuove Applioazioni del Caloolo delle Probability,” Acta , Beale Accadmia dei Lined , 

1881—82, pp. 1—88. 
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Perozzo gives no underlying theoretical basis for these formulae, nor does he 
fit them to his observations. 


4. Double Hypergeometrical Series . After having discussed the development 
of his system of curves (1895), Pearson remarked that if material obeyed a 
law of skew distribution, the Galton-Dickson theory of correlation would have to 
be considerably modified. The curves of equal probability derived from the corre¬ 
lation of cards of the same suit in two players' hands at whist, and from the 
correlation of ages of husband and wife at marriage, indicated a distinct deviation 
from the ellipses of normal correlation. The analytical description of skew bivariate 
distributions thus claimed immediate attention. 


The idea of axes of independent probability marked the starting point of 
Pearson's researches on this problem. By an analysis such as that mentioned 
in the preceding paragraph, he was however able to convince himself that if 
principal inertial axes of the contour system existed, they were not axes of 
independent probability. The next step taken was an endeavour to extend the 
idea underlying his system of skew curves, i.e. to determine a family of surfaces 
from the two general differential equations to a certain double hypergeometrical 
series. These equations, as given by Rhodes*, were of the form: 

1 dz Cubic in x t y 
z'dx~ Quartic in x, y' 

1 dz _ Another cubic in x f y 
z ’ dy Same quartic in x, y 

Without limitation on the constants, however, integration was found to be im¬ 
possible. Special forms were thereafter considered by Pearson, Filon (1901) and 
Isserlis (1913), but these again led to surfaces of little value. In each case there 
existed a relation between the $’s of the two marginal distributions, while also 
the correlation could be expressed as a function of them. That these and similar 
restrictions upon the characteristics of the distribution could not load to satis¬ 
factory bivariate frequency surfaces, has over and over again been emphasised by 
Pearson. Freedom can be given to the variation of the characteristics only by 
having enough independent constants in the equation of the surface. The following 
surface is given by Pearsonf as one of those obtained by Filon and Isserlis: 


Here 


(2T(‘-£ 

fix >_+ 3 __ fip2 ~ h 3 
fiio + 4 $oi + 4' 



(14). 


± V / ( 


(ffi+ 1)(.P* +1) 


(Pi + ? + 2 ) (p* + 3 + 2 )' 

The marginal and array distributions are Pearson Type I curves. Regression and 
scedasticity are linear. 


* “On a Certain Skew Correlation Surface,” Biometrika , Vol. xiv. 1022—23, p. 336. 
t “ Notes on Skew Frequency Surfaces,” Biometrika, Vol. xt. 1923, pp. 224—230. 
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The fitting of data with a discontinuous double hypergeometrical series was 
accomplished by Isserlis* in 1914. The corresponding problem in probability may 
be stated as follows: 

Suppose a limited population of size N to contain m marked and N - m un¬ 
marked characters; a sample of n is drawn and not replaced; a second sample 
of n* is drawn. The chance of s marked characters in the first sample and s' in the 
second, is 

, ,_ n \n\ (N — n — n')\ ml (N — m)l _ 

8 ' s!$'!(w —s)!(n/ —s')!‘ N\ ’ (ra —*—«')! * (i\T—n—n'— 

.(15). 

Let — n « — ri = a', — m =• £, N — m — n — n f + 1 « 7 , then it can be shown that 


22^ ($, s') = 


(jftT — n — n')\ 

~~N\ 


(i\T — m)! 


(N —m — n — a ')! 


.F(a, a', £, 7, 1, 1), 


where F(a f a!, /3, 7 , x , y) denotes the double hypergeometrical series 


in which 


25 


«!«'! 7 *+«' 




+ 1 )(a ■+• 2 )... (tt + s — 1 ). 


Isserlis expresses the parameters n, n' f m and N in terms of moment and 
product-moment coefficients. He evaluates them for three numerical examples but 
to only one of the examples the equivalent series is fitted, namely, the distribution 
in 25,000 deals of trumps in the first two hands in whist with ordinary shuffling. 
The annexed photographs of the theoretical and observational surfaces superposed 
do not give us a clear idea of the goodness of fit It is however not likely to be 
very good: the experimental returns show too marked discrepancies from the 
theoretical frequencies computed from the double hypergeometrical series f. 

The range of applicability of the hypergeometrical was to some extent defined 
by Wicksell| (1917) when he showed that its regression curves are linear. In this 
connection it may be of interest to point out that while the discontinuous has 
linear regression, the two general differential equations (p. 122 ) lead to a surface 
with cubic regression §. 

Wicksell|| has further shown (1923) that the Type A and Type B series 
are analytical expressions for the representation of the hypergeometrical as well 


( The Application of Bolid Hypergeometrioal Series to Frequency Distributions in Space,” Phil. 
Mag . Vol. xxvm. 1914, pp. 879—403. 

f PearBon, Karl: “On a Certain Double Hypergeometrical Series and its Representation by Con¬ 
tinuous Frequency Surfaces,” Biometrika , Yol. xvi. 1924, p. 186. 

X “ The Application of Solid Hypergeometrioal Series to Frequency Distributions in Space,” Phil . 
Mag . Yol. xxxiv, 1917, pp. 889—894. 

§ Pearson, Karl: “Notes on Skew Frequency Surfaces,” Biometrika, Yol. xv. 1928, p. 222. 

|| “Contributions to the Analytical Theory of Sampling,” Arkivf&r Mat., Astr. och Fyitik , Bd. 17, 
No. 19, 1928. 
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as of the binomial. The double hypergeometrical leads to correlation functions 
of these two types. 

In 1924 Pearson returned to the representation of a double hypergeometrical 
series by continuous frequency surfaces. The regression and scedasticity* are Bhown 
to be linear and parabolic respectively; a symmetrical surfacef with similar 
forms for the regression and scedasticity is fitted to the special case of whist 
correlation: N 52, n = n' = 13; also the Filon-Isserlis surface is fitted. From 
a comparison of the marginal distributions and of the contours, neither of the 
two surfaces seems to be really adequate. 

5. Skew Correlation and Non-linear Regression. The preceding section clearly 
indicates that the earliest attempts at describing skew correlation, as based on the 
" correlation surface method/' were not very profitable. Recourse had therefore to 
be had to a more general method which would not involve any assumptions as to 
the form of the frequency distribution. In a paper on multiple correlation (1897) 
YuleJ showed that if the regression be linear, irrespective of the type of 
frequency surface, the multiple regression “ plane ” as reached by the method of 
least squares was identical in form with that flowing from a multiple normal 
surface. This method of approaching the problem of correlation, i.e. from the 
form of the regression curves, was extended by Pearson § (1905) to non-linear 
regression. 

Now while it is of great advantage that no assumptions as to the frequency 
distribution are made, this generality is, as has been pointed out by Pearson, 
also the chief defect of the method. Without some knowledge? of the array 
distributions the probability of an individual observation falling within certain 
limits as measured from the regression curves cannot be determined. 

The types of regression dealt with are: linear, parabolic, cubic and quartic. 
The parameters of these polynomials are expressed in terms of moments and 
product moments. Theoretically there is no limit to the order of the curve; in 
practice it depends largely on the rapidly increasing probable errors of the 
moments. The correlation ratio, rj, is introduced as a measure of relationship when 
the regression is not linear; the conceptions of scedasticity and clisy are formulated, 
and measures of their heterogeneity are given. Finally, the regression formulae are 
illustrated on four examples. 

A general method of determining the successive terms in a skew regression line 
was published by Pearson]) in 1921. The form of the regression curve is assumed 
to be 

V «/0) = «o^o + aifi + ... + (inir ni 

* See pp. 141—142 for the third and fourth array moments. 

t See p. 187. 

£ “ On the Signifioanoe of Bravais’ Formulae for Regression, etc., in the oase of Skew Correlation,” 
Proe . Roy. Soc . Vol. lx. 1896—97, pp. 477 — 489. 

§ “On the General Theory of Skew Correlation and Non-Linear Regression,” Drapers' Company 
Research Memoirs , Biometrio Series, n. 1905, pp. 1 — 54. 

|| “On a General Method of determining the Successive Terms in a Skew Regression Line,” 
Diometrika, VoL xm. 1920—21, pp, 296 — 800. 



8. J. Prktorius 


125 


where do, a t} ... a* are constants to be determined and the ^r’s form an orthogonal 
system of functions of x. The regression orthogonal functions up to the fourth 
order are obtained. 

The results of Pearson have been put into a still more general form by 
Neyman *. Certain results of the theory of continued fractions are used, but no 
appeal is made to their theory, nor to the theory of orthogonal functions. The 
nth order regression parabola is expressed in deberminantal form. 


6 . The Correlation Function of Type A . The surface whose sections parallel to 
the coordinate planes zx and zy are curves of Type A, has been discussed by Van 
der Stokf (1907-1908), CharlierJ (1914), J0rgensen§(1916), Wicksell|| (1917), and 
others on the Continent; in England by Edgeworth If (1896,1905,1917), Pearson ** 
(1925) and Rhodesff (1925). For brevity we shall adopt Jorgensen’s notation for 
this surface, viz. Type A A. Its general equation can be written in the form: 

*(**)-*(**)+ 22 (-lyn.fa.Zg&l] 

(p+q)&9 ox** .ay* 1 

where the generating function is the normal surface: 


f- 


.( 16 ). 


(*> y ) s 


-=^=r=r . e 


2tt Vl-r* 


fp— T) (*?-2rxy + y*) 


The various contributions may be dealt with as follows: (a) special forms Of F(x t y), 
(b) determination of the coefficients of the differential terms, (c) the partial moment 
curves, ( d ) the curves of equal probability, (e) applications. The marginal dis¬ 
tributions are identical with the Type A curves treated in Section 2. 

(a) Special forms of F(x y y). With the exception of Edgeworth and Van der 
Stok, all the authors mentioned above start with equation (16). The ensuing 
discussions of Charlier, Jorgensen and Pearson are confined to the approxi¬ 
mation 8 4(p -f#)<4 (Type AaAa); Wicksell discusses both this approximation 
and that given in Section 2 where all terms of the order 1/n are included (Type 
AbAb); Edgeworth extends his generalised law of error to two dimensions but 
considers thereafter terms involving moments up to the third order only, (p + q) = 3; 
this approximation is discussed more fully by Rhodes who applies it to the 
problem of ranks and grades. 

* “Further Notes on Non-Linear Regression,” Biometrika , Vol. xvm. 1926, pp. 257—262. 

f “On the Analysis of Frequency Curves according to a General Method,” Proc. Kon . Ah, v. Wet. 
(Amsterdam), 1907—1908, pp. 799—817. 

% “Contributions to the Mathematical Theory of Statistics. 6. The Correlation Function of Type A,” 
Arkiv f&r Mat. y Astr. och Fyeik , Bd. 9, No. 26, 1914, pp. 1—18. 

§ UndersftgeUer over Frequensflader og Korrelation. Kdbenhavn, 1916: Arnold Busok. 

|| 11 The Correlation Function of Type A, and the Regression of its Characteristics,” Kungl. Sv. Vet. 
Ahad, Handl . Bd. 68, No. 8, 1917, pp. 1—48. 

1 " The Compound Law of Error,” Phil . Mag . Vol. xli. 1896, pp. 207—215; “ The Law of Error,” 
Camb . Phil, Traru. Vol. xx. 1905, pp. 116—119; “On the Mathematical Representation of Statistical 
Data,” Joum. Roy. Stat. Soe . Vol. lxxx. 1917, pp. 266—288. 

** “The Fifteen Constant Bivariate Frequency Surface,” Biometrika , Vol. xvn. 1925, pp. 268—318. 

ft “ On a Skew Correlation Surface,” Biometrika , Vol. xvn. 1925, pp. 814—826. 

Biometrika xxxi 
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Van der Stok takes as generating function: 


and deduces the surface: 




-M*)*My) . an 


F,(; y)-M: »)+*. i• f + js ,<-1)^ ■ 


The only comment he makes on this surface is that by a rotation of axes the 
Uu-term can be made to vanish. 

Jorgensen observes that the general form (16) is not well adapted to numerical 
application; he thereupon turns to (17) and (18) where the variables and differential 
coefficients are separable. With tables of the normal curve and of its derivatives 
at hand, the arithmetical work can be greatly diminished. 

The fitting of equation (16) can be best performed after the differential 
functions have been expanded as a polynomial in x and y. In this form the surface 
is discussed by Pearson: 


F(x f y) « <f) (x, y) . [1 - do 4- a 2 x + a 2 y + b i# 2 + 2 b 2 xy + b*y 2 

+ Ci a? 3 + c 2 oPy + c s xy 2 + c 4 y 3 + d^ + d^aPy + 3 d B a?y 2 + d^xy* + d&y*]. . .(19). 


(fc) The coefficients in the different equations, as given by the respective writers, 
are as follows: 

Type AclA d. -dso — ( /3o > -d40^ (/40“* 3 

-d 2 i = 921, A 31 = q 3i — 3 r 

A 12 = qn > A 13 = 913 — 3 r \ .(20). 

Aqq = ^03, -do4 = ?04"”3 

A 22 = 922 — 1 — 2r a 


Type AbAb. The coefficients of the additional terms (p + q = 6) are : 

A' w = UA'n)\ A' oa-i^'os) 2 

A\i = -d'ao. A'21, A' u = A'03. A\ 2 

A'm** A'zq. A'i 2 + % (A'2l) 2 , -d / 24==-d , 03.-d / 21 + i(d. / X2) 2 

A'& = A'm . A/03 + A'21 >A'i 2 

where A’ vq = (-1)*+?. . 

Equdtion (18). Except for B22, the -B-coefficients are identical with the As: 

-#11 = qn 8=5 r > -#22 = ?22 — 1 .(22). 

Equdtion (19). Pearson gives the expressions for the coefficients a, b, c and d 
in the paper already cited. Because of their complexity I shall not re-write them. 

(c) The Pdrtidl Moment Curves. The regression and scedastic curves of 
Type AaAa are derived by Wicksell and Pearson. The third and fourth partial 
moments are found only by Wicksell; he hereupon treats the special forms all 
these moment curves will assume when the correlation is moderately skew. 
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Pearson’s forms are: 

Regression Curve of y on x: 

(y) = rx + .(23) 

Tl + . Vfro . T« + V A. fto - 3. T S 

s rx+ — 

Z X 

Scedastic Curve of y on x: 

<r*(y) = 1 -r® 

V2 [r(? 2 i - r V&q) - (gig - rg n )] t 2 + V6 [r (g 31 - ry3«) - j(g M -1 -fo^T)] r. 


A® 



The following form in which Wicksell writes these curves is certainly not as 
elegant as (23) and (24); the deviation from normality is obscured by not taking 
out the factors rx and 1 — r*: 


' _ rx rA ^30. J ? 4 (#) - . R 2 (x) - vA'^Rb (®) ~ A'si R s (x) /OKX 

where R 8 (x) is the Hermite Polynomial of the sth order. Wicksell develops the 
denominator of (25) as a power series in A'wRz(x) + ^' 40 ^ 4 (#), and neglects all 

terms whose coefficients are of an order less than n being the number of 

elementary “ error-sources/’ Arranging the resulting expression in powers of x, he 
finds the regression to be cubic. To the same degree of approximation the 
scedasticity is parabolic, the clisy linear and the kurtosis constant. The foregoing 
development is justifiable only for distributions of moderate skewness and within 
certain ranges from the mean. 

For Type AbAb Wicksell derives only the regression and scedastic curves. 
Jorgensen derives the regression and scedastic curves for the simplified 
form (18). 


(d) Curves of Equal Probability. In any correlation distribution, F(x, 3 /), the 
curves of equal probability are given by* 

z — F(x,y) — constant .(26). 

But more than often the form of F(x, y) is too complicated for these curves to be 
directly constructed. 

For the Type AaAa surface an approximate solution to (26) has been found by 
Wicksell+. Assuming the correlation to be moderately skew, he shows that in the 

* The curves so defined are, Btrictly speaking, ourves of equal ordinates, i.e. the contours of the 
surface. 

t 44 The Construction of the Curves of Equal Frequency in case of Type A Correlation,” Sv. Akt. 
Tidikr. Haft. 2—8, 1917, pp. 1—19. 

9—2 
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vicinity of the mode the curves of equal probability are ellipses, while further out 
they are disturbed ellipses. These outer “ ellipses ” can be constructed by making 
use of auxiliary circles; certain quantities expressed in terms of products of the 
Hermite Polynomials are to be added to the radii of the circles for the radii vectores 
of the required curves to be obtained. Tables are given for i2<(£i). Rj(vi)> where 
& and 7)i are the points of intersection of 24 radii vectores with circles whose radii 
correspond to definite values of z = F(x, y) = constant. 

A more detailed treatment or a restatement of the derived formulae seems to 
me not warranted. 

(e) Applications. The fitting of surface (18) is illustrated by Jorgensen on* one 
example. He first considers the possibility of making some of the higher coefficients 
in the expression negligibly small by a rotation of axes; the new axes are to 
coincide with the principal axes of inertia. However, in his particular illustration 
nothing is gained by such a transformation. The mid-ordinates of the frequency 
cells are calculated and compared with the observed frequencies. Even if allowance 
be made for the paucity of the observations we are bound to conclude, from an 
examination of the table, that the graduation is not at all satisfactory. 

Wicksell illustrates his method of approximating to the partial moment curves 
of the Type AaAa surface on four examples representative of moderately and of 
considerably skew correlation. Both regression curves are fitted for all four 
examples; the scedastic curves for two of the examples only. The range of applica¬ 
bility of the approximate formulae can to some extent he appreciated from the 
following values of fix and which I have evaluated for the marginal distributions 
corresponding to the instances where Wicksell replaces his cubic by the general 
regression curve (25): 

= *109) ft- 233) *829 

2-952J ’ /3* = 2-889r & = 4-863.” 

Hereafter, Wicksell fits his formulae to three of the examples given by Pearson 
in his memoir on skew correlation and non-linear regression. The diagrams given 
by Wicksell seem to indicate that his formulae, with moments up to the fourth 
order, give virtually as #ood a description of the observation points ad Pearsons 
formulae involving moments up to the sixth; also the arithmetic is far less. How¬ 
ever, not until we have more comparative results before us, will it be possible to 
vindicate the general use of these formulae. 

Pearson tests the value of “ The Fifteen Constant Surface ” (19) on two examples: 
the whist double hypergeometrical series, and the distribution of contemporaneous 
barometric heights at Southampton and Laudale. In both illustrations the theo¬ 
retical ordinates and frequencies are computed, and the contour lines are con¬ 
structed. A very close agreement is obtained between the mathematical surface 
and the double hypergeometrical. For the barometric data, due regard being paid 
to the r sparseness of the observations, the agreement is less satisfactory; the 
Goodness of Fit Test shows, however, that the graduation is better than that 
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obtained by Rhodes with his surface *; the regression curves fit the observation 
points very well, 

7. The Correlation Functions of Type B, and of Type A and Type J3. In his 
systematic treatise on frequency surfaces and correlation, 1916, Jorgensen discusses 
the following three types of surfaces: (i) Type AA; (ii) Type BB, where sections 
parallel to the coordinate planes zx and zy are curves of Type B; (iii) Type AB 
where sections parallel to the plane zx are curves of Type A and sections parallel 
to the plane zy are curves of Type B. 

Jorgensen takes the generating function of Type BB and of Type AB to be 

^ (x, y)^(x)x^(y) 
and yjr(x, y) * <f> (x) x £ (y) 

respectively, where <f>(x) and S-(#) are as defined in Section 2 , p. 115. The con¬ 
stants, regression and scedastic curves are determined for these simplified forms. 
No numerical illustrations are given. 


8 . Translation applied to Correlation. Edgeworth f. 

(a) Simple Translation. Let the generating surface bo 

l 


r=- 


i 


^,.e (1 -/<*) 


[e-mv+v*] 


.(27), 


.(28). 


TTs/l-R 2 

and the equations of translation: 

y = « 2(v +kiV 2 + ^iV*)‘ 

The constants are to* be determined separately for the two equations. 

Taking r to be the correlation coefficient between x and y, and R to be that 
between £ and 17 , Edgeworth finds 

r V/U 20 • ^02 = <h • Q* |jj" + ^ + ^ ^ + 6R 9 )J . 

If cubic terms in k and \ are neglected, then : 

R = r [1 + £ (\i 2 4- X 2 a ) + £ (h* + k 2 2 )] - k x k 2 r 2 - fXxXg • r* 

After f and 97 have been evaluated from (28) the cell frequencies can be found 
from (27) with the use of tables for the normal curve. 


(b) Composite Translation. Professor Bow ley % considers the case 
^ax^ + fc^ + Xxf+ 7l i7 2 ), 

y *<*2 (17 + hv 2 + + 72 £*), 

while Edgeworth omits Xi and X 2 . 

* See pp. 134-186. 

f “ On the Use of Analytical Geometry to represent Certain Kinds of Statistics,” Journ. Boy , Stat . 
Soc . Vbl. Lxxvn. 1914, pp. 888—862; Vol. nxxx. 1917, pp. 266—288. 

* % F, Y, Edgeworth's Contributions to Mathematical Statistics , Boy. Stat. Soc., London, 1928, 
pp. 79-81. 
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Fairly simple expressions can be found for k Xi k%> y x and 7 * if squared terms in 
the k , X and 7 are neglected, i.e. if the correlation be regarded as moderately skew. 
To solve the general moment equations involving these constants would be a 
severe task. 

Composite translation is necessary if the relations 

1 “ & ( 2 ?» • r + ?oa • r*)) .^29) 

+ ?so.r s )j V 

do not hold. 

Edgeworth states his views on the relative merits of simple and composite 
translation and of the generalised law of error in the concluding paragraph of his 
paper in J. S. S. f Yol. LXXX, 1917 : “The inadequacy of simple translation, the im¬ 
practicability of composite translation, constitutes an important point in the 
comparison between the use of the generalised law of error and the method of 
translation in two dimensions. The balance between the two methods is altered in 
one respect. Whereas in one dimension the generalised law is theoretically at 
least preferable for subnormal curves, while translation has the advantage of being 
applicable to abnormal cases, this advantage is greatly reduced in two dimensions, 
while that preference still subsists/* 

The results of both methods are illustrated on a few frequency groups. The 
agreement between theory and observation seems to be quite satisfactory; but 
whether the same degree of agreement holds throughout the surface, Edgeworth 
did not establish. 


9. Logarithmic Correlation. Wicksell. The method of logarithmic transforma¬ 
tion has been extended to correlation problems by Wicksell* (1917) in two 
successive papers. If log# and logy are assumed to be normally distributed, their 
correlation function will be 


F{x, y) 


.4 ('T '■') (S“=4)* Fpy] 

00,y 


The regression curves of this surface are however of a form one would not expect 
to observe in practice; they have (i) no inflexions, (ii) two points of intersection. 

In the second paper Wicksell assumes the distribution to be of the form 


where f = log i? = logy, and 
81 . 8 %. 27T v 1 — p* 


f<f, .)-♦«, 




.(30), 




(31). 


. * “On the Genetio Theory of Frequency,” ArkivfVr Mat., Attr. oeh Fy$ik, Bd. 12, No. 20, 1917 : 

“ On Logarithmic Correlation, with an Application to the Distribution of Ages at First Marriage,” 
Sv. Akt . Tidakr. Haft. 4, 1917, pp. 1—21. 
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(a) Determination of the constants in equation (30). The moments, M' pq , of x 
and y about the origin are given by: 


r' p ,= f + " e pb *.e' lbv .F(£, V )d?.d v , 

J —00 J — 00 


where b =. - - as before, 
log*) e 

Let the origin (&, rji) be so chosen that l?# and vanish; the expressions 
for the moments of the marginal distributions are then identical with those given 
on p. 120 . The expressions for the product moments about the origin are: 

li \ 

_ _ bl 1 + bl 2 ++ 

Pn = [1 — (Bn + B 12 )] • e 2 

2hl x + bl. 2 +\ (V + 4p»,. *■,+* a a ) 
p'n = [l-26*(2Bn+B ia )]. e 2 


fx 12 = [1 — 2£> s (Bzl 4- 2/?i 2 )] . e 


6?i +26^-4- ,r (*j 2 + 4tp*i • *a + 4* g 8 ) 


fi'ai ~ [1 — 36* (3/^21 + Bi*)] • e 


4 - g- (9sj 3 + 6 /Wj. * a + . 2 S ) 


...(32). 


2W a + 2W a + - j (4 #, 3 + 8 p*j. *,+4.2 s ) 


fi'tn = [1 — 86® (B n + B ia )]. e 

6 s 

M, + 36i a + y («j* f 6/w,. * 3 + 9» a a ) 

p'u - [1 - 36® (Bn + 3B„)]. e 2 J 

The origin (ft, 771) is to be determined from 

psoft 3 - 3 pa>ft 3 - p*> 3 — °) . 

h»Vi 3 ~ 3/J.otVi ~ Pot 3 = 

Further (x = 2 log ft -£ log (p* + ft 3 ) 1 

h = 2 log % -1 log (//<* + vi*) I .^g 4 \ 

W = log (/t*o + ft 3 ) - 2 log ft 
6s* 3 = log (pot + % a ) - 2 log i>! 


Write 


k'n - -t^V- = [1 — 6 * (Bn + B ia )]. ✓***■ 6 “ 
p 10 . 01 


= [1 - 26 8 (25* 4* 5 12 )]. e 

^ 20 • 01 

Pa = = [1 - 26® (B ai + 2B„)]. e‘ 

p 02 • M 10 


j 3*2 2> 3 


2p8 1 s^b 2 


and assume (6®B*x)® and (6®B 12 ) 3 to be negligibly small as compared with 1. 
Bu, Bn and p are then to bo found from , 

k'n - k'n 9 = « (2fcV - fc'n) + «(*'n 3 - *'a)' 

Jc' u - k'n 9 - « (t'u 3 - P«) + v ( 2 fc ' u 3 - k'n) [ (aft) 

_ log Pu — log (1 + u/2 + 1 >/ 2 ) j . v 

^ ~ 6. si. s* 

where u=* — 26®Bn and i> = — 26 3 B 1S . 
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The successful application of these formulae depends on the following con¬ 
ditions: (i) that terms of an order higher than the third in (30) may always 
be neglected when the origin is so chosen that 5os and J?ao vanish; (ii) that 
QPBnf and (b*B 12 ) 2 are negligibly small. If this condition be not fulfilled, 
equations (35) must be solved for B 2 1 , Big and p. Thus 

+ .(37) 

and two linear equations involving and Bn. 

The following identical relations between moments of the fourth order, about 
the origin, must be approximately fulfilled: * 

fi'm.W-Wu'r 

m'si • (/* lo) 6 • (/* oi ) 2 = O ii) 3 • (/Mo) 3 j-j _ + B n )f 

• (m'io) 4 • (/4i) 4 = (/Mi) 4 • /*'»• • -(38). 

* »• W• (mW = (Mil) 3 • (M'oa) 3 ^*^±*** 
m'w • (/oi) 8 = (fi 02) 8 

(6) The Marginal Distributions of the Surface . These are identical with the 
curves considered in Section C, 2, p. 120. 

(c) The Partial Moment Curves . Wicksell finds the expression for the sth 
moment curve of y on x about the origin (f x , rji) to be 

m/ (y) = m'o* • e xW • iog * - 7<,) . [A. w + A"> {log®-d<«'} + D t w (log *-<*<*>)*] 

t .(39). 

where 

A. 1 " -! + «(&.§), 7«*»=*(6/>.^.ii)+« 2 (ift 2 s*V a .(40). 

A'"' = - «* (& a . , do = h + a (b 8l 8 t p) 

(d) Illustration . The derived formulae are fitted to the marginal and regression 
curves for the age distribution of bachelors and spinsters married in Sweden, 
1901—10. The relative marginal frequencies and a diagram of the regression 
curves seem to indicate a fair agreement between theory and observation. 

10 . Steffensen’s Correlation Formulae *. To represent a slight degree of corre¬ 
lation, Steffensen (1922) writes the frequency function in the form: 

F (x, y) = kf x (x t y) x f % (x, y), 

which, for special values of the parameters, can be reduced to 

F(*,y) = kifi(x)xfi'(y). 

# ‘A Correlation Formula,’ Sk. Akt. Tidikr . 1922; Matematuk IagttageUelare , Kdbenhavn, 1928, 

pp. 106—182. 
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Suppose x and y to be linearly related, then 

F (x, y) « kf t (x + cy) x /»(y + yx) .(41) 

-*/i <£)*/, (?), 

where f-w + oyl . (42) 

y = y + 7 a: j 

Determination of the Constants in (41). Let c p ' and 7 / denote the moment 
coefficients of the functions f \(£) and f»(y) respectively; jipq the jsgth moment co¬ 
efficient of F(x, y ); the dashes are to be dropped when the origin is at the mean. 
Thus 


c p = Jp/i (?) df. 7 / = jV/» (7) 

y q -F(,n>, y) dxdy. 


The constants on which ft and / 2 depend are to be found in the usual way from 
the moments c p and y p . 

From transformation (42): 


Iff 1 (?)/• (v) d£.dy=jjfi(x + cy )./,(y + 7 ®) & 

=i //^ (*’ y ) • 1 1 _ °71 • d y> 


3f 817 
0 # ’ dx 
0 f 0 - 1 / 
ay’ 0 y 


i.e. A?«|l —cy| ..(43). 

Also JJ(£ + cy)P. ( y + 7 *)? . F (x, y) dxdy = c p ’. y q ' .(44). 

If the origin is assumed to be at the mean, it follows from (44) that 

Ci = /iio -f CfiQt — 0, 

71 38 7/*io 4- fioi 388 0, 

7 /i*o -f (1 4 C 7 ) fin 4- c/ioa = 0 .(45), 

7V30 4 7 (2 4- 07) /t£i 4- (1 4- 207) fin 4- Cfios == 01 
7/^30 4* (1 4* 207) /121 4* c (2 4- C7) /ij 2 4 c^Moa = 0 J 
Equations (45) and (46) are to be solved for c and 7 . 


Write 


7 

»» hoc »— ‘z ;- » — 1 . 

l+cy’ 1 + cy 

1 — Vi — 4 uv 1 — Vi — 4«t> 

whence --^- ’ -2«-‘ 

Substitute these expressions for c and 7 in (45) and (46): 

Ufit 0 4- v/ioa 4- /Au — 0.. 

Ufin 4 VfiQQ 4 ^12 = 01 
Ufin 4 Vfivt 4 fin « 0 J 


whence 


1 — Vl - 4wv 
C -- , 











134 


Skew Bivariate Frequency Surfaces 


Combine equations (48) by making 

(upn 4 v/i<B 4* Mia) 2 4 (up ao 4 vpu 4 Mai) a 
a minimum. This gives 

Moa = u (pm . Pn 4 pao . Mia) 4 t; (mos 2 4 Mi a 8 ) 4 M ia (/^ 4 Mm) 

Mao uipaf + pn 2 ) 4 v(Mos* Max 4 Mao. Mia) 4 Mai(Mao 4 Mia) .^ * 

From (47) and (49) c and 7 can now be easily determined. 

The moments c p and y p are obtained by expanding the binomial in ( 44 ). Thus 

V V (v “l) ^ 

Cp * Mpo 4 j-j.c. Pp-i, 1 4 . c 2 . Mi>-a, 2 4 ... 4 c p Mop 

l Asm 


7j> = 7 P /V + fj • 7 P_1 • AV-i, i + • 7 p_a • a +... + J 

Application . The method is illustrated on the example treated by Jorgensen 
for the simplified form of Type AaAa, equation (18). The moments c p and y p are 
evaluated; /81 and for each of the functions f\ and / 2 correspond approximately 
to a Pearson Type III curve. The resulting equation of the surface is of the form : 

z = ZQ.e~ d ' x ~ diV (l — a\x + biy)*' (1 — a 2 # + b^y)^ .(51). 

The cell mid-ordinates are computed and exhibited together with Jorgensens 
result. From an inspection of the table it is fairly obvious that Steffensen’s 
method gives the better graduation. Moreover, it does not give rise to the 
objectionable negative frequencies. 

11. Rhodes Surface* ( 1922). The equation f of the surface is 

* -«• (' -1 + !)' (> + f - ff .< 52 >. 


the mode being given by: 


_ x ,y 

a b 


1 + - y - 

1 + o' V 


PP ’ ( ab' a'b ) 
nnp' lp'\ ’ 

V a' + V) 

PP ' (ah' ~ 7 b) 
_ (Ip mp\ • 
\b + a) 


(a) Determination of the Constants in (52). By considering integrals of the 
form jj”. x l . y t# . dxdy and Rhodes finds the following equa¬ 

tions for the determination of 6 , <f>, X, 5 and 

* _4(** + X)F p _4(g 3 4X)» 


*(<f> 2 4X) 8 


«(^4X) 8 ’ 


* 14 On ft Certain Skew Correlation Surface,” Biometrika , Vol. xiv. 1922—28, pp. 885—877. 
t Equations (51) and (52) are of essentially the same form. Rhodes’ Surface can be obtained from the 
prodaot of two Pearson Type 111 curves by linear transformations of the arguments. 
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r = 


0<t> + \ 


Z0‘ 


N 1 X 1 prg' 


V(^+\)(</,«+x) ’ e +*. r («). r (/) ’ 

qn -r V0 1O _ 2 Vx <f>(l—<f >)j 

Vl~^ V* ' (4? +\)* 
gia — r V0 qi _ 2 Vx fl (1 — fl) 

Vl — r* Vs (0* + X)l< 


•(53), 


where 


flf 


&'p’ 


X = 


^ =i>+p' + 2, «'«p' + i, «=p+i. 

In the illustration one equation is formed from the two equations (53) so as not to 
give greater weight to one part of the table; but Rhodes does not tell us how he 
combines them. 

The following relations hold amongst the moments of the surface: 


? " v . \/3 = V20 w - 3/9io - 6 

vl -r 2 
c /13 ~ r V 0 oi 


Vl — r 2 


. V3 = V20o* - 3001- 6 


.(54). 


The distance of the mean from the mode is 


, i / _i_, 1 ) 

fil0 ~x[pb ,+ p , b)’ 

, 1/1 1 \ 
^ 01 i \ pa' p'a )' 


( 6 ) The Arrays of the Surface . The marginal and regression curves are expressed 
as infinite series: 
y-marginal curve: 

z _ c e ~Ku L«-1 _ ^ W B. (&!* L(L±D tt B + i _ 1 

Zy C ' e - L R + 2! -iJ.B + l" -J* 


Regression curve* ofx on y: 


/*»-«'(J- 1 )' 


o*' 0 B+X, o’+l 

R‘ S R< , ’ 


where 


1 1 ^ y 
u = a + a > + Xy ' 

S H + 1 , ,+i - w B - aa'Z. jpii. u*+ l +. „. 

* It oan be easily shown that also the scedastio, elitio and kartie carves are in the form of infinite 
series. 
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(c) Application. The results of the theory are illustrated on the distribution 
of barometric heights at Laudale and Southampton. The cell mid-ordinates and 
frequencies are computed, and the Goodness of Fit Test is applied to the whole 
surface as well as to the marginal totals*. 


12. Narumi 8+ System of Frequency Surfaces (1923). Narumi starts his in¬ 
vestigation on bivariate frequency surfaces from a consideration of the regression 
and scedastic curves. The regression curve need not be restricted to the curve of 
means ; it can be any series of points defined in the same manner for qach array. 


Let #=/i(y) and y =/*(#) be the two regression curves^ and let -™~T-r and 

\V) 

js-.-r be the scales of measurement which will reduce the system to complete 
U%\pc) 

homoscedasticity. Then the most general functional equation to the frequency 
surface will be 


z =<t>i(y) [{« -My)) My)] = <t>2 (®) [{y -/* («)} (*)]• 

The corresponding surfaces are determined for definite forms of /i(y),/a(#), F\(y) 
and Ft(x). 

The array distributions reduced to the regression curve as origin and reduced in 
scale owing to the heteroscedasticity, are similar and similarly situated curves. 
According to Narumi there is physically much to uphold this conception of the 
similarity of parallel arrays. 

The most interesting cases considered are: 

(i) Homoscedasticity and linear regression both ways normal surface; 

(ii) Scedasticity and regression linear both ways -► Filon-Isserlis surface; 

(iii) Scedastic and regression curves equilateral hyperbolae both ways 

z =* z 0 {x *f fi) yi (y + # 2 ) 7a . e y ; 

the arrays are Pearson Type III curves; 

(iv) Parabolic variance and linear regression -► Pearson non-skew surface (see 
next section). 

13. Pearson'st Non-Skew Frequency Surfaces (1923). An investigation by 


* I would like to draw attention to the faot that by reducing the number, of frequency groups in 
a bivariate distribution to about 25 broad groups and then applying the P, % 9 Goodness of Fit Test, we 
are likely to get almost any value for P. Where a single surface has been fitted to an observed distribution 
too much significance should not be attached to the corresponding value of P in judging the 
descriptive power of that surface. We really want more comparative results: different equations fitted to 
the same observed distribution, the grouping not being altered throughout the investigation. The P’s 
will then enable ns to arrange the equations in order of merit as to their successful representation of the 
data. A comparison of this nature has been made by Pearson between “ The Fifteen Constant Surface ” 
and Rhodes’ surface (see p. 128), and also between the Filon-Isserlis surface and the symmetrical surface 
described on p. 187 (see p. 124). 

f “ On the General Forms of Bivariate Frequency Distributions which are Mathematically Possible 
when Regression and Variation are subjected to Limiting Conditions,” Biometoika , Vol. xv. 1923, 
pp. 77—88, 209—221. 

$ “ Non-Skew Frequency Surfaoes,” Bimetrika , Vol. xv. 1928, pp. 281—244. 
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Pearson on the range of frequency surfaces .which would have symmetrical marginal 
distributions, led to the surface 

. N n-1 1 

;x 


2 tt . <t\ . o’*. V 1 — r* n — 2 

3(&o-2) 


3 


where 

i.e. ^90 ~ $«• 

x-marginal distribution is 
N 1 


’ I , . 1 I T& 2 rxy y % \~| n 

L + 2 (n - 2) • 1 - r» W *.VJ 

3 (ft*-2) 


(55), 


= 7i * 


$02 3 


<£l (#) 1 


I>-*) 


V27r.cn Vn-2* T(n — 1)* [' _1 ^T“ 4 

2 (?i — 2 ) * cn a J 


The surface has double linear regression and double parabolic variance. It has 
been shown later by Narumi that no other surface than Pearson’s has these forms 
of regression and scedasticity combined (see previous sectior^). 

Regression curve of x on y: 


Hi(as)=*-r. — ,y. 

<r 2 


fl+- ( 

1-1^1 

1 2 »i + 3 V 

*,■/) 


Scedastic curve of x on y: 


When ft* = 3, (55) reduces to the normal surface. 

A number of special cases are considered when ft* < 3: 

(i) n — 1, fta = 2 25 : (55) -*■ upper portion of a paraboloid; 

(ii) n = \, ft* = 2'1429 : (55) -+• upper half of an ellipsoid; 

(iii) n = 0, fta = 2'000: (55) -► elliptic cylinder; 

(iv) 0 >«>-£, 2 >fta>l'8: (55) -► surface is cup-shaped; marginal totals 

are rectangles when ft* = 18 ; 

(v) —\>n^-\, 1'8 >fta> 1'6: (55)-► also the marginal totals are now 

U-Bhaped. 

14. The Dissection of Frequency Surfaces. In Medd. fran Lunds Astr. Obs., 
Ser. 2 , No. 9 , Charlier has dealt with the dissection of a bivariate distribution into 
two normal components with zero correlation: 

1 r(* - m,)*+(i i- «,)*n 

♦><*») “s^-* " L • 


V 


ir(*-V+(.v- 


i[ 




and 

The dissection into normal components with elliptical contours having their 
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principal axes parallel to the coordinate axes, has been treated by Akesson*; 
the quite general case of normal components with any direction of principal axes 
has been discussed by Charlier and Wicksellf. Here 


<f>i («. y) = 


Zo 


<h 0 > y) = - 


__ ___ 

2ir. <T\. ex Vl — r 2 


-=-=. e 


2tt . gt 2 . a2 Vl — r*' 2 


In this last paper general equations are given for the foments of a bivariate 
distribution in terms of the moments of any two components. The case of normal 
components is then worked out fully. For the moment coefficients up to the 
fourth order fifteen equations are obtained involving the twelve unknowns. There 
are thus certain identical relations between the moments; and these may be 
regarded as criteria for dissecting the distribution into two normal components. 

The determination of the unknowns is shown to depend on the solution of 
equations of an order not higher than the third. Some special cases, for which the 
general analysis is not valid, are treated separately. 


15. 1 Mutually Consistent Multiple Regression Surfaces .’ Camp\ (1925). The 
object of Professor Camps study is to determine what forms of the regression 
surfaces and of the total regressions are mathematically consistent with one 
another; arbitrary forms for the regression surfaces may not be combined with 
arbitrary forms for the total regressions. 

He confines his study to trivariate distributions and assumes the regression 
surfaces to be polynomials of the second or higher order. These simple assumptions 
generally lead to total regressions of the form: 

__ polynomial in x 
y polynomial in x * 

E.g. Let the regression of z on x, y be: 

g («i y) = a + ty + cx + dxy t 

i.e. all the partial regressions linear, then the regression of z on x is of the form : 

parabola in x 
parabola in x ’ 

If g (x, y) = a + by + cx 4- dxy + ea?+ fya?, 

x cubic in x 

then a (x) = — r -— : — . 

cubic in x 


a(x)* 


The first of these expressions for g (x 9 y) is subjected to a detailed treatment, 
as it is of the form assumed by Isserlis in his paper on the partial correlation ratio. 
* “ On the Dissection of Correlation Surfaces,” Arkivfdr 3fat., 4*tr. och Fysik , Bd. 11, No. 16,1916, 

pp. 1—16. 

t “ On the Dissection of Frequency Functions,” Afkivfdr Mat ., Attr. och Fytik t Bd. 18, No. 6, 1928, 
pp. 1—64. 

t Biometrika , Vol. xvn. 1925, pp. 448—458. 
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16, “On Treating Skew Correlation” Van Uven* (1925—29). The method 
followed by Van Uven in analysing skew correlation is equivalent to the principle 
of translation underlying the frequency curves of Edgeworth and of Kapteyn, viz, 
if x be the directly observed quantity, to find that function f(x) of x which 
will be normally distributed. Whereas Edgeworth and Kapteyn assumed definite 
forms for f(x ), Van Uvenf has developed a scheme for determining / (x) graphically. 
This method is now extended to the treatment of correlation. 


If the observed variates, x and y, are not normally correlated, the problem is 
to construct two functions t and t f of x and y which will follow the normal law 
and which will give as high a measure as possible of the correlation between x 
and y . Each of the new variables may involve both x and y, but it is generally 
possible, with the use of certain transformations, to express t (or t') as a function 
only of x (or only of y). 

Let Xp-hi 2 and y^/a be the mid-points of the pth #-array of y 9 s and of the jth 
y-array of xs respectively; h and k the grouping units of x and y; and suppose 
p to vary from 1 to ?i, q from 1 to n\ Then in our usual notation: 

n' n 

n Xp =* 2 n x p y q , ? l y q = X n x p y q * 
q—l p-1 


71 71 

The relative frequencies of the x- and y-marginal totals will be -J? and 

71 7t 

respectively; those of the x p - and y 7 -arrays will be and respectively. 


% n v * 

Assume x and y, measured in terms of their standard deviations, to be normally 
distributed, i.e. _ 

d<f> = .e~i (*'- 2r *y+y*)'dx. dy. 


Write Vl — r*. x = z and y - rx — then 

d<f> = —L= .e~^ 2 .ck x -rLr du.dv, 
V2tt V2 t r 


where u = 0(z)*=~-Lr [ e * w2 .dw, and v-0 (£) = —-_[* e~^ w *.dw. 
vZttJ -*> \2ttJ -® 

Similarly, by writing Vl — r a . y = / and x - ry = %\ we get 

d<f> = x -yi ~. e~ \ d£' = du'. dv*, 

r V2 tt V2t r 

where 


* Proc. Kon. Ak. v. Wet. (Amsterdam), Vol. xxvm. Noe. 8—9, 1925, pp. 797—811; No. 10, pp. 919— 
936; Vol. xxix. No. 4, 1926, pp. 580—590; Vol. xxxn. No. 4, 1929, pp. 408—418; see also ^‘Skew 
Correlation between three and more Variables,” Proc. Kon. Ak. v . Wet. Vol. xxxn. No. 6, 1929, 
pp. 798—807; No. 7, pp. 995—1007; No. 8, pp. 1086—1108. 

t Kapteyn, J. C. and Van Uven, M. J.: Skew Frequency Curvet in Biology and Statistics. 2nd Paper. 
Groningen, 1916, pp. 80—58. 
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It is easily seen that: 


* ( *>-75r 


I n«, 

i=l _ 

' ~ 'N ’ 


a ( y \ 1 

, si _ 

*“ d .. 


2 —' *%vq 

e~^ w .dw-*— — (approximately), 


e-* w \dw = '~> -( 


The conditions for normal correlation are: that the sets of values of the functions 


z (x), z 9 (y\ £ (#> y) and f 9 (x, y) obtained from these equations, have to satisfy 
linear relations: 

z = ax + b, f = a 9 x -f b 9 y + c', etc. 

If x and y follow a law of skew variation, two new variables t and t 9 are intro¬ 
duced as functions of z t /, f and £'—and thus as functions of x and y —to reduce 
the correlation to normality. 


The method is illustrated on the correlation of height and volume of djati 
trees—a distribution that tends to be t/-shaped in the one direction and thus 
representative of extremely skew correlation. The total number of observations is 
916. The correlation is found to be *948 as against *831 calculated by the product- 
moment method. I find the values of the correlation ratios to be in fair agreement 
with the value of the relationship found by Van Uven; they are* Vyx^ *916 and 
Vxy — ’938, where x is the height and y the volume of the trees. No general 
conclusions can be drawn from this one example, but, on grounds of the agreement 
obtained, I think that the relatively small amount of labour demanded by the 
correlation ratio method in comparison with that involved in the application of 
Van Uven’s method, is sufficient to establish, in the absence of further illustrations, 
the superiority of that method. 


II. 

D. Further Analysis of Some of the Proposed Constructions. 

1. The Array Moments of a Certain Double Hypergeometiical Series . Let us 
consider the case of composite sampling specified on p. 123. It-was stated there 
that the chance of s marked characters being drawn in the first sample and s 9 in 
the second, is 

, _ nl ri\ _ (N — n — n 9 )\ ml _ (N — m)\ 

z \ 8 > 8 ) 8 j 8 t | ( w _ j) i (^' _ j') i • if j * ( m — 8 — 8 9 )! * (N — n — n 9 - m + s + s 9 ) 1 

.(56). 

* No corrections for grouping or abruptness have been applied. 
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We have further, that the actual distribution of the terms of an array of second 
samples corresponding to a definite number 8 of marked characters in the first 
sample, is given by* 

N-n — \ — (m — s) N-n-n' + 1 -(m-s) 

N-n * N — n — 1 N—n — n' + 1 


I i , / VI —8 

x I 1 + n . AT —-— -- 

N — n — n 4 * 1 — (m — s) 

n' (n' — 1 ) __ (m — s) (m — s — 1 ) 

+ 2 ! (-AT - n — n' + l —(m — s))(N — n — n' + 2 — (m — 8))^ *” 

ri\ (m — s)(m — — s — 2 )... (ra -$ — «' +1) 1 

/1 (n' — s') 1‘ (N — n - n' + 1 - (m- s)) ... (JV — n — n' + s' - (rn -*)) + ”j 

.(57). 

Write a =s — n', f3 — — (m — s), y = N—n — n' + l—(m — s); (57) is then seen to be 
the hypergeometrical scries F(a, j3 } 7 , 1 ). 

From the usual formulae for the moments of a hypergeometrical series, the 
moments of (57) can be readily written down and these will furnish us with the 
required expressions for the array moments. 

Pearson finds the regression and scedasticity to be 


1V (*') = "' 


VI— 8 

N^n 


and 


, N-n-n' [1 (m-s l\ a l . . 

v * (s > =M • y- w ~T • [4~ \W=n~ 2) J ros P ectlvely - 


The third array moment is given by 

, N — n — ri f N—n — 2n 9 m — s 


1'3 


, , N — n — n' N—n — 2n' m-s / m-s\ / 2(m — s)\ 

(* ) - » • i\T—n —I ‘ N^nT-2 ’ N-n\ N- a) A N-n ) 


N - n — 2n' 


Hence 


N-n-2 

N — n — 2n'\ 2 


N-n -1 


o V(#') _ (N-n - 2nV A' — n —1 I_<£-»£_1 

' Vi*(s') \ N— n - 2 J ' n'(N — n—n')'i(m —s)(N-n-{m —e)) J 

.(58). 

The fourth array moment is 

/ , , N — n — n' m — s r»-#\ T.. 6 (w' —1)(JV —n —n'— 1) 

v *( s ) = n • N~-^l‘in^i-{ l ~N^n)-[ l (N-n- 2) (AT— n — 3) 

„, , m — s /, m-s\ rt'-l /n'-lO, 9 \H 

+ 3 (« N—n — 2\n' — 2 + .y-n-3)lj 

f G (n' - l)( A r - »-n'~ 1 ) „ , , ox 

""*(*) [ 1_ (N-n-2){N-n-3) +3( 1) n , {N-n-n!y v * { ' 8) 


fi ^ , - 1 _£_\ll 

l 1 iV—n — 2 \re' — 2 ^ AT — n — 3/j J ’ 


* Pearson, Karl: •• On a Certain Double Hypergeometrical Series and its Representation by Con¬ 
tinuous Frequency Surfaces,” Biometrika , Vol. xvi. 1924, p. 175. 

Biometrika xxn 10 
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N—n — 1 


v f ( S >) - n '(N-n-2){N-n-a){N-n- ri) 

j^3 {»' (N — n — ri) (JV—» + 6 ) — 2 (N — »)*} 

(N- ri? {(N — n) (N - n - 6 n ' + l) + 6 n /a } ~| 

(m — «) (N — n — (m — «)) J .^ ' 

The relation between 8i(s') and fit (s') can be obtained from equations (58) and (59). 
After some reductions I find it to be > 

o ( j\, _ (N- n -S)(N- n - 2n ' ) 2 _, , 

P lK ) + (N - n- 2) \(N -n) (fin' - N + n - 1) - 6 w'*} v ' 


(JV - n - 1) ( N - n - 2n' f j3n ,a ^ (Nj-n) (W - 2)) _ 
rt' (i\f — w — 2 ) (A — n — n') {(N — n) (N —n — 6 n' + 1 ) + bw' a J ’ 
Accordingly, / 3 i and /9 2 of the arrays lie on a straight line in the / 3 -diagram; 
the curves of both fii (s') and fit (s') are U-shaped. Of course only a portion of 
these curves may correspond to appropriate values of s. 

As an example we shall consider the case of whist correlation. Putting 
N = 52, n = n' =m = 13, we get: 

vt (s') = - f fr (13 — a) (26 + s), 

o./j\— (13+ 2s) /cu\w« 


fil (s') = 


( 111 ) 2 . J/ 2 (s') 


/9 2 (s') = 3-081,081- 


•351,351 


.(58)““, 

.(59)''“, 


- /v ...> 

^2 V# ) 

Si (#') + *351,851 &(*') - 1027,027 = 0 .(60)“*. 

r rhe curves (58)*™, (59)*™, (00)*™ are shown in the accompanying diagram (p. 143). 
As 6 * increases from 0 to 12 , Si (s') increases from *007 to *500 and @ 2 ( 8 ') decreases 
from 2*903 to 1*500; the rate of increase or decrease being small for low values of s. 
The diagram besides being instructive as to the form of the ^-curves, shows why the 
Filon-Isserlis surface and the Pearson non-skew surface were found inadequate to 
represent the double hypergeomotrical series *. Both these surfaces have similar 
parallel sections. 

2 . The Third and Fourth Partial Moments of the Type AaAa Surface . The 
equation of the surface can be written in the form 

z — Z — \ [t/ao^ao + 8 ( 721^21 4“ 39 i 2 ^ia 4 # 03 ^ 03 ] 

+ -BaoAo 4 * Qai^ai 4 - 3 Q 22^22 4 - Qi 8 ^ia 4 - £02^04 .( 61 ), 


where 


.0 2(1 -r*) 


(x*-2rxy +y a ) 


= ifa (Sm - 3), 


2flVl — r 2 

^ w,n 5=5 do^^dy n ’ = ^ (Ao - 3)» 

Oai = J (?ai - 3r), Q 22 = tV (922 — 1 — 2r s ), etc. 

* See p. 124. See remarks, Biometrika , Vol. xvi. p. 185. 
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The regression and scedastic curves of (61) have been dealt with in Section C, 6. 
The third and fourth partial moments will now be considered, firstly about the 
mean of the surface and then about the regression curve as origin. These moments 
have, in fact, been found before*, but not about the line of means. Moreover, the 
expressions can be put into forms much simpler than those given by Wicksell. It 
will thus be possible to perform the numerical applications more readily. 



The following results are restated as we shall have to refer to them later on. 

y-marginal Curve: _ 

Zy~Ti + \/§.*r@o 1. T4+ 3) r 8 

=5 Ti 4* &4T4 + & 5 T 5 .(62). 

* See p. 126. 


10—2 
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Regression Curve of x on y: 


fii (x) = rg + 


~ry + 


V $ (g u - r V'/got) t 8 + Vf (qi3 - rffpg) t« 

&8T 8 + 6 4 T 4 


= ry + ‘^. 

If 

Scedastic Curve of x on y : 

M®) = (1 -»•*) ' 

V21> (712 - r - (r/ a - n/ 12 )1 r 2 + V6 [r(y 13 - r/8o*) - | (</m - 1 - if (Rot - 1 ))] t 8 


g (l_r»)- Ca T 3 + c» T » 

Zy \ Zy / 


-£)‘ 


(i) The third partial Moment. 

Write [ Zdx — . e ~ ^ yl = v (say), 4“ (y) = iv 

J -oo V 27 T ay* 

r +oo 

Consider the integral I 2 :. a^da; ~z y .fis (tv). 

J — CO 

We have [ i?. a, 3 da; = -y [V 3 (y 3 — 3y) + 3ry], 

J -CD 

[ Zw.u?dx= — Gy, f Zm.ar*dx= — 6vr(y 2 ~-l), 

J -CD J —CO 

( ^ 12 . = - 3® [r 2 (y 4 - 6 y* + 3) + (f - 1)], 

J —CD 

f Zoa . a; 3 da? = v a [ 1 * (y 3 - 3y) -f 3ry] + 9 rv 2 [r 2 (y a - 1) + 1] 4- 6r*v [1 — Sy 2 ], 

J —00 

f Z m .a?dx — 0, f Z 31 .x 3 dx = 6vy t 

J -CO J —oo 

r +oo 

I Z &. oPdx * 6rv (y 3 — 3y), 

J -CO 

[ Z n . a; 3 da? = 3y [(y 3 — 3y) (1 — r 2 + t^y 2 ) - Gr^y (y a — 1) + Cyr 2 ], 

J -00 

J Z M . u?dx — v t [r® (if — Sy) + 3 ry] +12® 8 r [r* (f —1)+1] + 3 6®*r*y—24®r*y. 

Accordingly: 

m’ (x) - 3 (1 - r* + rV) A v -3ryB y + [r 3 (y 3 - 3y) + 3ry] 

+ «[% (Qn - 6rQ M + 3^$^ - 4r®.Bo*) +'/&v>-r a \/& 01 -3r (q a - rju)]. 
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Using the expressions for /V (as) and /ii (as), we get 
/it (as )= r * 3 ^ 01 ~ ~ r ?n)] T i+6 ^ [Q a i ~ ® r Qn 4 — 4r 8 ^m)T » 

+8 (t)(t) +2 (t)‘ 

= ^TlJl*? 2 ! 2 + 3 (4^ f?v^j + 2 (4-vJ .(65) 

“(|) + 3 (t)(f) + 2 (t)’- 

(ii) The fourth partial Moment 


Consider the integral 
* +® 


We have 

' -foo 


f +00 

z.a?dx = Zy.fii (x). 

J —00 

f + “ Z. a*da: - v [3 (1 - r 2 ) 2 + 6r 2 (1 - r % ) y 2 + *V], 

J —OD 


r +® 
J -oo 


^40 . x*dx = 24?;, 


• / 


+ 00 


[ J?ao • «i ' 4 da =* — 24r ry, f Z t i.atdx = -12v[y + r*(y 3 -3y)], 

J —00 J -00 

( Z u .aAdx*= — 4[t > 2 jr*(y 3 -3y) + 3ry} + 6 «ir {^(y 2 - 1 ) + 1 } + 6 t))-®y], 

J - 00 

J Zos. = «* [3 (1 — r 2 ) 2 + fir 2 (1 - r 2 ) y 2 4- ^y 4 ] + 12t>*r [r* (y 3 - 3y) + 3ry] 

+ 36i’ 1 7- 2 [r 2 (y 2 — 1) +1] + 24w*y, 

Zsi .aJ*dx = 24 w (y 2 — 1), 

[ Zt 2 .a?dx = 12v[r a (y 4 -6y a + 3) + (y s -l)], 

J —00 

f + Z 13 . = - 4 [»3 Jr* (y 3 - 3y) + 3ry} + 9u 2 r {r 2 (y 2 -1) + 1} - 1 Hvr^y* + fivr 3 ], 

J -00 

J + Z M . as*dos = t > 4 [3 (1 — r 2 ) 2 + fir 2 (1 — r 2 ) y 2 4 - r*y 4 ] + 16r s r [r 3 (y 3 — 3y) + 3ry] 

+ 72r 2 r* [r 2 (y 2 — 1 ) + 1 ] — 96vr 4 y 2 + 24vr*. 

Combining these expressions, we get 

z y . m' (x) = [3(1- r 2 ) 2 + fir 2 (1 - r 2 ) y 2 + r*y*] z„ + 4 [r 3 (y 3 - 3y) -f 3ry] A y 

- G [r 2 (y 2 -1) + 1] + 4ry. C y + [(ft, - 3) (1 - 4r 2 ) - 3r 4 (/3 W - 3) 

+ 6 r® (qtt -.1 - 2r 2 ) - 4r (q 3 i - rftn) - 4r* (y J3 - r/Sos)]. 

Hence, if the regression curve be the origin : 

[(£*,- 3) (1 - 4r») - 3r* (ft, - 3) + 6 r 2 (q u - 1 - 2r*)) 

Tl ( 




- 4r (q n - rftp) - 4r 3 (y 13 - rft*)] • 


f 

= 3 (1 — r 2 ) 2 4- ■ - 

- 6 f -A* (~A - 3 ( A A* .(66). 

\z v / \z v / \Zy' 
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This can be written as 

where D y = g X Ti. 

From equations (64), (65) and (66) the clitic and kurtic curves can be obtained. 

3. The Logarithmically Transformed Normal Curve*. The object of this section 
is to analyse more fully the relations between the fourth and lower moment 
coefficients of the curve: 

1 /log m > 

8 

. B 

X 

We have from p. 120: 

*+lw, 

. [e W* _ 4^* + 6e *V _ 8] . 

The mode of (67) is given by 

^modo " : e ' 

, 6 V . 


1 '2 


.(67). 




Write 

then: 


Skewness = x = 


Mean — Mode 


l-x-n 


Vx-i 


1 - 


.( 68 ). 


Standard Deviation 
A»X*(X + 8)-4 
^ ^ / 8 2 — 3 = \ 2 (\ 2 -f 2 \ + 3 ) - 6 

Differentiating we find it has a maximum value for A. = 1*7201 which gives 
Xmax — *6561. The skewness of the curve therefore ranges from 0 to *6561. 


* After I had completed the analysis of this section a paper by G. R. Davies on “ The Analysis 
of Frequency Distributions ” appeared in the Joum. Am. Stat. Ass. December, 1929. The author refers 
therein to a study by himself on “The Logarithmic Curve of Distribution” in the same Journal, 
December, 1925—a study of which I had been unaware. 

In the first of these papers the parameters corresponding to our l and 8 , are found from the mean 
and standard deviation computed by replacing the class marks by their logarithms. In the second paper 
the quartile dispersion is adopted as the basis of the method of fitting. Two illustrations of the 
application of this method are given; the total number of observations being 10 and 82. I have not had 
occasion to test the efficiency of this method in relation to the method of moments (described in 
Section 0, 2), but it is conceivable that for such small numbers the method of quartiles might be 
adequate. 

On p. 859 of his second paper Davies writes: 

“ Sinoe [the logarithmic normal] oan be varied to give any required degree of 8kewness.... ,, 

The author gives two equations corresponding to our (68) as well as a small /3-diagram indicating the 
relation of the log. normal curve to the Pearson curves, yet he makes the above remark. The relation 
between ft and ft expressed by equations (68) will always exist, no matter by what method the 
parameters of the curve have been determined, and thereby the skewness of the curve is strictly defined. 
In particular, it cannot describe mesokurtic distributions. 
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Diagram Showing the Relation Between yS, and /S, 
TOR THE LOGARITHMICALLY TRANSFORMED NORMAL Curve. 



The relations between the first four moments of (67) are expressed by /8, and 
/3 2) both being.functions of X, only. Eliminating \between equations (68) we get* 
y9i 4 +12/3, 8 +156/3,* + 64/3, - v 8 + 12»>* - 36i? + 9/3,*. v - 6/3,. ,;* -108/3, .i» = 0 


* The maximum value of x and the equation corresponding to our (69) are incorrect as given on 
p. 196, Biometrika , Vol. iv. 
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This curve, plotted in relation to the Pearson Types, is shown as the broken line 
LL in the accompanying fix, & diagram; it passes about midway through the 
Type VI area. The diagram will be of use in ascertaining from the f¥s of an 
observed distribution whether the data follow a law of the form (67), or not. 

We proceed to a comparison of the log. norma] curve with the corresponding 
Type VI by fitting both curves to a distribution whose fi's satisfy approximately 
relations (68). The outcome of such a comparison is of practical importance in so 
far as the log. normal curve is easier to apply than the Type VI; the particular 
advantage of the former curve being that the cell frequencies are directly 
obtainable. ' 

The second column of Table (1) shows the distribution of 1951 readings of the 
height of the barometer, at Greenwich, on the first day for a reading of 30*1"—30*2" 
on the third day (see Table III, p. 154). The constants are 
Mean height of barometer = 30*0049", 

<r = 2*419,847 (unit « 0 % « *712,997, £, « 4*307,638. 

TABLE (1). 

Distribution of Barometric Heights , represented by a Log . Normal 
and a Type VI Curve . 


Barometrio 

Observed 

Theor. Freq. 

Theor. Freq. 

Height 

Frequency 

Log. Normal 

Type VI 

30*76 

1 


( 


( 

30-65 

1 

r 

L-4 

r 

3-4 

30*66 

10 

\ 

l 


1 

30*46 

32 

i 

34*0 

\ 

34*2 

30*35 

111 

127*2 

127*1 

3025 

214 

252-6 

252*6 

30*15 

386 

336*8 

336*3 

30*05 

365 

342*1 

342*0 

29*95 

288 

288*3 - 

288*6 

29*85 

199 

212-8 

213-2 

29*75 

129 


143*0 

143*1 

29*65 

86 


89-6 


89*6 

29*55 

62 


53*4 


53*3 

29*45 

26 


30*6 


30*5 

29*35 

17 


17*1 


17-0 

29*25 

10 


9*3 


9*3 

29*15 

9 


r 5 *i 


5*1 

29*05 

2 


2*7 


2*7 

28*95 

2 


1-4 


1*4 

28*85 

1 


[{,•6 


{l-6 

Totals 

1951 

1951 

1951 

X s 

_ 

23*334 

23-484 

/* 

— 


*038 


*037 




8. J. Pretorius 


149 


The ^-diagram shows that the condition (69) is approximately fulfilled. The 
observed value of fit in equations (68) gives @ 2 ** 4*2908. 

The constants of the log. normal curve are, in tenths of inches as units: 
fi * mean-start = 8*813,403, 

1 = *929,362, « = *117,082. 

The constants of the Type VI curve 

y — yo - a)?*ar?i 

are q 1 = 50*369,290, q 2 = 15*683,288, 

o- 15*513,656, log y 0 = 57*414,365, 

Mean-start = 7*918,337. 

In columns three and four of Table (1), the theoretical frequencies are exhibited; 
a very close agreement between the two theories is manifest. 

The question now arises, how accurately will the one curve reproduce the other 
for /8 s satisfying exactly the relation (69) ? Suppose we take 

& - *961,000, <r « 2*400,000, 
fit - 4*756,100, N = 1000. 

The log. normal curve has for its constants : 

fi = 7*589,466, l « *859,515, # = *134,077. 

The Type VI, with origin at the mean: 

has ai = 22*407,476, a 2 = 6*594,502, 

q t = 38*769,330, q 2 = 10*115,484, log y 0 « 2*225,343. 

Corresponding ordinates of the two curves at unit intervals of the argument 
are given in Table (2). The argument is measured from the start of the log. normal 
curve and the correspondence is about the means of the curves*. 

The close agreement obtained between the two theories in this example, as in 
the previous one, indicates that for all practical purposes the Type VI curve may 
be replaced by the log. normal when /Ji and ft 2 satisfy relation (69). The examples 
suggest too that for fairly high values of the yS’s, a small deviation from (69) 
hardly affects the form of this curve. However, it remains to be investigated 
generally within what range of deviation from (69) the two curves will still give 
equally reliable results. 

The high contact the log. normal curve has at its start—a theoretical dis¬ 
advantage—is brought out clearly in these illustrations by the distance from start 
to mean. 

* [The Log. Normal Curve oon only be looked upon as a possibly easier means of determining sub¬ 
range frequencies in such a case. Its form is deduced from the Weber-Feohner Law in psychology, 
which can have no application to meteorological phenomena. The agreement is really only established 
with a Type VI oorve, which lies on an infinitesimal portion of the area to whioh this curve applies. Ed.] 
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TABLE (2). 

Corresponding Ordinates of the Log. Normal and Type VI Curves 

(Special Case), 


Log. Normal 

Type VI 

*11 

*06 

7*38 

7*14 

51-12 

51-53 

126-19 

126-54 

170*] 5 

178-89 

183-54 

18317 

153-22 

153*10 

111-87 

111-95 

74-03 

74-76 

46*81 

46-90 

28-14 

28-17 

16-42 

16-42 

9-40 

9-38 

5-30 

5-29 

2-97 

2-96 

1 *66 

1 *65 

*92 

•92 

•51 

•51 

•29 

*28 


E. An Examination of the Adequacy of the Mathematical Surfaces. 

Graphical Analysis and Specification of Observed Data. 

1 . Data. When I began investigating the present problem, Professor Pearson 
kindly placed at my disposal a number of correlation tables showing the distribution 
of contemporaneous barometric heights at various meteorological stations. The 
total number of observations, in the tables, varied from about 1800 to about 3000. 
I tested Narumi’s surfaces on one of these distributions by fitting the theoretical 
regression and scedastic curves, but found the surfaces to be inadequate. Eventually, 
the 15-Constant Surface (Type AaAa) was resorted to. The process of fitting and 
of constructing the contours was arduous enough; in addition, however, the result 
did not repay the labour. The scantiness of the material made it impossible to 
judge the accuracy of the graduation. A similar insufficiency of observations is 
found in the examples on which the surfaces have been tested in earlier papers. 
As a first requisite, therefore, for obtaining results that would be of some value, 
distributions had to bo found in which the irregularities of sampling would be less 
pronounced. 

Table I shows the number of marriages contracted in Australia, 1907—14, 
arranged according to the ages of bride and bridegroom in 3-year groups. It was 
formed from Table LIV of Knibbs’ work: The Mathematical Theory of Population, of 
its Character and Fluctuations , and of the Factors which influence them , Melbourne, 
1917, pp. 190—191, where the ages are given by single years. Unspecified cases, 
brides over 85 and bridegrooms over 90 were rejected. In these data, as in 
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practically all marriage statistics, there is unquestionably a misstatement of ages 
by persons under 21 years of age, the chief motive of such p misstatement being 
to avoid legal requirements. No attempt was made to adjust the numbers. 

In Table II the number of single births (male and female) in Australia, 1922—26, 
is tabulated according to the ages of father and mother in 3-year and 2-year 
groups respectively. The table was compiled from the corresponding tables in the 
Australian Demography Bulletins, Nos. 40, 41, 42, 43, and 44, the unspecified cases 
being again omitted. 

The distribution of barometric heights on alternate days at Greenwich, 1848— 
1926, for the whole year, summer months (March 21—September 21) and winter 
months, is shown in Tables III, IV, and V respectively. These tables were drawn 
up from the barometric readings published in Astronomical and Meteorological 
and Magnetical Observations make at the Royal Observatory, Greenwich, for each of 
the 79 years. The marginal totals of Table IV, and also those of Table V, are not 
identical because the last reading in the summer or winter period was not corre¬ 
lated with the first reading in the period for the next year. 

Finally, Table VI exhibits the distribution of a set of measurements made 
by W. Johannsen on the length and breadth of beans. The table is reproduced 
from Wicksell’s study, The Correlation Function of Type A and the Regression 
of its Characteristics , p. 40. 

The choice of one or two of the distributions might be regarded by some 
readers as ill advised. There were, however, no alternatives; other data, with 
equally large numbers, that would be better suited for illustrations, could not be 
found. Looked at from the skewness of the distributions, which varies from slightly 
abnormal to considerably abnormal, the data are representative of statistics of 
common occurrence. 

In each of the tables only the central values of the groups are recorded. 

2. Regression, Sc-edastic, Clitic and Kurtic Curves . The problem of skew 
correlation has repeatedly been approached from a consideration of the form of 
the regression curves. But we are concerned not so much with these discussions as 
with testing the regression, scedastic, clitic, and kurtic curves associated with the 
theoretical surfaces. In particular, an examination of the clisy and kurtosis of the 
arrays will provide us with a practical test as to the generality of Narumi’s 
hypothesis, namely, that the array distributions reduced to a common origin and 
scale are similar and similarly situated curves. 

The statistical measures computed from the distributions and to be used for 
specifying them, are given in Tables I ( a ), I (b), I (c) to VI (c). The higher moments 
of the extreme arrays, where the observations are relatively few, were not calculated. 
The standard deviations of the arrays, as well as those of the marginal totals, are 
expressed in terms of the grouping units. Sheppard s corrections have been applied 
to all the momental constants. Often they reduced the values of the correlation 
ratios below that of the corresponding correlation coefficient. Corrections for 
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Barometric Heights at Greenwich on Alternate Days . Summer Months, 1848—1926. 
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TABLE V. 

Barometric Heights at Greenwich on Alternate Days . Winter Months , 1848—1926. 
+ x First Day. Height in Inches (Central Values). 


156 Skew Bivariate Frequency Surfaces 


Totals 

t>.C9P500’f«i35i-H'ti<l<005(N»0»0<NW?0’^iOiO<N(N^f-4 

- *■ S 9 3 2 to § 3 9 S§ 8 S S S 9 S3 5 *° - 

r-H i-H 1 -H |-H t—* HH r-H 

14240 

88-8$ 

1 1 1 1 1 1 1 1 1 1 1 1 1 1 II 1 1 1 1 1 - 1 1 1 

4 r-* 

8^-8$ 

1 1 1 1 1 1 1 1 1 1 1 1 1 l«- 1 1- 1 1 1 1 1 1 


89-8$ 

1 1 1 1 1 1 1 1 1 1 1 ! | | «-«• | | | 

CM 

89-i8$ 

j | j j j | j H | r-i | (NMfONCD^^tCO | W | | j j 


81-8$ 

| j | | | r-H j jeOr-^CVSCOr-J^^t-eO^O-rHj | | | | 

*2 

»£5 

88-88 

| | | j | j r—i itoco^soaot^coooco^eai-xeo | j | 

CM 

86-8$ 

> 

1 1 1 II 1 I | | 

162 

80-6$ 

I i i i 1 HWCp»£5H«®iHCCH«ff|Q0aoC0«0(MH , 

(I | 

— 

235 

81-6$ 

l , , | i^OJONI^QpOS'JNiSir-iOiCWCOOOHrH . 

|| j|| | 

420 

8$-6$ 

, . , | cqo>'f'i;’fooi>.b.«>ci'OS(Noor-to^r-<FH . 

||||| MfSifirfOCDCCCO’tiOrtr-trH 1 

s 

05 

1". 

88-6$ 

, , I iWiOrtQCCCDCO^iftCOifl^lNaCOIOOOl'tN l , 

| | | | rHwrocccoactoii-ttJTfoqrw^f-t | | 

9f-0$ 

| | j Hg5«»OQOr-OOa»l'0(N(N | | 

930 

88- (ito 

(N(Nifl(N05QOOSaC^fNOOQl>'^0't<XMCiMr<-< 

III rH^®Q0 05W50rHaOt’*^WrH 1 

1097 

89-6$ 

^*>OI’.OOeO-1't'WgW05QO®l-(NI't-CD<D'«t 

1 1 | 1 { 

CO 

CO 

8.1-6$ 

r-(r-iTf<05IN©CO<Mai'tl'*(N»OCC^Q001 CO r—1 

1 | 1 1 1 1 

CM 

88-6$ 

HrcCD'^ipOWOOWOg^l'iOQQOQC^'rHW 

1 I m(N»o5q60W05?DOI-«0^(J1 I I I 

i 1 r-MNCNM^IrH III 

1494 

86-6$ 

tNlOlO^OaiOQDlCCCNOHMrH^Hrl r—1 

j I rHTtOi-t&'t^CC'^cXJl'MOKM r-H 1 1 1 1 

il —' r-. CM • r-H J | II 

1493 

80-08 

oo (N t- ^ < -rt< os -t* » t- ag ao i— r-< co co ih —< 

I 1 MiO(Nl^^r-aiMaDCO«HH | | 1 I 1 

II r-( M (M w H H I | III 

*o 

CO 

81-08 

HWW©CD©OQOCO(NQ35«ifll>QOHiHH 

I I 1 I | | 

CM 

r-H 

8$-08 

1 «^ 1 1 1 1 1 1 1 

o 

r—* 

QD 

98-08 

| "SSSSSS5SS"' ,nCT 1 1 1 1 1 1 1 ! 1 1 

CM 

3 

8f-08 

| ’-*3^5S«§S2* oec | | | | | | || 1 I 

248 

99-08 

™ to '°2;5£2~-' n -IIII111111II11 

co 

L'- 

89-08 


00 

81-08 


t— 


s?§s§§§s§is§§ssit£ii£i!&&i5&^§?l5§?£t3§i 

Totals 


•(sanfBA. saqouj ai q.qSiejq *£bq pJiqj, -► '£+ 
















TABLE VI. 


8. J. Pretorius 


167 


Biometrika xxn 


Co 

s 









•(son^A I^uqq) #U1UI n ! q^F^E —► $+ 


11 

















168 


Skew Bivariate Frequency Surfaces 


TABLE I (a). 

Constants of the Distribution of Ages at Marriage of Bride and Bridegroom,. 


Age of Bride 

Age of Bridegroom 

— 

— 

5?— 25*721,621 vrs. 
<r x = 2*239,567* 

V/S, 0= +2-013,900 
&,,= 9-290,441 

29*383,065 yrs. 
cr 2 = 2*640,766* 
VA)i« +1*963,079 
/3 o2= 8*332,812 

r= *708,164 
T) yx ~ *710,278 
Vxy^ *707,139 

„ q n = 1-676,067 
g w =1-477,487 
q st =7-069,828 
^2=0-345,730 
gia-6-297,500 


Unit ss three years. 


TABLE I (6). 

Constants of the Distribution of Age of Bride for a given Age of Bridegroom 

{Central Values). 


Age of 


Mean Age 

<T(X) 

n/M*) 


Bridegroom 

Observations 

of Bride 

in three year 

&(*) 

in years 

in years 

units 



16*5 

294 

18*540,818 




19*5 

10,995 

20*066,711 

•849,742 

1-769,638 

9*808,637 

22*5 

61,001 

21*871,010 

1-000,300 

1*455,142 

8*579,920 

25*5 

73,054 

23*624,156 

1*168,982 

1*061,578 

6*392,154 

28 Ti 

56,501 

25*132,271 

1-389,306 

*887,181 

5*152,802 

31*5 

33,478 

20*637,494 

1-614,018 

•697,360 

4*091,898 

34*5 

20,569 

28*117,823 

1*878,609 

*624,843 

3-650,400 

37-5 

14,281 

29*720,222 

2-107,620 

*512,228 

3*237,101 

40*5 

9,320 

31 *859,012 

2-351,849 

*340,680 

2*787,481 

43*5 

6,236 

33*782,393 

2*502,022 

*216,977 

2*719,178 

46*6 

4,770 

35*790,566 

2*761,511 

*138,784 

2*717,721 

49*5 

3,620 

38*067,125 

2*994,725 

*072,250 

2*691,692 

52*5 

2,190 

40*509,590 

3*089,567 

- *059,573 

2*738,178 

55*5 

1,655 

42*383,987 

3*248,947 

- *038,079 

2*715,627 

58*5 

1,100 

45*246,362 

3*494,342 

- *186,099 

2*627,812 

61*5 

810 

47*014,814 

3*721,307 

- *142,120 

2*673,850 

64*5 

649 

49*110,170 

3*964,999 

- *152,912 

2*410,205 

67*5 

487 

51*450,719 

4*016,722 

- *326,509 

2*647,233 

70*5 

326 

52*374,233 

4*172,709 

- *248,391 

2*220,272 

73*5 

211 

54*372,038 

4*368,691 

- *402,175 

2*352,104 

76*5 

119 

57*096,638 

4*441,906 

— 

— 

79*5 

73 

56*226,026 

— 

— 

_ 

82*5 

27 

56*055,557 

.— 

— 

_ 

85*5 

88*5 

14 

5 

54*973,682} 


— 

— 






8. J. Pretorius 


159 


TABLE I (c). 

Constants of the Distribution of Age of Bridegroom for a given Age of Bride 

(Central Values). 


Age of 
Bride 

Number of 
Observations 

Mean Age of 
Bridegroom 

<*(y) 

in three year 

\/ft (y) 

My) 

in years 

in years 

units 



12*5 

15*5 

B 

2,975 

24-177,180j 

1*035,113 

2-080,477 

10*440,077 

18*5 

38,291 

24*677,352 

1*454,074 

1*888,116 

9*515,703 

21 '5 

80,847 

26*073,156 

1*506,919 

1*888,895 

0-604,855 

24*5 

71,010 

27'841,233 

1*655,005 

1*829,298 

8-990,077 

27*5 

44,541 

30*022,665 

1*877,199 

1-633,245 

7*751,172 

30*5 

24,261 

32*621,553 

2*174,789 

1*337,310 

6*214,616 

33*5 

13,762 

35*311,518 

2*437,164 

1 *018,662 

4-932,579 

36*6 

8,883 

38*367,276 

2-705,296 

*710,997 

3*932,594 

395 

6,062 

41*474,925 

2*942,219 

•585,660 

3*921,733 

42*5 

3,478 

44*399,655 

2*944,590 

*405,820 

3*821,951 

45*5 

2,605 

47*263,533 

3*114,894 

*228,121 

3*537,179 

48-5 

1,805 

50*459,004 

3*273,171 

*138,528 

3*698,322 

51*5 

1,139 

53*537,751 

3*216,616 

- *032,434 

3*528,247 

54*5 

645 

56*397,075 

3*112,739 

- *221,998 

3*515,073 

57 *5 

513 

58*576,023 

3*056,301 

- *205,697 

3*729,017 

60*5 

291 

61*747,422 

2*878,866 

- *016,835 

3*213,237 

(53*5 

242 

63*024,792 

2*856,280 

- *789,109 

4*195,793 

60*5 

206 

64*907,766 

2*690,352 

- *620,610 

4*391,585 

69*5 

130 

67*730,769 

2*456,385 

- 1*491,384 

7*436,024 

72*5 

56 

71*892,858 

2*280,592 

— 

— 

75*5 

25 

71940,000 


— 

— 

78-5 

16 


_ 

— 

— 

81*5 

6 

73*700,868 V 

— 

.. 

— 

84*5 

1 

/ 

i 

— 

— 

— 


TABLE II («). 

Constants of the Distribution of Ages of Parents at Birth of Child. 


Age of Mother 

Age of Father 

— 

— 

x— 29-529,067 yrs. 
<r,= 3083,148* 
Vfto- +*317,180 

0ao= 2-430,327 

^=33-500,298 yrs. 
crg= 2"495,lllt 
V0^=+-724,331 

003= 3-624,169 

*734,944 
rf yx ~ *732,763 
Vxy~ *747,517 

9-2!= *275,142 
9i2= *302,215 

93!-1*823,465 
922-1*837,166 
9x3-2*065,256 


Unit = two years. + Unit = three years. 


11—2 
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Skew Bivariate Frequency Surfaces 
TABLE II (6). 

Constants of the Distribution of Age of Mother for a given Age of Father 

(<Central Values). 


Age of 
Father 
in years 

Number of 
Observations 

Mean Age 
of Mother 
in years 

cr(x) 

in two year 
units 

s/ft <*) 

&(*) 

10-5 

181 

17*895,028 

*859,357 


_ 

19-5 

7,936 

19’915,674 

1*105,597 

1*420,909 

7*540,025 

22'5 

40,789 

21*932,114 

1-371,058 

1*167,144* 

6*493,849 

25*6 

79,964 

24-184,308 

1-554,972 

*692,084 

4*622,581 

28*5 

99,328 

26*362,838 

1*758,487 

*357,841 

3*802,815 

31*5 

102,303 

28-529,886 

1*939,264 

*041,134 

3*182,722 

34*5 

90,670 

30-677,270 

2134,633 

- *226,993 

2-863,438 

37*5 

73,609 

32-737,206 

2*296,582 

- *399,857 

2*831,788 

40*5 

62,930 

34-594,068 

2*424,931 

- *552,244 

2*922,367 

43*5 

35,507 

36*091,222 

2*514,318 

- *601,512 

3*074,234 

46*5 

21,817 

37 183,894 

2*605,658 

- *666,868 

3*222,510 

49*5 

12,781 

37*766,592 

2*668,569 

-*710,871 

3*367,968 

52*5 

6,717 

38-087,986 

2*647,144 

- *708,986 

3*260,171 

55*5 

3,587 

38-203,234 

2-728,736 

- *719,828 

3*480,831 

58*5 

1,821 

38-205,930 

2*733,062 

- *703,866 

3*393,736 

01*5 

911 

37886,938 

2*866,767 

- *532,496 

2*904,552 

64*5 

489 

38059,304 

2*796,094 

-*623,135 

3011,293 

07*5 

183 

37-885,246 

2*703,871 



70*5 

85 

36952,942 

— 

— 

- 

73 5 

38 

36*368,422 

— 


-- 

70*5 

25 

I 

— 


— 

79*5 

9 

36*444,444 } 

— 


- 

82*5 

2 

J 


— 



TABLE 11(c). 

Constants of the Distribution of Age of Father for a given Age of Mother 

{Central Values). 


Age of 
Mother 

Number of 
Observations 

Mean Age 
of Father 

<r(y) 

in three year 

Jp\ (y) 

P-A'j) 

in years 

in years 

units 



13*0 

15*0 

3 

191 

23*396,907 1 


— 


X - 

17*0 

4,573 

23*568,009 

1*510,032 

2*295,506 

13-786,722 

19*0 

21,322 

24-700,263 

l -450,460 

1*786,585 

8 683,177 

21*0 

42,768 

26-289,678 

1-526,565 

1*646,047 

7*835,439 

23*0 

62,620 

27*851,709 

1-569,772 

1*519,692 

7*189,398 

25-0 

73,423 

29*436,369 

1*591,399 

1*474,353 

7*112,446 

27*0 

74,834 

31*100,715 

1*637,989 

1*371,696 

6-606,027 

29*0 

72,640 

32-709,064 

1-686,861 

1-328,398 

6-692,213 

31*0 

65,182 

34-491,348 

1*710,695 

1*205,339 

6*013,309 

33*0 

58,407 

36-360,651 

1*773,938 

1*165,181 

6*101,650 

35-0 

48,834 

38*241,246 

1-823,740 

1*042,839 

5*597,504 

37*0 

39,932 

40*184,538 

1-848,826 

*854,808 

5*055,700 

39*0 

31,050 

42 152,754 

1-920,485 

*788,422 

*4*917,428 

41*0 

18,975 

44-147,904 

1 *912,000 

*610,390 

4*662,052 

43*0 

11,283 

46*089,471 

1-923,478 

*451,864 

4*638,673 

45*0 

4,365 

48 097,938 

1*901,278 

*350,883 

4*230,476 

47*0 

1,072 

49*947,762 

1*921,691 

*365,142 

4*707,391 

49*0 

199 



— 

— 

51*0 

53*0 

13 

4 

51*509,175 


— 

— 

— 

55*0 

2 

J 


— 

1 
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TABLE III (a). 


Constants of the Distribution of Barometric Heights (Whole Year) 
on Alternate Days. 


First Day 

Third Day 

— 

— 

,r= 29-780,934" 
<T\— 3-079,720* 
V'/S,,,- +*450,793 
18 *= 3-397,763 

^=29-780,931" 
<r 2 = 3-080,000* 
V&i= + ’451,289 
802 = 3-398,787 

r» *580,721 
^=•683,316 
^-•581,703 

^ 2 i= *152,059 
q l2 =* *169,381 
j 3 i“ 1*881,406 
<722 = 1*817,042 
y 13 -1-865,340 


In A inoheB. 


TABLE III {b\ 

Constants of the Distribution of Barometric Heights ( Whole Year) on 
First Day for a given Reading on Third Day (Central Values). 


Beading on 
Third Day 
in inohes 

Number of 
Observations 

Mean Height 
on First Day 
in inches 

■ 1&K 

in ^ inches 

Vft (*) 

AW 

30*75 

30*65 

7 

13 

30-420, OOoj 


— 

— 

30*55 

73 

30-300,685 

2-020,996 

— 


30-45 

268 

30*240,310 

2-196,790 

•868,163 

3-770,511 

30*35 

563 

30-160,302 

2-349,221 

•648,474 

3-495,585 

30-25 

1148 

30065,679 

2*431,305 

•760,496 

4-067,606 

30*15 

1951 

30*004,946 

2-419,847 

•844,391 

4*307,638 

30*05 

2951 

29-929,261 

2-395,152 

*819,870 

4-445,142 

29*95 

3750 

29-876,960 

2-275,430 

*588,481 

4-032,045 

29*85 

3921 

29-811,719 

2-376,758 

•556,345 

3*686,299 

29*75 

3699 

29-753,866 

2-368,077 

•414,211 

3-679,364 

29*65 

3176 

29-694,490 

2*530,774 

*458,017 

3-329,710 

29*55 

2333 

29-633,069 

2-661,476 

*533,459 

3-594,689 

29*45 

1752 

29*586,301 

2*741,230 

*318,388 

3-112,579 

29*35 

1233 

29*534,023 

2-897,096 

*278,185 

3-367,779 

29*25 

813 

29*487,023 

2-884,793 

•363,886 

2-782,546 

29*15 

541 

29*442,606 

3*076,942 

*169,269 

2-676,631 

29*05 

282 

29*422,695 

2*995,550 

*275,610 

3-027,310 

28*96 

189 

29*361,111 

3-483,078 

— 

_ 

28*85 

82 

29*304,878 * 

2*899,690 

— 

__ 

28*75 

60 

29-338,333 

2-941,605 

— 


28*66 

43 

29*226,744 

_ 

_ 

_ 

28*55 

12 


_ 

_ 


28*45 

4 

29-285,294 \ 

_ 


__ 

28*35 

1 


— 

—- 

— 
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TABLE III (c). 


Constants of the Distribution of Barometric Heights { Whole Year) on 
Third Day for a given Reading on First Day {Central Values). 


Heading on 
First Bay 
in inches 

Number of 
Observations 

Mean Height 
on Third Day 
in inches 

in inches 


& (y) 

30-75 

30-65 

7 

13 

30-460, OOoj 


* 

— 

30-55 

73 

30*322,603^ 

1-844,786 

— 


30-45 

258 

30-242,248 

2*071,353 

•988,036 

4-441,460 

30-35 

563 

30-174,334 

2-086,388 

•659,948 

3-860,262 

30-25 

1148 

30-085,279 

2-216,594 

•596,379 

4-064,244 

30-15 

1951 

30-004,076 

2-229,517 

•645,631 

3*865,614 

30-05 

2951 

29-937,326 

2-226,411 

•616,284 

4-236,583 

29-95 

3749 

29-865,631 

2-298,247 

•606,296 

4*192,548 

29-85 

3921 

29-804,008 

2387,431 

•549,445 

3-883,501 

29-75 

3700 

29-747,784 

2*479,312 

*371,584 

3-389,310 

29-65 

3176 

29-690,460 

2-588,024 

•457,062 

3*733,761 

29*55 

2333 

29*644,299 

2-715,802 

•390,583 

3-426,421 

29-45 

1752 

29-598,858 

2-769,057 

■223,362 

3224,785 

29-35 

1233 

29-538,970 

2-941,199 

•282,386 

3*266,638 

29*25 

813 

29*477,921 

2-988,265 

•121,441 

2-842,953 

29-15 

542 

29*444,834 

3-118,031 

•275,851 

3-201,995 

29*05 

282 

29*412,411 

3-227,022 

•284,802 

3-142,534 

28-95 

189 

29-389,153 

3-165,014 

— 

— 

28-85 

81 

29-330,247 

3-348,281 

— 

— 

28-75 

60 

29-375,000 

3 109,796 

— 

— 

28-65 

43 

29-240,698 

— 

_ 


28*55 

12 

1 

_ 

_ 

_ 

28*45 

4 

28-852,941 } 


_ 

_ 

28-35 

1 

J 

— 

- 

— 


TABLE IV (a). 

Constants of the Distribution of Barometric Heights {Summer Months) 

on Alternate Days. 


First Bay 

Third Bay 

— 

— 

x=* 29-790,076" 
<r,= 2-415,849" 
Vfto- +-448,990 
0*,- 3-274,413 

y-29-790,753" 
cr s - 2-407,294" 
V0oi*= + -432,216 
/3us= 3-214,970 

r- *634,545 
17 **= '534,897 
gy s= *533,048 

q 2 i = *151,949 
q l2 = -169,116 

731 = 1-687,368 
q n ** 1-649,758 
7 i 3 «= 1*630,514 
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TABLE IV (6). 

Constants of the Distribution of Barometric Heights (Summer Months) 
on First Day for a given Reading on Third Day (Central Values), 


Heading on 
Third Day 
in inches 

Number of 
Observations 

Mean Height 
on First Day 
in inches 

<r{x\ 

in inches 


ft ( J7 ) 

30-46 

30*35 

10 

79 

30141, Ollj 

— 

— 

— 

30-25 

336 

30-036,012 J 

2-047,376 

•689,178 

3-228,771 

30*15 

842 

29*998,812 

1-879,447 

•734,010 

3-560,910 

30*05 

1580 

29*928,608 

1*973,564 

•855,845 

4-854,866 

29-95 

2256 

29-875,310 

1*923,916 

•536,856 

3-782,482 

29-85 

2423 

29*816,364 

2003,191 

-469-880 

3-182,739 

29-75 

2273 

29761,835 

1-959,977 

•317,173 

3-096,858 

29-65 

1807 

29*709,989 

2 131,423 

*383,309 

3-087,158 

29-55 

1251 

29-654,396 

2-148,063 

•498,913 

3-518,774 

29-45 

827 

29-613,000 

2-230,345 

•402,282 

3-191,061 

29-36 

478 

29*567,573 

2-313,959 

*145,890 

2-615,369 

29-25 

251 

29-514,940 

2-334,763 

•235,434 

3101,169 

29-15 

118 

29-484,746 

— 

_ 


29-05 

46 

29-497,826 

— 

_ 


28-95 

25 

29,422,000 

_ 


m , 

28-85 

7 


_ 

_ 

_ 

28-75 

5 

29-380,769 V 

_ 

_ 

_ 

28-65 

1 

J 

— 

— 

— 


TABLE IV (c). 

Constants of the Distribution of Barometric Heights (Summer Months) on 
Third Day for a given Reading on First Day (Central Values ). 


Heading on 
First Day 
in inches 

Number of 
Observations 

Mean Height 
on Third Day 
in incheB 

. *Ay) 

m inches 

30*45 

10 



30-35 

81 

30*145,604 | 


30-25 

338 

30-075,740 

1-584,353 

30-15 

830 

30-001,084 

1-741,844 

30*05 

1576 

29-937,056 

1-806,284 

29-95 

2256 

29*867,509 

1-850'561 

29-85 

2427 

29-808,879 

2-027,150 

29-76 

2279 

29-757,635 

2-122,282 

29-65 

1812 

29*706,457 

2-148,778 

29-55 

1236 

29-669,498 

2-209,315 

29-45 

822 

29-634,550 

2-168,241 

29-36 

484 

29-570,661 

2-378,887 

29-25 

252 

29*525,000 ’ 

2-407,206 

29-15 

122 

29-469,672 

2*171,182 

29-06 

47 

29-460,638 

_ 

28-96 

27 

29*442,593 

_ 

28-85 

9 


_ 

28-76 

5 

29-362,500 V 

_ 

28-65 

2 

J 

— 


Vft 0/j 


•349,398 
*528,892 
*603,407 
•430,994 
•544,597 
•362,806 
*405,666 
•246,041 
*106,433 
*078,428 
• *043,209 


ft (v) 


2*971,343 

3-349,466 

3-690,422 

3331,418 

3-651,131 

3-326,920 

3-597,764 

3-256,883 

2*864,964 

2-988,715 

2-529,909 
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TABLE V (a). 

Constants of the Distribution of Barometric Heights (Winter Months) 

on alternate Days. 


First Day 

Third Day 

— 

— 

*=29-771,552" 
<r,= 3-634,793* 
Vfto- + -377,097 
0*,= 2-861,622 

y=29-770,850" 
o-j- 3-640,723* 
VAn ** 4- *378,687 
/3o2= 2*862,281 

r= -600,961 
1 /^=-606,313 
•)**= '004,689 

y M '- -103,602 
^2** *119,394 
? S1 =1*609,191 
^ 22 =1*553,029 
2,3 = 1*599,874 


In r \y incheB. 


TABLE V (b). 

Constants of the Distribution of Barometric Heights ( Winter Months) on First Day 
for a given Reading on Third Day (Central Values ). 


Heading on 

Number of 

Mean Height 


s/A (*) 


Third Day 
in inches 

Observations 

on First Day 
in inohes 

in inches 

A(») 

30-75 

30-65 

7 

13 

30-420, OOoj 

— 

— 

— 

30*55 

73 

30*300,685 

..... 

— 

— 

30*45 

248 

30-239,113 

2*226,484 

*855,755 

3*690,966 

30*35 

484 

30*166,116 

2*438,117 

*677,793 

3*444,574 

30*25 

812 

30*077,956 

2-563,449 

*823,536 

4*153,907 

30*15 

1109 

30*009,603 

2*759,459 


3*938,848 

30*05 

1371 

29*930,015 

2*803,430 

*760,497 

3-728,625 

29*95 

1494 

29*879,451 

2*721,317 

*590,782 

3*534,137 

29*85 

1498 

29-804,206 

2*878,610 

•523,148 

3*233,538 

29*75 

1426 

29*741,164 

2*897,747 

•358,568 

3*047,418 

29*65 

1369 

29*674,032 

2*964,589 

*372,890 

2*910,239 

29*55 

1082 

29*608,410 

3*134,490 

•393,193 

3-005,976 

29*45 

925 

29*562,432 

3*108,770 

•168,964 

2*746,087 

29*35 

755 

29*512,781 

3*193,847 

MTiHiP 


29*25 

562 

29*474,555 

3*090,935 

•330,929 


29*15 

423 

29*430,851 

3*139,860 

*115,633 

2*700,373 

29*05 

236 

29*408,051 

3*093,051 

*145,121 

2*890,636 

28*95 

164 

29*351,829 

3*557,265 

— 

_ 

28*85 

75 

29*287,333 

— 

— 


28*75 

55 

29*340,909 

— 



28*65 

42 

29*233,333 

_ 

— 

_ 

28*55 

12 


— 

_ 

_ 

28*45 

4 

29*285,294 V 

— 

— 

— 

28*35 

1 

/ 

— 

— 

— 
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TABLE V (c). 

Constants of the Distribution of Barometric Heights (Winter Months) on Third Day 
for a given Reading an First Day (Central Values). 


Heading on 
First Day 
in inohes 

Number of 
Observations 

Mean Height 
on Third Day 
in inohes 

. a (.S'), 

in ^ incheB 

-JpAv) 

A(v) 

30-75 

30-65 

7 

13 

30-460,000| 

— 

— 

— 

30*55 

73 

30*322,603 

-- 


— 

30*45 

248 

30*244,758 

2*080,683 

1*029,967 

4*545,211 

30-35 

482 

30-179,876 

2-155,189 

•703,291 

3-864,196 

30-25 

810 

30*089,259 

2*431,190 

*628,479 

3*788,161 

30*15 

1121 

30*006,289 

2*530,527 

*654,585 

3*513,264 

30*05 

1376 

29-937,636 

2*625,525 

•582,473 

3*749,428 

29-95 

1493 

29-862,793 

2*843,795 

•606,873 

3*567,920 

29-85 

1494 

29*796,252 

2*876,403 

•473,828 

3*337,469 

29*75 

1421 

29*731,984 

2*956,578 

*277,531 

2*894,125 

29-65 

1364 

29*609,208 

3*063,120 

*350,034 

3*174,959 

29*55 

1097 

29*615,907 

3*167,617 

*291,203 

2*926,329 

29*45 

930 

29*567,312 

3 180,523 

*088,028 

2-843,682 

29*35 

749 

29*518,491 

3*236,809 

*241,729 

3*005,220 

29*25 

561 

29*456,774 

3*192,76Q 

*068,007 

2*711,597 

29*15 


29*437,619 

3-339,718 

•222,960 

2-937,186 

29-05 

235 

29*402,766 

3*319,181 

*287,181 

3*120,079 

28*95 

162 

29*380,247 

3 166,841 

— 

— 

28*85 

72 

29*320,833 

— 

— 


28*75 

55 

29*375,454 

— 

— 

— " 

28*65 

41 

29*245,122 

— 

— 

— 

28*55 

12 

1 

— 

— 


28*45 

4 

29*102,941 } 

— 

— 

— 

28*35 

1 

I 

— 

— 

— 


TABLE VI (a). 

Constants of the Distribution of Length and Breadth of Beans. 


Length of Beans 

Breadth of Beans 

— 

— 

£*>14-404,608 mm. 
cri= 1-799,662* 

V$io** - -910,569 
4-862,944 

7-975,530 mm. 
0-,- 1-369,4811 
V/3oi=- -440,832 
/So*- 3-654,374 

r=-781,142 
=-771,995 
^=•772,270 

Jjj = *653,267 

<fia= — *502,495 
?3i*= 3*641,829 
qn- 3*167,011 
q x s= 3*072,626 


In ( mm. units. 


t In i mm. units. 
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TABLE VI ( b). 


Constants of the Distribution of Length of Beans for a given Breadth 

('Central Values). 


Breadth of 
Beane 

Number of 
Observations 

Mean Length 
of Beans 

a(x) 

in £ mm. 

J Pi 

am 

in mm. 

in mm. 

s 


9-125 

8-875 

5 

48 

16-047,170j- 

*899,218 

— 

— 

8*625 

400 

16-510,000 

*975,329 

- *045,354 

2*925,986 

8*375 

1483 

15132,165 

*964,928 

- *238,931 

3*479,772 

8*125 

2742 

14*736,689 

1*025,400 

- *261,031 

3456,580 

7*875 

2579 

14*258,822 

1*122,755 

- *246,864 

3*390,668 

7*625 

1397 

13*777,380 

1*267,017 

- *447,534 

3*505,273 

7*375 

530 

13*135,849 

1*599,946 

- *539,225 

3*316,993 

7*125 

170 

12*370,588 

1*663,320 

- *052,792 

2*593,873 

6*875 

! 72 

11 *763,889 

1*554,314 

— 


6*625 

6*375 

L. 

10 

4 

11*357,143} 

— 

— 

— 


TABLE VI (c). 

Constants of the Distribution of Breadth of Beans for a given Length 

(Central Values). 


Length of 
Beans 

Number of 
Observations 

Mean Breadth 
of Beans 

°(y) 

in l mm. 

Jpi (y) 

PAv) 

in mm. 


in mm. 



17-0 

16*6 

6 

55 

8-684,01 7 } 

*872,333 

— 

~ 

16-0 

275 

8*442,273 

*867,956 

- *451,028 

3*132,322 

15*5 

1129 

8-296,391 

*821,161 

+ 030,368 

3*049,913 

15*0 

2082 

8*153,698 

•846,552 

- 105,878 

3*645,700 

14*5 

2294 

8*000,436 

*834,188 

- *058,086 

3*219,250 

14*0 

1787 

7*845,621 

*878,903 

- *116,996 

3*274,500 

13*5 

929 

7*712,998 

*885,627 

— *065,917 

3*157,425 

13*0 

437 

7*571,224 

*953,572 

- *321,257 

3*187,621 

12*5 

199 

7*434,045 

1*035,346 

- *183,445 

3*815,952 

12*0 

115 

7*288,044 

1*113,176 

— 

— 

11*6 

70 

7*189,286 

— 

— 

— 

11*0 

36 

7*097,222 

1 

— 

— 

— 

10*5 

18 

— 

— 

— 

10-0 

7 

6*836,539 V 

_ 

— 

— 

9-5 

1 

— 

0— 

* 
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Regkc^iott, Aqe or Bkide ort Age or Brntncaitoora. 



Scedasticity. Age or Bride on Age or Bridegroofi 



Diagram I (/). 
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Clisy. Age or Bride on Aat or Bridegroom. 



39 49 59 

Age of Bridegroom. 
Diagram I {g). 


Kurtosi*, Age or Bride on Age or Bridegroom. 


s*° 

St*o 

i. 


B 01 


..A:* 


o ” 0 © 


Age of Bridegroom. 
Diagram I ( h). 


99 65 
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15 20 £5 30 35 40 43 50 

Age of Mother 
Diagram II (a). 


SCEDASTICTTY, AGE OF FATHER ON AGE OF MOTHER. 
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Clisy, Age or Father on Aqe or Mother. 




15 SO 89 SO 3ft 40 49 ftO 

Age of rioTher. 

Diagram II (<2). 









S.D. of Arrays of IHoTkers (unit- t yews) 
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Regression, Age of ITIother on Age or Father. 










p t of Arrays of Mothers of Arrays of mothers 
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Clisv, Age. of Mother on Age of Father. 



Diagram II (g). 


Kurtosis, Age or Mother on age of Father. 














Fle&i? Height of Barometer on Third Day in Inches. 
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RtoftSMiott, Height or BarotteteR' Third Ttxf on FiRyr Qwr. (VJkoLz Yum). 



Diagram III (a). 


$ciDAynciTY, Height or Barofteter Third Dw on First Day (WHole VEar). 



Diagram III (6). 


12—2 











fi t of Arrays of B&tmnafric Heights oeTbird Day ^ cfAmys of BinMnch-ic Hearts onThird Dtg 
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Clisy, Height or Barometer: Third Day on First Day (whole YJsar) 



Diagram III (c). 


\ s Height of Barometer: Third Day on First Day (whole Year) 








rie&n Height of Barometer on Firtf Day m Inches. 
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RcGfu:s?iorr, Height or Barometer First Day on Third Day (Whole \%iar) 



5CEBASTICITY, HEIGHT Of BAROMETER: FIRST DAY OH THIRD DRY (\WfOLE YEAR). 



Diagram III (/). 













/3 z ofAmojs of B&nmwtr^He^hla ocFTntf Dzgy g; 6 of Array* of B&ronadric Hd^bfe on First D&y 
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Clisy, Height or Barottteter: First Day on Third Day ^Ykolb YIear) 



RT 05 I 5 , Height op Barometer: First Day on 


Third Day (Whole Year.) 



30-6 30 * 30 * 30-0 k $-8 £ 9*6 £ 9 * 29 * £ 9*0 

HeiQhl of Bworoeter or Third D&lj in Inches. 


Diagram III (A). 






TCe&tt Height of Barometer on Third Day in Incite?. 
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Regre^tott, Height op Barotteter< 
Third Day orr Fir?t Day. (SimriER l*IotrrH?) 



Diagram IV (a). 


Q >cEPA?TiciTr, Height op Barotteter 












p* of Array? of Barometric Height? on Third Bay /&> of Arrays of Barometric Height? on Third Day 
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cu?y, Height of Barone ter: 

Third Day on FtRjrr Day. (Pudtpter T'lorrrwp) 



Height of Barometer on Firpt Day in Tnchep. 
Diagram IV (c). 


Kurtopi?,Height of Baroneter' 

Third Day on Fir?t Day. (Punwer TIottthb) 



Height of Barometer on Firpt Day in Tnchep. 
Diagram IV (d). 






meMz Hei^hf of B&rotrzeZer on First Day 
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Regression, Height op Barometer: 
First Dav on Third Day (Summer Months) 




Diagram IV ( f ). 












fi z of Arrays of BarotraeiriG Heights on First Day of Arrays of Baronaetric Heights on Ffrsf Day. 
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Glisy, Height of Baroitteter. 

First Day on Third Day (SumrriER Months.) 



Kurtosis, Height or Barometer: 
First Day on Third Day (Suhiitier Months) 



30*4 30-2 30*0 • f/fS 29*6 «9* tfj-Z 

Height of Barometer on Third Dsy ia laches- 
- Diagram IV ( h ). 






Me&s Height of Barometer on Third Day in Inches. 
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Regression, Height or Barometer: Third Day on First Day (Winter Months) 



SCEDASTICITY, HEIGHT OF BAROMETER: THIRD DAY ON FtRST DAY (WINTER HlONTHs) 
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Cusy, Height of Barometer. Third Day on First Day (Winter Months) 



Kurtoms, Height of Baroiyieter: Third Day on First Day (winter Months) 












Meats Haigbf of Barometer oo First Day m Inches 
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Regression, Height of Barometer: First Day on Third Day (winter Months.) 
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Diagram V (e). 


SCEDAflTIOTTV, HEIGHT OF BAROMETER*. FlR3T DAY ON THIRD DAY ^VINTER MONTH$) 
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Cusv, Height or Barometer: First Day on Third Day (Winter Months) 



Diagram V (g). 


Kurtosis, Height of Barometer. First Day on Third Day (Winter Months) 









H e*n Brc&dTh of Bettis in mm. 
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17 00 1600 15-00 14-00 13 00 18-00 11-00 1000 

LengTh of Be&n in mm. 

Diagram VI (a). 


JcEDAynciTY. Breadth on Length of Beans. 



17-00 lb-00 15*00 14*00 15-00 18-00 

Length of Be&n* in mm. 

Diagram VI (6). 
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Clisv, Breadth ott Lett<itm or Beak*. 



Diagram VI (c). 


Kurto515, Breadth ott Lettoth of Beatt*. 



Diagram VI (d). 










S. J. Pretorius 


Regression, Length on Breadth op Beaks. 



ZccdAhTic Currr Twtt AA Jkurf*ct 


Breadth of Beana in mm. 

Diagram VI (/). 


Biometrika mi 
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Clisy, Length on Breadth or Bean*. 




879 850 8*89 8*00 7 75 7 50 7*85 7-00 

Breadth of Beana »n mm. 


Diagram VI ( h ), 
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abruptness will be dealt with in Section 5; as a matter of fact, they were found to 
be negligible. 

The observation points are represented by small circles in Diagrams I (a), I (6), 
up to VI (h). Except at the extremities of the distributions, the means follow 
fairly smooth trends. The regression of age of mother on age of father is of 
the rectangular hyperbolic type, while the other regressions deviate less from 
rectilinearity. The scedasticity reveals, not infrequently, a resemblance to the 
parabolic form of the double hypergeometrical series; for example, in the barometric 
and birth statistics. Approaching the higher moments we find, as could have been 
anticipated, that the observation points become more and more erratic. Yet, for 
the first two distributions, the variation in the clisy and kurtosis is still remarkably 
regular; for the barometric data a quite definite trend, other than constant, is 
noticeable; and it is only for the distribution of length and breadth of beans, 
where both the number of points on the graphs and the total number of observa¬ 
tions are small, that these two measures seem to be scattered at random. This 
finding of a fairly regular variation in the shape of the array distributions dis¬ 
proves, beyond doubt, the generality of Narumi’s hypothesis for these cases. 

We proceed to fit to these points the appropriate curves of the Type AaAa* 
and of the Logarithmic Surface. The expressions for the partial moment curves of 
the former surface are given in equations (62), (63), (64), (65), and (66); those for the 
Logarithmic Surface in equations (39) and (40). The constants in these formulae 
together with the values they assume for the different distributions are shown in 
Tables VII and VIII. The surfaces will be considered in the order named. 

Both regression curves of the Type AaAa surface were fitted to the array 
means of the last five distributions. The curves are geometrically somewhat quaint, 
but, with the exception of the regression of age of mother on age of father, the 
results are quite reasonable. The scedastic curves fitted for the same distributions 
are oscillatory to a much higher degree than the regression curves; even in the 
most favourable cases the fit is rather unsatisfactory. The clitic and kurtic curves 
were fitted for the barometric data : whole year and winter months. For the first 
of these distributions they do not fit badly: perhaps they fit even better than the 
corresponding scedastic curves do. For the latter distribution, however, they are 
less successful. 

The regression curves of the Logarithmic Surface were tested for the barometric 
(whole year) and marriage distributions f. They fit very well in the former case 
and probably better than the curves of the Type AaAa surface do. For the 
marriage distribution a want of flexibility in the curves is manifest. This in¬ 
efficiency is still more marked when we come to the scedastic curves. For the 
barometric distribution these curves, bad as they are, are to be preferred to those 
of the Type AaAa surface; for the marriage distribution, too, the results are 

* Read Type AaAa instead of Type AA in the diagrams. 

t Bee Seetion 4 for a discussion of the oriteria justifying the application of this surfaoe to these two 
distributions. 
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rather poor. Finally the clitic curve (y on %), fitted to the barometric data, tends 
to a constant value. 

In considering the goodness of fit of these curves we must bear in mind, as 
Pearson pointed out when he discussed the 15-Constant surface, that the constants 
in the equations of the curves are determined not directly from the moments of 

TABLE VIII. 

Constants * in Expressions for Partial Moment Curves of Logarithmic Surface. 




Australian Marriages 

Barometer Whole Tear 



y on x 



xony 

m 

a 


3-73516 

4-49910 

20*64737 

20*62685 

? 

S 

e 

■50562 

•58884 

1-31009 

1*30965 

H 

•24068 

•23630 

■06442 

•06449 


A<*> 

] ’440,318 

1 -494,276 

1-365,984 

1-363,189 

§ 

yO) 

•788,336 

•942,229 

1 -793,429 

1-789,158 

di »> 

•589,051 

•672,275 

1-315,756 

1*315,314 

lb 


•942,228 

•955,639 

1-005,604 

1-003,222 

£ 

A* 1 ) 

•098,457 

•138,009 

- *007,433 

- -012,877 

n.f) 

•997,329 

■794,485 

-1*350,278 

- -774,629 

K 

X( 2 ) j 

2*880,636 

2*988,552 

2*731,967 

2-726,378 

*o 

<y(2) 

1*696,844 


3-594,603 

3*586,043 

*■§ 

dm \ 

*672,485 

•755,709 

1-321,425 

1-320,983 

1 


•884,455 

•911,279 

1-011,208 

1-006,443 

i 


•393,826 

•552,034 

- 029,732 

- -051,509 


Djn 

1 -994,657 

1-588,971 

- 2*700,557 

-1*549,257 


x< 8 > 



4-097,951 



7 (3) 

— 

— 

5-403,520 

— 

.1* 

dm 

— 

— 

1-327,094 

— 

O 

A> (3) 

— 

..... 

1*016,812 

— 



— 

— 

- *066,896 

— 


Dp) 

— 

— 

-4-050,836 

— 


the array distributions, but from the momental constants used in fitting the 
surface as a whole. The fit of the regression curves, excluding the regression of 
age of mother on age of father, does not leave much to be desired. The practical 
utility of the curves, however, is greatly reduced by their algebraic complexity. 
For the higher moment curves, generally speaking, the results are rather unsatis¬ 
factory. How the flexibility of a surface is affected by the number of constants in 
the equation is shown clearly by Diagrams III (a), III (6) and III(c); two terms 

* For the marriage data £ sl = - 001,458, B 13 = - ’001,076, *687,181 found from equations (86). 

For the barometric data + *000,0101, + ’000,0058, />=•592,682 found from equations (85) 

and (87). 
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added to the equation of the Logarithmic Normal Surface are not enough to 
effect an arbitrary degree of variability in the constant clitic curve of this surface. 

3. Contours . We turn now to the contours, or curves of equal probability, of 
the data to study not only their form, but also their symmetry about a set of 
principal axes. They were constructed directly from the observed frequencies. 
The labour involved in replacing the frequencies by ordinates would have been 
prohibitive; besides, by such a treatment of frequencies negative ordinates appear 
in the tails of the arrays. The method adopted in determining the contour lines 
is the same as that described by Pearson in Biometrika , Vol? XVII. pp. 296-97. 
The smoothing of the array curves by aid of a spline, the plotting of the contours 
from these curves, the smoothing of the contours and their final adjustment to 








8. J. Pretorius 


195 


one another, are the main steps in the process. Each of these steps called for much 
painstaking in preventing the personal equation from playing too great a part. 
The final solutions are shown in Diagrams I to VI. 



In form, the contours occasionally resemble the ovals inside a Bernoulli’s 
lemniscate; for instance, those of the three barometric height distributions. The 
distribution of length and breadth of beans indicates a system of ellipses not 
concentrically placed; for the contours of the other two distributions no definite 
laws are recognisable. In fact, it is very doubtful whether any mathematical 
surface could reproduce the asymmetry* displayed in the distribution of ages of 
parents at births of children. 

The idea of axes of independent probability is not applicable, as is fairly 
evident from the diagrams, to any of the distributions. By considering a set of 
principal axes such as Of, Off —to be described later on—we can easily convince 
ourselves that whereas sections parallel to the major axis might be homoscedastic 
and similar, sections parallel to the minor axis, if not dissimilar, are heteroscedastic. 
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If these sections, reduced to homoscedasticity, were found to be similar, an exten¬ 
sion of Narumi’s hypothesis would be justified. 

The set of principal axes which would be the most likely to give similar 
parallel sections, was that through the modes of the distributions. Accordingly it 
was first of all necessary to locate the positions of the modes as accurately as 
possible. This was done by the one or the other of the two following methods accord¬ 
ing to the skewness of the distribution. Both methods depend on the modes of the 



arrays, centred about the mode of the surface, first being determined. Usually four 
rows and four columns were found to be adequate. The intersection of the curves— 
either straight lines or parabolas of the second or higher order—fitted to the 
modes of these arrays was taken to be the mode of the surface. The modes of the 
arrays were determined either from the ^-formula expressing the distance between 
the mean and mode for the Pearsonian system of curves, or, by fitting a cubic by 
the method of least squares to the six largest frequencies in the separate arrays. 
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The latter method was used for the first two distributions; the former for the 
last four. Through the modes thus located the sets of principal axes Of, Of) were 
constructed. The following table gives the positions of the modes, and the angle (0) 
Of makes with the #-axis. 


Table I 

x mode=21 ’20 years 
y mode = 23*70 „ 

0 — 51° 33' 

Table IV 

x mode 29*86" 
y mode = 29*86" 

0=44° 28' 

Table 11 

x mode* 27*08 years 
y mode = 28*96 „ 

0 = 40° 19' 

Table V 

x mode=29*96" 
y mode=29*95" 

0 = 44° 29' 

Table III 

x mode = 29*87" 
y mode = 29*86" 

08=44° 36' 

Table VI 

x mode—14*62 mm. 
y mode= 8*04 mm. 
0=34° 48' 
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There is one interesting feature about the axes that might be pointed out. 
In five out of the six cases the major axis (Of) passes, if not completely then 
very nearly, through the observed mean. Accordingly, we could almost just as well 
have considered the principal axes through the mean instead of those through the 
mode. * 



We proceed to test sections parallel to the axes for similarity. Eight sections, 
two on each side of an axis, were examined for each of the first five contour 
systems. The cuts were made in such a way that they touched two of the contour 
lines. This at once fixed the modal ordinates and defined the vertical scale of the 
sections. The tails of the section-curves were determined from the array-curves 
originally used for plotting the contours. The area under each curve was sub¬ 
divided and planimetered, whence* the first two moments were computed. Next, 
the standard deviations and modal ordinates of each set of four sections were 
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Diagram VI. 


equalised, and the two sections differing most were superposed. Diagrams I (i), 
I (j) to V (i\ V (j) show the results. As an illustration, I take the distribution 
of barometric heights (whole year). The modal ordinate, standard deviation, and 

skewness (Sk.) = - r — of the sections are given below. 

' standard deviation ° 



Sections parallel to 0£ 

Sections parallel to Otj 


Seotion 1 

Section 2 

Section 3 

Section 4 

Section 1 

Seotion 2 

Seotion 3 

Section 4 

Mod. Ord. | 

70 

370 

370 

70 

70 

370 

370 

70 

S. D* 

3-77 

3*79 

3*81 

3*79 

2-74 

2*26 

1*52 

1-40 

Sk. 

+ •11 

+ •20 

+ •17 

+ •24 

+ •02 

+ •06 

O 

1 

+ •03 


The skewness, as measured by Sk., being not sensitive to deviations in the vertical 
direction, does not indicate clearly the degree of similarity between the sections. 
A direct comparison of corresponding ordinates of the sections was possible after 

* The unit in whioh the standard deviations are measured corresponds in scale to the grouping unit 
of the observed variables. 
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♦ T© 

Diagram I (i). 



Diagram I (j). 




♦ to 













Frequency 
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Diagram II (j). 
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Diagram V (j). 
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both scales of measurement had been equalised, and on this the decision as to 
which two sections differ most was based. The sections parallel to Of are, to all 
intents and purposes, homoscedastic; but this is the only instance where such a 
marked consistency was found. A rough appreciation of the heteroscedasticity of 
sections can be obtained from the range between the ordinates defined by, say, the 
lowest contour. Taking the sections parallel to Orj f I find the range* of the most 
outlying contour (5) to have the following values: 

Section 1, 12*37; Section 2, 14*04; Section 3, 9*43; Section 4, 6*12. 

The ratio of the ranges of Sections 1 and 4, and of Sections 2 and 3 is *495 and *672 
respectively; while the corresponding ratios of the standard deviations are *511 
and *673. Such a close agreement can, of course, not always be expected; but for 
determining only approximately the “ scedasticity,” I think this method will be 
quite adequate. 

The only contour systems about whose asymmetry there could have been some 
doubt are those of the barometric height distributions. The superposed sections, 
however, are of help in this issue. It is true that they do not definitely disprove 
the validity of an extended Narumi’s hypothesis, but they show at least that a 
good fit cannot be expected in these cases from surfaces based on such an assump¬ 
tion. The hypothesis is not disproved because of the absence of a regular variation 
in the shape of the sections; it is not sanctioned because of the presence of rather 
significant irregularities. 


4. Identical Relations between the Moments . The application of (a) Edgeworth's 
method of simple translation, ( b ) the Logarithmic surface, and (c) Rhodes' surface, 
depends on certain relations connecting the moments of the observed distributions 
being fulfilled. These criteria are contained in equations (29), (32), (68), and 
(54) respectively. The term “ conditioned ” will be used to designate the value of 
a constant computed from these equations. 

(a) Equations (29) can be written in forms more convenient for treatment. 
On combining them, we find 


V$io — f/ao = 

V&1 s <i<* - 


3 (fyg! - r //l2) 
r (4 — r*) 


3 ^ — r< Ijn) 

r (4 — >•*) 


,(70). 


If now, we assign to r, q n and q 12 in (70) their observed values, the “conditioned 
values" of and / 8 0 1 will be directly comparable with the observed as in the 
table on p. 206. 

To bring out the significance of the difference between the two sets of values, 
I have tabulated in the last two rows the ratio 


E - Observed & — “ cond ition ed ” fii 
Standard Errorf of “ conditioned ” fix' 

* Measured in the same unit a b the standard deviations oi the sections, 
t Found from Table XXXVII in Tables for Statisticians and Biometriciam , Part I. 
Biometrika xzn 


14 
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The divergence testifies to Edgeworth's remark that simple translation is in¬ 
adequate (p. 130). 




Table I 

Table II 

Table III 

Table IV 

Table V 

Table VI 

Observed 

$10 

4*058 

*101 

•203 

•202 


•829 

fri 

3*854 

*525 

*204 

*187 


•194 

u Conditioned ” 


6*602 

•150 

*084 

•104 


mm 


4*958 

*225 

*128 

•151 


B 

E 

fro 


32 

12 

6*5 

23 

2*3 

An 

— 

71 

6*2 

2*1 

12 

3*6 


(b) The determination of the constants of the Logarithmic Surface depends on 
moments and product moments up to the third order only. The relation between 
the fourth and lower moments is expressed in terms of the according to 
equations (68), whence the “conditioned" values of /8* were calculated. For 
examining the fourth order product moments I assigned to the constants in 
equations (32) their observed values and then deduced the absolute product 
moments ( q rg ) about the mean as origin. Only two distributions were considered, 
for it was clear from Diagram (4) that while the Logarithmic Normal Curve might 
hold for one of the marginal totals of some of the other distributions, it does not 
hold for both of them. The results summarised in the table below point to an 
approximate fulfilment of the relations between the moments. The effect, how¬ 
ever, of this approximation on the shape of the surface had still to be investigated, 
and it was primarily with this end in view that I fitted the partial moment and 
marginal curves (pp. 208—218). The outcome, in short, is this: (i) that, if the third 
order moments and product moments are sufficient to give an account of the 
regression, they fail to do so for the scedasticity, clisy and kurtosis; (ii) that the 
relatively small deviation in #*) of the barometric data is sufficient to rank 
the Logarithmic Normal Curve as last, for goodness of fit, amongst four theoretical 



m 

Table I 

Table HI 


■ 

Table I 

Table III 

Observed 

fro 

9*290 

8*333 

3*398 

3*399 

Observed 

£13 

9a 

<?3t 

6*297 

6*346 

7*070 

1*865 

1*817 

1-881 

“Conditioned” 

m 

10*990 

10*554 

3*363 

3*364 

“Conditioned” 

?18 

9a 

#31 

8*022 

7*580 

8-722 

2*111 

1*866 

1*777 

E 

fro 

fr)2 

— 

•59 

*59 
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curves, the other three curves having all four moments equal to those observed; 
(iii) that notwithstanding the large deviations in the £ a ’s of the marriage data the 
Logarithmic Normal Curve gives as good a representation of the margins as the 
best-fitting Pearson curves. The equality of the fits in this case can be explained 
on the ground that when the #’s are very high, the form of the frequency curve is 
not very sensitive to a change in them. Otherwise, we are bound to conclude that 
the agreement between the observed and “ conditioned ” values of the fourth order 
moments is not close enough for justifying the application of the logarithmic 
surface. 


(c) The criteria justifying the use of Dr Rhodes’ surface 


gn - r = Vj (1 - r*) (2/9* - 3- 6) 
(1 - r*) (2£oa - 3£oi - 6) 


(71)* 


were examined for all six distributions. In each case the “ conditioned ” was 
found by assuming for the other constants their observed values. In the table 
below E has the same meaning as in (a). 




Table I 

Table IX 

Table III 

Table IV 

Table V 

Table VI 

Observed 

An 

9*290 

2*430 

3*398 

3*274 

2*862 

4*863 

002 

8*333 

3*624 

3*399 

3*215 

2-862 

3*654 

“Conditioned ” 

£ao 

9*157 

3*157 

3*332 

3*319 

3*249 

4*257 

002 

8*803 

3*960 

3*325 

3*288 

3*243 

3*388 

E 

020 


80 

1*2 

*56 

5 

2*8 

002 

— 

14 

1*3 

*98 

5 

2*5 


The conditions are satisfied best for the data of Tables I and IV; for Table I 
certainly far better than were the conditions of the Logarithmic Surface. Un¬ 
fortunately, the partial moment and marginal curves, not being expressed in finite 
form, cannot be directly discussed. The disagreement obtained in the case of 
Table IV will be sufficient, I think, to affect appreciably the goodness of fit of the 
surface. 

5. The Marginal Distributions . Pearson’s system of curves, the Type A series, 
Edgeworth’s translated curves, and the Logarithmic Normal Curve were used in 
specifying these distributions. Edgeworth’s curves do not appear as marginal totals 
in his translated surfaces, but being at the basis of the method of translation as 
applied to correlation, they could not be left out of consideration. 

* The equations show that, strictly, the surfaee cannot describe distributions whose marginal totals 
have /9’s lying below the Type III line, i.e. in the Type I area. 
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The probability integral of the Type A series is 
I' J.d ,- S [i (1 ± a,) - j. VgJ. t, - -ij OS. - 8)r. 

■ v4o ( ' S '*'■ 10 ^ T ‘* Vf20 <,3 ‘■ 16ft + ^ T ‘—■ ] 

= -^[£(1 a 4 T«-a 5 T B -a,T,- ...] .(72), 

where t = #/<rx, n 

The equations of Edgeworth’s curves and that of the Logarithmic Normal 
Curve are 



N _ p ) 

y -T* e 

.(73), 


x * a (£ + if 2 + \£ 8 ) 


and 

,_*!»• I V ? ')’ 

V27T . S, * 

.(74). 


In referring to a particular frequency group, I shall state only its central value. 


Marriage Statistics . The 0*8 of the margins are 

0io « 4-057,531, 0oi =* 3-853,680, 

£» = 9-290,441, 0 M « 8 332,812. 

Turning to Diagram (1) we notice that both pairs of /3’s fall outside the area 
demarcated for the application of Edgeworth’s curves. They suggest further the 
application of the Logarithmic Normal rather than of Type Aa. But before passing 
on to fitting that curve and the Pearson curves, we shall consider the correction 
of the moments for abruptness. 

The sub-frequencies necessary for applying these corrections were obtained 
from the original table in Knibbs’ Mathematical Theory of Population , the sub¬ 
intervals being single years. Discarding in the distribution of age of bride the 
observations in the lowest age-group, I find for the uncorrected and corrected 
moments about the beginning of the age-group 15*5 the following values: 

Uncorreoted Sheppard’s Corrections Abruptness Corrections 

applied applied 

- 3*907,280 pi « 3-907,280 pi « 3*907,140 

v%= 20-635,594 pi = 20*282,261 pi =* 20*282,190 

v{ = 142-046,089 pi « 141*069,269 pi * 141-069,626 

The moments of the distribution of age of bridegroom about the beginning of 
age-group 16*5 are: 

Uncorrected Sheppard’s Corrections Abruptness Corrections 

applied applied 

pi « 4-794,355 pi - 4*794,353 

Ms'* 29*959,486 pi «’ 29*959,558 

pi - 246-656,269 pi - 246-656,423 


- 4*794,355 

vi= 30-042,820 
vi = 247-854,868 
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The slight difference between the values of the corresponding moments in the 
last two columns establishes for these cases the sufficiency of Sheppard's corrections. 

(a) x-Margin. (i) The fa suggest a Pearson Type VI curve. The curve was 
fitted by fixing its start and by determining its constants from the first three 
moments. As a first trial the start was fixed at the beginning of the age-group 15*5; 
but this gave a too high frequency in the first group. The start was then fixed at 
a distance of 3*7 grouping units from the mean, i.e. at age = 14*622 years. This 
led to 

y~y 0 (x- 5*26753) 4 * 34930 . ar 18 *" 486 , 
where log y 0 = 15*584,963, the fa of the curve being 

fa = 4*058,346, fa-11*706,379. 

(ii) The constants of the Logarithmic Normal Curve found from equations (12) 
and (13) are 

ft- 3*73516, /i* *50562, s x = *24068. 

The curve starts at 14*516 years, and its fa are 

fa = 4*057,531, fa = 10*990. 

The frequencies are shown in Table IX. Notwithstanding a relatively large 
difference between the fas, the curves are markedly similar, there being not 
much to choose between them. Both curves tail off too slowly at the higher age- 
groups and fit badly at the lower; but here the material is undoubtedly spurious. 
Taking the largeness of the numbers into consideration, I think the graduation is 
not unsatisfactory. 

(b) y-Margin. (i) Instead of the Type I x indicated by the fa, I tried a 
Type III and Type I* by fixing arbitrarily the start of the former curve, and the 
start, range or mode of the latter. But not one of the many trials that were made 
produced reasonable results; the curves could not be made to give correspondence 
at the tails as well as at the maximum frequencies. Finally a Type III 

x « #<> • e~ yy (1 + y/a) p 

was fitted with start at the centre of the age-group 19*5. The position of the 
mode * was fixed by choosing a = 1*76; while in assigning to p the value 1*2,1 paid 
more attention to the modal frequency of the distribution than to its variability. 
The other constants arc 

7 «*68182, xq*s* 70004*6, 
the fa of the curve being fa * 1*818, fa = 5*727. 

(ii) The Logarithmic Normal Curve fitted from the first three moments has 
= 4*49910, Z 2 = *58884, *23629, fa =10*554, 

its start being at 16*886 years. 

* A smoothing cubic fitted to the five largest frequencies about the mode gave the position of the 
mode at 1*8 grouping units from the centre of age-group 19*5. 
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TABLE IX. 


Distributions of Ages of Brides and Bridegrooms , Australian Marriages 


■[ 

Brides 

Bridegrooms 


Observed 

Frequency 

Theor. Freq. 
Type VI 

Theor. Freq. 
Log. Normal 

Age of 
Bridegroom 

Observed 

Frequency 

Theor. Freq. 
Type III 

Theor. Freq 
Log. Normal 

12*5 

5 



16*5 

294 

s 

209 

15*5 

2,975 


2,207 

19*5 

10,995 

9,256 

19,453 

18*6 

38,291 


44,776 

22*5 

61,001 

57,339 

56,810 

21*5 

80,847 

74,649 

77,051 

25*5 

73,054 

68,434 

64,141 

24*5 

71,010 


64,894 

28*5 

56,501 

z i m 

61,989 

27-5 

44,541 

44,346 

43,568 

31*5 

33,478 

jiu 1 5 S flj 

36,894 

30*6 

24,261 



34*5 

20,569 

■EE 11 a 8 11|1 

24,735 

33*5 

13,752 

16,590 

16,318 

37-5 

14,281 

llui 1 i ft 3s 


36*5 

8,883 

9,896 

9,831 

40-5 

9,320 

10,405 

10,542 

■ 1 




43-5 

6,236 

6,184 

6,869 


3,478 

3,605 

3,664 

46-5 

4,770 

3,605 


■ 

2,605 

2,222 

2,281 

49-5 

3,620 

2,068 

2,977 

48*5 


1,393 

1,442 

52*5 

2,190 

1,177 

1,987 

51-5 

1,139 

888 

924 

55-5 

1,655 

660 

1,339 

54-5 

645 

575 

601 

58*5 

1,100 

367 

912 

57*5 

513 

379 

396 

61-5 

810 

203 

627 

60*5 , 

291 

253 

264 

64-5 

649 

112 

435 


242 

172 

179 

67-5 

487 

61 

305 

66-5 

206 

118 

122 

70-5 

326 

33 

216 

69-5 

130 

82 

84 

73-5 

211 

18 


72*6 

56 

58 

59 

76-5 

119 

10 


75-5 

25 

41 

41 

79-5 

73 

f 

80 

78-5 

16 

30 

29 

82-5 

27 

i 11 

59 

81-5 

6 

22 

21 

85-5 

14 

l 

43 

84-5 

1 

16 

15 

88*5 

6 

— 

32 

— 


|48 

j 44 

j 

— 

— 

jlOl 

Totals 

301,785 

301,780 

301,785 

— 

301,785 

301,785 

301,785 

X* 

— 

— 

— 

— 

—■ 

— 

— 

P 

— 

— 

— 

— 

— 

— 

— 


The frequencies are seen in Table IX. As could have been expected the 
Type III fails to give a description of the long tail; while the Logarithmic Normal, 
being better here than the Type III, is inferior to it at the mode. The divergence 
of the /3*& of the curves from those observed is noteworthy. 

Birth Statistics . (a) cc-Margin. The observed /8's 

/3 10 « 100,603, & = 2*430,327 

fall outside the compass of Edgeworth’s method of translation; the distribution 
was used in Section C, 2 simply for illustrating the type of singularity to which 
the method of translation is subject. 
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(i) The equation of the Type I with start fixed at age 15*60 and fitted from 
the first three moments, is 


/ T \ 1*81499 / 

y-78911-6 (l+~j) (l 


X N 5 - 8 ** 40 

12 45834/ 


TABLE X. 

Margined Distribution of Ages of Mothers, Australian Births. 


Age of 
Mother 

Observed 

Frequency 

Theor. Freq. 
Type I 

Theor. Freq. 
Type Aa 

— 

— 

- 

| -1766 

13*0 

3 

_ 

391 

15-0 

191 

46 

3,670 

170 

4,673 

6,105 

10,482 

19-0 

21,322 

22,871 


Klip 

42,758 

41,996 

37,545 


62,620 

58,456 

64,745 


73,423 

69,796 


27'0 

74,834 

75,176 

75,848 

29-0 


74,822 

76,574 

31*0 

66,182 

69,637 

71,313 

330 

68,407 

60,909 


35-0 

48,834 

50,071 


37-0 

39,932 

38,524 

38,804 

39*0 

31,050 

27,485 j 

27,222 

41*0 

18,976 

17,878 

17,237 

43*0 

11,283 

10,359 

9,678 

45*0 

4,365 

5,088 

4,734 

47-0 

1,072 

1,943 

1,973 

49*0 

199 

476 

676 

51*0 

13 

44 

175 

53*0 

4 

1 

{ 6 

55*0 

2 


Totals 

631,682 

631,682 

1 

631,682 

X s 

— 


— 

p 

— 

— 

— 


(ii) For the Type Aa probability integral we have 

rj 8 =-129,488, a, = --116,284. 

The theoretical frequencies tabulated in relation to the observed in Table X 
show a superiority of the Type I over the Type Aa; that curve, though, does not 
fit very well itself 

* Agftjn m any experiments were made to find the best-fitting curve. 
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(b) y-Margin. (i) The Pearson curve determined from the observed / 3 ’s 
/9 m --524,655, fa = 3 624,169 

IS x = 105,928-6 (l + 4.80i7o) (* “ 43 T 57ll6) 

The start of the curve is at 16 089 years. 

(ii) The Type A probability integral is 
z y . dy=N [ J (1 ± a t ) - -295,707t, - -127,408x4 - -060,222t 5 - -234,704t 8 - 


/ 


•••]. 


where t — y/<r 2 . The higher /9’s were found from the observations; the series was 
fitted up to t 4 only (= Type Aa). 

(iii) The parameters in Edgeworth's curve have the following values: 

*00717, ifc- *17717, a -3*51098. 


The median is at 32*567 years. 

(iv) For the Logarithmic Normal Curve 

Vi * 10*52763, l 2 = 101046, s a = *10153. 

The start of the curve is at 1*917 years; the “ conditioned” /Sos = 3 * 947 . 

The corresponding frequencies are compared in Table XI. A “ break ” occurs in 
Edgeworth's curve at age 19*1, corresponding to a deviation of f = — 2*456* from 
the mean of the normal curve. About one-thousandth part of the area under the 
normal curve is thus folded over. Beyond this “ break " the curve fits very well but 
loses its advantage of course if the first two groups be taken into consideration; 
the Type I is then to be preferred. In the tetrachoric series the r 6 and t 6 terms 
are evidently not negligible; while the large difference between the observed /802 
and that of the Logarithmic Normal Curve accounts for the failure of this curve. 

Barometric Heights (Whole Year). The two marginal columns being practically 
similar, I examined only one of them : the x-margin. The observed /S’s 

Ao- *203,214, £*, = 3*397,763 

lie in the Type IV area very close to the Type Vf line; they .conform also 
approximately to the relation between the /S’s of the Logarithmic Normal Curve. 
The theoretical curves with their constants are as follows: 


(i) Pearson's Type IV: 


y 


=y«( 


1 + 


—— y 

91-56833/ 


36-41804 176-85828 tan-» 

xe 


9-56918 


where log y 0 = 57-481,845. 

(ii) Type Aa probability integral: 

o* * -184,036, a t - -081,193. 

(iii) Edgeworth’s translated curve : 

\ =-01045, i =-10559, a = 4-26484, 

the median being at 29-803". The curve presents no singularities in thiB case. 


* There is another break at f = +18’989. 

t The Type V, with the observed fa, has its fa =8*886 and giveB 72*89. 



8. J. Pretorius 


213 


TABLE XI. 

Marginal Distribution of Ages of Fathers, Australian Births . 


Age of 
Father 

Observed 

Frequency 

Theor. Freq. 
Type I 

Theor. Freq. 
Type Aa 

Theor. Freq. 
Edgeworth 

Theor. Freq. 
Log. Normal 

— 

— 

i i 

| - 705 

— 

{82 

16*6 

181 

f 131 

3,154 

/ 1 

1,689 

19-6 


\9,175 

13,464 

35,168 

(8,918 

11,342 

22-6 


39,776 

41,244 

36,613 

25*5 

79,964 

76,959 

66,936 

76,912 

71,852 

28-5 

99,328 


97,806 

99,682 

99,451 

31-a 


104,277 

112,097 

103,614 

107,052 

34-5 

90,670 

92,260 

102,082 

92,246 

95,787 

37*5 

73,609 


75,335 

72,981 

74,643 

40*5 

52,930 

52,183 

47,500 

52,510 

52,376 

43-5 

35,507 

34,744 

28,799 

34,904 

33,913 

46*5 

21,817 

21,669 

19,101 

21,675 

20,639 

49-5 

12,781 

12,748 

13,527 

12,682 

11,968 

52-5 

6,717 

7,109 

8,920 

7,035 


55-5 

3,587 

3,775 

4,991 

3,719 

3,626 

58-5 

1,821 

1,908 

2,294 

1,882 

1,922 

61T) 

911 

921 

862 

914 

■HI 

64*5 

489 

425 

266 

427 

515 

67 T) 

183 

187 

68 

193 

262 

70-a 

85 

79 

14 

84 

132 

73*5 

38 

32 

j 3 

35 

67 

76*5 

25 

( 12 

(Vo 

33 

79-5 

9 

i 4 


1 6 

17 

82*5 

2 

l{3 


M 4 

8 





is 






l 

Totals 

631,682 

631,682 

631,682 

631,682 



‘ — 

4804 

— 

299*4 

B 

p 

— • 

•ooo 

— 

•ooo 

— 


(iv) Logarithmic Normal Curve: 

= 20*04737, 1-31009, *!*= *06442. 

The curve starts at 31 *846" and its “ conditioned ” » 3*363. 

The frequencies are seen in Table’ XII. It is obvious that the first three 
curves, with both their ft’s equal to those of the data, are superior to the Logarithmic 
Normal Curve—the difference between the observed and computed /8* being only 
about *6 of the standard error of the latter. The values of are not directly com¬ 
parable ; the number of categories is less for the Type Aa than for the other repre¬ 
sentations. If this be borne in mind, then there is not much to choose between the 
first three sets of results. 
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TABLE XII. 

x-Marginal Distribution of Barometric Heights ( Whole Year). 


Barometric 

Observed 

Theor. Freq. 

Theor. Freq. 

Theor. Freq. 

Theor. Freq. 

Height 

Frequency 

Type IV 

Type Aa 

Edgeworth 

Log. Normal 

30*75 

7 

f{ 2 

it s 

({!•« 

f{l-4 

30*65 

13 

l 13 

119*6 

1 14*0 

l 11*0 

30*55 

73 

63 

81*3 

63*7 

58*6 

30*45 

258 

220 

243*9 

218*7 

215*7 

30*35 

563 

583 

583*6 

579*1 

584*8 

30-25 

1148 

1219 

1165*8 

1214*1 

1229*5 

30*15 

1951 

2074 

1976*6 

2071*6 

2087*2 

30*05 

2951 

2948 

2878*0 

2952-8 

2957*3 

29*95 

3749 

3595 

3623-7 

3601-7 

3592*0 

29*85 

3921 

3835 

3966-9 

3840*8 

3823-8 

29*75 

3700 

3648 

3798*1 

3648*3 

3633*8 

29*65 

3176 

3140 

3209*8 

3136*7 

3130*4 

29*55 

2333 

2479 

2434*0 

2475*2 

2476-6 

29-45 

1752 

1817 

1703*3 

1813*4 

1819*1 

29*35 

1233 

1247 

1143*8 

1246*0 

1252-2 

29*25 

813 

810 

763*9 

809*6 

814*4 

29*15 

642 

501 

511*2 

501*2 

503*8 

29*05 

282 

296 

333*9 

297*4 

298*3 

28*95 

189 

169 

204*9 

170*0 

169*9 

28*85 

81 

93 

114*6 

94*1 

93*5 

28*75 

60 

50 

57*3 

50*6 

49*9 

28*66 

43 

27 

25*4 

26*5 

25*9 

28*55 

12 

13 

( 9*8 

13*6 

13*2 

28*45 

4 

( 7 

J 3*6 

f 6*8 

f 6*6 

28*35 

1 

| ( 6 

1 (l*5 

3*4 

1 3*2 

— 

— 


U 

{{a-. 

U 2 ' 9 

Totals 

28,855 

28,855 

28,855 

28,856 

28,855 

X* 

— 

68*54 

I 

61*95 

64*96 

79*63 

p 

— 

*000 

*000 

•00 0 . 

*000 


Barometric Heights . x-Mar gins * of (a) Summer and ( b) Winter Months . 

(a), (i) The #’s satisfy approximately the condition of the Type III curve. 
The resulting equation is 

/o' \ 18.84104 

y - 2465-72. + . 

The start of the curve is at 30-866". 

(ii) The coefficients of the tetrachoric terms are 

a, = 183,299, o 4 = -056,014. 

* Edgeworth’s curve was not fitted to these distributions, for they are of more or less the same 
degree of skewness as the distribution considered in the last paragraph. 
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(6), (i) The appropriate Pearson curve is 

j,«1519-38(l +si5rfi ) (l 

with its start at 30*748". 


£ - ) 
22-08814/ 


9.03680 


(ii) The Type Aa integral has 

at - -153,949, a 4 = - *028,267. 

The frequencies for both margins are shown in Table XIII. The goodness of 
fit, as measured by P, manifests the superiority of the Pearson curves over the 
Type Aa. 

TABLE XIII. 


x-Marginal Distributions of Barometric Heights (Summer and Winter Months ). 



Sommer Months 

Winter Months 

Barometric 
Height 
in inches 

Observed 

Frequency 

Theor. Freq. 
Type III 

Theor. Freq. 
Type Aa 

Observed 

Frequency 

Theor. Freq. 
Type I 

Theor. Freq. 
Type Aa 

30-75 

—- 

— 

— 

19 

J 

j {-n-i 

30*65 

— 

— 

— 


\ll-6 

i 48-7 

30-55 

— 


/ 


81-3 

129-7 

30-45 

10 

\10-5 

(11*20 


250-8 

270-2 

30*35 

81 

79-0 

102-6 

■si ■■ ® 

508*9 

478-3 

30-25 

338 

329-9 

344-3 

810 

811-6 

743*9 

30-15 

830 

862-2 

826-4 

1121 


1034-1 

30*05 

1576 

1580*3 

1513*1 

1375 

1334-8 

1298-8 

29*95 

2256 

2196-3 

2182-3 

1493 

1475-6 

1485-7 

29*85 

2427 

2446-4 

2616-2 

1494 

1514-7 

1659-0 

29-75 

2279 

2274-1 

2353-8 

1421 

1458-7 

1511-7 

29*65 

1812 

1818-4 

1827-2 

1364 


1366-8 

29*55 

1236 

1280-4 

1226-1 

1097 

1145-1 

1159-7 

29*45 

822 

808-7 

756-4 


939-6 

933*6 

29-36 

484 • 

464-8 

462-9 

749 

733-8 

717-7 

29*26 

252 

246-1 

262-7 

561 

645-2 

528-8 

29-15 

122 

121-2 

140*0 

420 

384-7 

373*2 

29-05 

47 

56-0 

64-8 

235 

257*2 

251*2 

28-95 

27 

24-4 

25-2 

162 


160-1 

28-85 

9 

f 10-1 

( 8"1 

72 

95-8 

96-0 

28-75 

5 

\ 4-0 

j 2-1 

55 

52*7 

53-7 

28-65 

2 

lf 2 . 2 

U*e 

41 

26-6 

27-9 

28-55 

— 

<66 


12 

f 12-2 

13-5 

28-45 

— 

— 


4 

{ 4-9 

/ 6-0 

28*35 

— 

— 

— 

1 

q*-i 

t{3-8 

Totals 

14,615 

14,615 

14,615 

14,240 

14,240 

14,240 

X* 

— 

7*73 

33-76 

— 

34-49 

89*64 

p 

— 

•956 

•006 

— 

•032 

•000 
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Length 
of Beans! 
in mm. 


17*0 

16*5 

18*0 

15-5 

15*0 

14*5 

14*0 

13-5 

13*0 

12*6 

12-0 

11*5 

11*0 

10-5 

10*0 

9*5 


Totals 


X 8 


p 


Length and Breadth of Beans, (a) cc-Margin. 
(i) The observed #’s 


fa- -829,136, fa- 4*862,944 
led to the following Pearson Type IV curve 


y = '395, 


,121 (l 


17-30134.) 


■ 8*34880 -18*38043 tan -1 

. e 


4-15949 


(ii) An extensive trial with the Type A series was made in this case; successive 
approximations, including the Type Ab (see p. 114), were considered. These are 
denoted in Table XIV by the symbol 2, the suffix indicating the order of the last 
tetrachoric term in the approximation. The higher /9’s involved in the coefficients 
of the tetrachoric terms have the observed values 

/S'ao=-12*574,125, fo.58-221,083. 


TABLE XIV, 

Marginal Distribution of Length of Beans. 


Observed 

Frequency 


Theor. Freq. 
Type IV 


Theor. Freq. 
Type Aa*2 4 


Theor. Freq. 
Type A ■ 


Theor. Freq. 
Type A«S fi 


Theor. Freq. 
Type AbB2 44 


Theor. Freq. 
Edgeworth 


Theor. Freq. 
Log. Normal 


6 

56 

275 

1129 

2082 

2294 

1787 

929 

437 

199 

115 

70 

38 

18 

7 

1 



28-5 
[ 299*3 
1181*6 
2132*6 


1838*9 
968*9 
503*6 
243*7 
113*8 
52*5 
24*2 
ni *3 
J 5*4 
| 2*6 

^1*9 


{ 16 *3 

{■ 

- 15*2 

12*8 

J 

13*7 

25*6 


116*6 

241-7 

l 

MB 

1012*7 


926*2 

2155*4 

1833*0 


2506*4 

1788*4 


713*4 


921-3 

280*7 


MB 

258*7 


132*1 

206*2 


178-1 

98*7 


117*0 

29*0 


43*6 

P 5*9 


rio-o 

■{•9 


i ' 1 





, | 2-0 

- 35*3 

22*3 

438*1 

1214*0 

1806*9 

2112*8 

1916*7 

1183*4 

371*2 

66*9 

101*2 

107*1 

54*0 

r 15*4 


{ 30*2 

- 26*8 
- 50*6 
293*4 
1244*9 
2182*7 
2276*6 
1654*6 
924*8 
419*6 
206*1 
144*2 
90*7 
38*2 
no*3 


1 38*6 
[ 280*4 
1136*6 
2177*9 


1626*3 

948*2 

495*6 

244*2 

116*5 

54*7 

25*5 

fll*8 

5*5 


| 2*3 



1255*2 

2163*8 

2179*6 

1598*5 


965*0 

515*3 

254*5 

119*6 

54*4 

24*3 

10*7 

4*8 

2*1 

{l*7 


9440 


9440 


9440 


9440 


9440 


9440 


9440 


9440 • 


60*3 


325*9 


425*3 


85*6 


46*04 


89*0 


•000 


*000 
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Whence we get 

f* *.(te-.y[l(l±«0 + -871,738x3--380,272x4 + -316,623xj--382,998x 6 + ...]• 

J — CO 

The coefficient of t« — — *309,001 in the Type Ab approximation. 

(iii) Edgeworth’s curve has 

X - *05836, k = *20676, a - 2*29416; 
its median is at 14*523 mm. 


(iv) The Logarithmic Normal has 

ft-6*10087, ft = *76728, ^ = *12544; 
it starts at 17*445 mm. and its #*0 —4*509. 

The frequencies are compared in Tabic XIV. The practical non-convergency of 
the Type A expansion, which is suggested by the coefficients of the successive terms 
in the series, is brought out clearly by the results in columns 4, 5 and 6. The effect 
of the t 5 and r 9 terms is to reduce instead of to increase the goodness of fit. More¬ 
over, there is a hump in the curves at x about 12 mm. which is contrary to the 
nature of the data. The Type Ab produces negative frequencies at the high values 
of the variable, but beyond this it fits better than any one of the other approxima¬ 
tions. I fail, however, to find any a priori justification, in this case, for neglecting 
the r 6 term. Edgeworth’s curve gives the best representation of the data; it presents 
no singularities and fits better than the Type IV at the high values of the variable. 
The Logarithmic Normal is rather unsatisfactory, especially at its start. 


( b ) y-Margin . The observed yS’s 

An - 194,333, An - 3*654,374 


led to the following curves: 


(i) 

(ii) 

(iii) 


Pearson’s Type IV 

/ V* \~ 11 * 16896 ” -10*52409 tan*** - 

«-266-445( 1+1 J U i) 

Type Aa integral 

a 8 = - *179,969, a 4 =‘133,574. 
Edgeworth’s curve 

X« *03079, k - *10055, u = 1*82812, 


30950 


with its median at 7*998 mm. Again there are no singularities. 

The frequencies are given in Table XV. The goodness of fit, as measured by P, 
shows a slight superiority of Edgeworth’s curve over the Type IV, and a distinct 
superiority of these two curves over the Type Aa. 

The results of this section point to the following main conclusions: 

(i) Of the curves we dealt with, the Logarithmic Normal is easiest to apply; 
but because of the relation between its fourth and lower moments it is of small 
practical use. When A and 0% are not large, even a relatively small deviation from 
this relation affects appreciably the goodness of fit of the curve. 



218 


Skew Bivariate Frequency Surfaces 


TABLE XV. 

Marginal Distribution of Breadth of Beans . 


Breadth of 
Beans 

Observed 

Frequency 

Theor. Freq. 
Type IV 

Theor. Freq. 
Type Aa 

Theor. Freq. 
Edgeworth 

— 

— 

r c 

f{l-4 

S ( c 

9-125 

5 

j{3-° 

1 7-0 

j{4-3 

8-875 

48 

( 48*6 

\ 60-4 

l 49-4 

8-025 

400 

393-6 

374-8 

385-7 

8-375 

1483 

1516-4 

1474-6 

1513-6 

8-125 

2742 

2732-5 

2793 *3 

2749-7 

7-876 

2579 

2530*5 

2609-8 

2528-2 

7-626 

1397 

1413-3 

1321*8 

1403-0 

7-375 

630 

557-9 

516-3 

557-4 

7-125 

170 

177*2 

213-5 

179-7 

6-875 

72 

49*9 

65-0 

51-1 

6-625 

10 

f 13-3 

( 11*0 

f 13-4 

6-375 

4 

u« 


{{« 

Totals 

9440 

9440 

9440 

9440 

x a 

— 

14-38 

18-18 

13*50 

p 

— 

•110 

•033 

•140 


(ii) As a general frequency function the Type A expansion* with either of the 
approximations to it, the Type Aa or Type Ab, is inferior to the Pearson or 
Edgeworth curves. It is simple to apply, but unless the distributions be only 
moderately skew, this simplicity is not commensurate with the accuracy sacrificed. 

(iii) Edgeworths translated curves, although they also have definite limits of 
applicability, have a much wider range than the Type A series has. As set out in 
Section C, 2 the method is not a universal one for describing frequency distribu¬ 
tions; it is discredited for all but a small portion of the Pearson Type I area. 
Within the set limits, however, they give as good a representation of the data as 
the Pearson curves do. The method has the disadvantage that the start of the 
curves cannot be fixed at will; and if a high degree of accuracy is desired, the 
determination of the fundamental constants as well as the solution of a number of 
cubic equations becomes rather lengthy; it has the advantage that the theoretical 
frequencies are directly obtainable. 

(iv) The Pearson curves are the most useful and most general of those con¬ 
sidered; they will describe almost every variety of distribution we have to deal 
with in practice; the start of the non-symmetrical curves, except in the case of 

* See also the remarks on pp» 113—114. 
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Type IV, is adjustable to the nature of the data. The greatest drawback of the 
system lies at present in the amount of numerical work it entails. 

F. General Considerations . 

In Section C, I gave an account of the contributions that had been made to the 
solution of the problem of describing mathematically skew bivariate frequency 
distributions. After having further analysed, in Section D, some of the character¬ 
istics of two or three of the proposed frequency functions, I passed on to a detailed 
graphical analysis of six observed distributions with the object of studying the 
generality of the theoretical surfaces. These results will now be embodied in a 
short discussion of the more outstanding aspects of the problem. 

As a general starting-point from which a system of skew surfaces can be 
developed, the idea of axes of independent probability does not appear of great value; 
the heteroscedasticity of sections parallel to the principal axes through the modes of 
the distributions, such as we have actually found to exist, proves the interdependency 
of the transformed variables. Of course, this method might be adequate in certain 
isolated cases, but as its application will generally have to be justified by a 
comparison with other representations, there seems to be no point in using it. 

The method of linear transformation suggested by Steffensen includes the 
above as a special case. It, too, consists in replacing the correlation function by 
the simple product of two univariate functions, but the axes representing these 
new variables are not necessarily rectangular; the angle they enclose is deter¬ 
mined from the moments about the original axes. It is under this group, I think, 
that Dr Rhodes 1 surface may be classed. Although these formulae have the advantage 
that they can be applied with relative ease, their breadth of application is limited 
by their not allowing for enough freedom in the variation of the array and marginal 
distributions. The small number of parameters they contain requires certain relations 
between at least the fourth and lower order momental constants to be satisfied. 
But such relations seem rarely to exist in practice ; those pertaining to the Rhodes* 
surface are satisfied approximately by only one of the distributions considered. 
Apart from these limitations, the formulae suffer from the serious disadvantage 
that their array moment and marginal curves are not finite expressions and thus 
not of any direct practical use. 

The supposition of homoclitic and homokurtic array-sections from which 
Narumi developed his system of surfaces is not supported by our numerical illus¬ 
trations. The data of Tables I—V involve (entangled with an irregular variation) 
a regular variation in the shape of the arrays; for the arrays of Table VI no 
regularity, whether changing or constant, is discernible. I am inclined to think, in 
fact, that the conditions presupposed by Narumi will physically very seldom be 
realised if each variable has a more or less distinct upper limit and if neither of 
these limits is a function of the other variable concerned. Thus, if there be 
positive correlation the x (or, y)-variable attains a greater freedom of variation in 
the direction of its upper limit as y (or, x) decreases in value. The arrays tend to 
become more and more symmetrical and may ultimately even become skew in the 
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opposite direction if the variables have lower limits as well. This is what actually 
happens in the distributions with which we have been dealing. While the condition 
of similar parallel sections seems likely to be fulfilled sooner by the transformed 
Variables represented by the principal axes through the mode or mean of the 
distribution, than by the observed variables, the enquiry we made as to this led to 
rather discouraging results; the method is moreover handicapped by the un¬ 
wieldiness of the resulting array moment curves. 

The direct extension of a system of frequency curves to s the corresponding 
system of surfaces is, perhaps, the most natural way of approaching the skew-corre¬ 
lation problem. Several such attempts have been made involving the Pearson 
curves, Edgeworth's translated curves, the Type A series, and the logarithmically 
transformed Normal curve. Accordingly it was necessary to make a comparative 
study of these curves; the conclusions arrived at place the curves in the above 
order for general adequacy in representing observed data. Owing to the difficulty 
of mathematical analysis, it has up to the present not been possible to derive a 
general system of surfaces from the Pearson curves. Edgeworth extended his 
method of translation to two dimensions and discussed the two cases where the 
equations of translation involve the observed variables (i) separately: simple 
translation; and (ii) conjointly: composite translation. The relations between the 
moments which justify simple instead of composite translation are not even approxi¬ 
mately fulfilled by our distributions; while composite translation is not feasible. 
It is further to be observed that here, too, the array moment curves and marginal 
curves cannot be directly discussed. In summarising the relative advantages of 
the Pearson curves and the method of translation, Edgeworth claimed as a proposi¬ 
tion in favour of his system that “ it is adapted to the representation of frequency 
surfaces ”; the proposition is true, but in the light of the analysis we have made 
it carries hardly any weight. 

The Type AaAa (or, 15-Constant) surface still remains the most general of the 
surfaces that have been propounded. Its value lies more in its having 15 available 
constants, however, than in the form of its equation. Its limitations are essentially 
the same as those of the Type A expansion which we discussed in Sections C, 2 
and E, 5. The simplified form of the Type AA surface suggested by Jorgensen, 
where the generating surface is the simple product of two normal curves, is still 
less efficient as a skew bivariate frequency function. The differential terms alone 
are inadequate to give an account of the correlation. The Logarithmic surface, 
equation (30), is fully specified as soon as all the moments up to the third order 
are known; it has consequently only 10 available constants; the relations between 
its fourth and lower order moments severely restrict the generality of its applica¬ 
tion. For a discussion of the regression, scedastic, clitic, and kurtic curves of these 
two surfaces, we refer the reader to Section E, 2. From the scedastic curves 
onwards the fits obtained are rather unsatisfactory; bht having only one surface 
with 15 constants and one with 10 at our disposal, *we do not know what goodness 
of fit really can be obtained in fitting theoretical array moment curves to observa¬ 
tional data. A consideration of other characteristics of the surfaces, however, leads 
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one to anticipate that better results could be obtained only with surfaces whose 
sections and marginal totals are more successful than the Type A and the Logarithmic 
Normal Curve have been found to be in representing observed univariate distributions. 

It can still be said, in conclusion, that after more than thirty years the pro¬ 
blem still remains the “most urgent task before mathematical statisticians.” The 
solutions that have been put forward will be serviceable in certain special cases; 
but no satisfactory solution to the general problem has yet been reached. 

I wish to acknowledge with gratitude my indebtedness to Professor Karl 
Pearson for proposing the subject of this study and for his continual kindly advice 
and criticism. I am also indebted to Miss Ida M c Learn and Miss Joyce Townend 
for preparing the diagrams so well. 
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THE DERIVATION OF CERTAIN HIGH ORDER SAMPLING 
PRODUCT MOMENTS FROM A NORMAL POPULATION. 

By JOHN WISHART, M.A., D.Sc., Statistical Department, 
Rothamsted Experimental Station. 

The recent publication, by R. A. Fisher*, of a paper on the derivation of 
moments and product moments of sampling distributions has not only brought 
to a focus the work that has been done in this field by a large number of workers, 
but has also set these different contributions in their true perspective, and shown 
them to be partial attempts to deal with the whole matrix of direct and product 
moments of the various symmetric functions customarily calculated from the sample, 
and used as presumptive values in defining the population of which the sample is 
a member. Dr Fisher has supplied all the formulae required up to the 10th degree, 
together with four others of special interest of the 12th degree. He gave in addition 
a rule rendering it unnecessary to deal in the above classification with moments 
involving powers of the first sample moment coefficient, i.e. the mean, a further rule 
(dealt With in greater detail elsewhere f) for finding, for normal populations, the 
variance of the rth symmetric function of the observations, as defined by him, and 
an extension to multivariate distributions. It might seem that these results were 
sufficient, and that still higher order results, if they could be derived, would be of 
no practical utility. But at the end of his paper, in a section dealing with measures 
of departure from normality, Dr Fisher considered a problem requiring new 
formulae of higher degree, in order to determine the second, fourth and sixth semi¬ 
invariants of an expression analogous to VA of the sample, and similar expressions 
for the equivalent of & - 3. These expressions are only approximate, being expan¬ 
sions in powers of 1 /», and proceed as far as terms in 1/n* in the first case and l/n 
in the second. If it is desired to proceed to a higher degree of approximation in 
order to test the convergence of the series reached, particularly for the higher semi¬ 
invariants, and so to determine how large the sample must be before deductions can 
safely be drawn as to the normality or otherwise of the population from which the 
sample has been taken, then further formulae are required. It is the purpose of the 
present paper to supply the formulae which will enable the results to be pushed to 
a further stage in the approximation. Their application in this connection has been 
made by Dr E. S. Pearson in the paper following this one J. 

As a number of different papers have appeared on the subject in the last year 
or two, it may be well to begin by pointing out their essential differences. Thiele, 

* R. A. Fisher, Proc. Lond. Math. Soc. (2), Vol. xxx. (1929), pp. 199—288. 

t J. Wishart, Proc. Roy. Soc. Edin. VoL xlix. (1929), pp. 78—90. 

J See pp. 289—249. 
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in 1889 *, after defining the semi-invariants, used symmetric functions of the 
observations of a sample which are the same functions of the sample moment 
coefficients as the population semi-invariants are of the population moment coeffi¬ 
cients. He supplied an expression covering all the semi-invariants of the mean; the 
first three semi-invariants of his symmetric function of 2nd degree (i.e. of the variance); 
the first two semi-invariants of his 3rd and 4th degree expressions; and the first 
semi-invariant or mean value of his 5th and 6th degree expressions. The steps in 
the derivation of these formulae were only outlined, the results depending on the 
use of tables of symmetric functions of the roots of equations; such tables were 
given by Thiele at the end of his paper. Earlier tables of this kind had been given 
by Cayley and other writers f. Later, in 1903 % 9 Thiele added a fourth semi-invariant 
of the variance, and the mean values of his 7th and 8th degree expressions. 

Later Tchouproff‘§ obtained certain general results for the moment coefficients 
of moment coefficients, and in particular gave formulae for the first four moment 
coefficients of the variance ; these were also given later by Church ||, by a method 
which has been described as the method of “ Student ”11; it is essentially the same 
as that employed by Thiele, but later workers were probably unaware that the 
tables of symmetric functions had already been published in works on pure mathe¬ 
matics. It is clear, as has been recently pointed out by Rider**, that the formulae 
of Tchouproff for the moment coefficients of the variance can be derived from the 
earlier results of Thiele by using the general formulae connecting moments and 
semi-invarianta 

In an important recent paper, C. C. Craig developed Thieles work quite 
extensivelyff. It should be remembered that there are three kinds of moment 
coefficients, or semi-invariants, arising in this work. These are (1) the moment 
coefficients, or other symmetric functions of the sample observations, which are 
regarded as estimates of (2), the moment coefficients or semi-invariants of the 
population of which the observations form a random sample. Finally the distribution 
in all possible random samples of the sample moment coefficients or other symmetric 
functions is specified by means of (3), its direct and product moment coefficients, or 
semi-invariants. Both Fisher and Craig postulate an infinite population having any 
law of distribution with finite moments. Craig supposes the ordinary moments, m r , 
to be calculated from the sample, and he gives formulae for the semi-invariants of 
the multiple distribution of these moments, in terms of the population semi¬ 
invariants. His list is not exhaustive, for he considers only the semi-invariants 
for the simultaneous distributions of the second and third, and second and fourth, 

* T. N. Thiele, Forelcesninger over Almindelig Iagttagelseslare , Copenhagen, 1889. 

t See Salmon’s Higher Algebra , where the functions are given up to the 10th order. 

X T. N. Thiele, Theory of Observations , London, 1908, C. and E. Layton, pp. 45—46. 

§ A. A. Tchouproff, Biometrilca , Vol. xn. (1919), pp. 140—169 and 185—210. 

|| A. E. R. Church, Biometrika , Vol. xvn. (1925), pp. 79—88. 

IT Used by 11 Student ” in calculating the moment coefficients of the mean and variance in samples 
from a normal population. Biometrika, Vol. vi. (1908), pp. 1—25. 

** P. R. Rider, Proc . National Academy of Sciences (U.S.A.), VoL xv. (1929), pp. 480—484. 
ft C. C. Craig, Metron, Vol. vn. (1928), pp. 8—74. 



226 


High Order Sampling Product Moments 

moments. For the normal case, however, he does give three exact expressions (S n (v 
$18 (v*vi) and (v%v^) in his notation) which were not tabulated by Fisher, although 
the latter, in connection with the tests for normality, gave the leading terms in the 
formulae corresponding to the last two of these formulae. Further results by Craig 
are general approximate formulae for the first four semi-invariants of \Z&, /8f — 3 
and <r, which are only worked out fully, however, for the normal case. A section of 
Fisher’s paper also deals with this point and furnishes a higher degree of approxi¬ 
mation for the semi-invariants of ai* expression equivalent to V&* adding the sixth 
(the fifth being zero), while for the equivalent of — 3 he goes as far as terms in 
1/n 3 as Craig does, but adds a fifth semi-invariant. I have been unable, however, 
in the case of £ a to verify Craig’s terms in 1/n 8 , which do not agree with Fishers*. 
Important as Craig’s contribution to the theory is, however, it should be pointed 
out that there is an essential difference in Fisher’s method, a difference that makes 
for simplicity in the resulting formulae. Craig at one point remarks “it rather 
seems that the best hopes of effectively further simplifying the problem of sampling 
for statistical characteristics lie either in the discovery of a new kind of symmetric 
function of all the observations which may be used to characterise frequency 
functions and which will be more amenable than either moments or semi-invariants 
for use in sampling problems, or in, what may very well prove to be better and more 
feasible, the abandonment of the method of characterising frequency functions by 
symmetric functions of all the observations altogether.” The line of Fisher’s work 
had followed the first of these two suggestions. The symmetric functions of the 
observations which he supposes calculated, i.e. his i’s, are such that the mean value 
of any k r in all possible samples, is * r , the rth semi-invariant of the population from 
which the samples are taken. His A;’s are, therefore, more nearly allied to semi¬ 
invariants than to ordinary moments, and they are not the same functions of the 
sample moments as ordinarily defined as the semi-invariants are of the population 
moments. Thus, for example, if we denote by m r the rth moment coefficient of the 
sample about its own mean, i.e. 

1 n 

m r = - 8 (x — x) r , x « - 8 (x), 

ni ' n x v 7 

then the first four of Fisher’s symmetric functions are 

ki = m 1 , k t = ——r m», 

n — l 

3 8 

‘'■HIM-' i <- (»-l)(.-2)(„- 3 ) [( ,l + 1 )" , <- 8 <"- 1 ) m »’}- 

The employment of these functions of the ordinary moment coefficients leads to 
a great simplification, not only of the sampling results, but also of the methods by 

* Craig's formula for c lt the mean value of , is certainly wrong in the terms in 1/n 3 , for the exact 
n — 1 

result is 8 --j-j , which if expanded gives a term - 1/n* in place of Craig’s - 5/n s . It may be that Craig’s 

degree of approximation hardly warranted his giving the terms in 1/n 8 for the semi-invariants of 0 9> 
although the term in 1/n 8 in * 3 (Craig’s c 2 ) is correct. 
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which these are derived. For although Fisher shows by an example how to proceed 
by direct algebraic methods to determine the semi-invariants of the multiple 
distribution of powers and products of any number of the As, expressing the results 
in terms of the population semi-invariants, he soon makes it clear that the inter¬ 
mediate steps may be left out and the final result written down, a term at a time, 
by methods of combinatorial analysis, following certain simple rules. The demon¬ 
stration of the validity of the rules is admittedly a difficult piece of mathematics, 
but the rules themselves are easy to remember and far simpler to apply than the 
direct algebraic methods. To illustrate first the nature of the general problem, 
suppose that we are concerned with the derivation of the formula for * (3 p 2«). First 
as to the meaning of this expression ; k 2 and k z have already been defined in terms 
of the observations of the sample. If we write /a (3 p 2Q) for the mean value of ktfktf 
taken over all possible samples, then *(3*2^) is the corresponding semi-invariant, 
the K8 and fi’a being related by the identity in t z and t^y 

l + /*(2)<, + /t (3)«a + M (2«)|‘+^(23)^ ! + /t (3»)|‘+... 


— ex P ] 


* (2) t t + k (3) t, + * (2*) + * (23) + 




k( 3? 2?) may be expressed as the sum of terms each of order 3p + 2</, consisting of 
powers and products of the semi-invariants of the sampled population, fc Zy K Zy ..., 
K Z p+ 2 q , and the general rules of the combinatorial procedure for determining the 
coefficients have been given by Fisher*. A simple illustration is given at the end 
of the present paper. 

In the case where the sampled population is normal we see at once the advantage 
of expressing the results in terms of semi-invariants, for all the ks above tc 2 vanish, 
and thus we are left with only a single coefficient to evaluate—in the above example 
that of + Certain interesting generalisations also follow. Thus the semi- 

invariants of the distribution of powers and products of moment coefficients, or of 
k’ s, of the second order, may be solved by considering appropriate ring arrangements 
of rods J, while general formulae for the variance of k t and for the correlation between 
product moments of any order have also been determined for the normal case§. 

We shall now consider in detail in the case of a normal population the derivation 
of the formula for k( 3* 2 s ) which is one of the new results required for further 
development of the tests for normality. The result will consist of a single term in 
#c* 6 , since the expression evaluated is of the 12th degree, k z being simply a 2 , the 
variance of the sampled population. In following out the rules we must therefore 
write down all the two-way partitions which have 

5 columns , containing 3,3,2,2 and 2 entries respectively (controlled by k (3 a 2 3 )), 

6 rows , each containing 2 entries (controlled by ** 6 ). 


* R. A. Fisher, loc. cit . pp. 219—223. 
f The ooeffioient vanishes when p is odd. 

j J. Wishart, Proc . Lond . Math. Soc. (2), Vol. xxnt. (1929), pp. 309—321. 
§ J. Wishart, Proc . Boy. Soc. Edin. Vol. xlix. (1929), pp. 78—90. 
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We find that there are three partitions that have other than zero coefficients, as 
follows: 
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2 
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1 

— 

— 

1 

2 

3 

3 

2 

2 

2 

12 

3 

3 

2 

2 

2 

12 

3 

3 

2 

2 

2 < 

12 


(a) (b) (c) 


No row can contain only a single entry, so that no 2 can occur, and the entries are 
therefore all units*. Now if the columns be regarded as corners having as many 
arms extending from them as there are units in the column, and if the rows be 
regarded as the junctions between the afms of different corners, we have the five 
corners shown in the diagram below to dispose in all possible ways so that there are 
six junctions 

A AAA A 

and two arms only at each junction. The partitions (a), (6) and (c) are then found to 
be equivalent to the symbolical figures 



Figures (a) and ( b ) may be regarded as two-dimensional models, unless it is preferred 
to think of the arms connecting A to B, directly and through (7, as in a plane 
perpendicular to the paper. Figure (c), on the other hand, is best regarded as 
a symmetrical figure in three dimensions. 

In each case there are two parts to the desired result. One is the numerical 
coefficient, which is derived from the number of ways in which the particular diagram, 
or partition, may be set up, the arms of any corner having separate identities and 
being interchangeable, and the corners themselves being regarded as distinct. The 
other part is the coefficient in n, the size of the sample, and this is fixed from the 
nature of the pattern, i.e. the arrangement of entries and zeros, irrespective of what 
the entries actually are, and the number of rows and columns—alternatively, looking 
at the symbolical diagrams, the ?i-coefficient is fixed by the number of comers and 
the number of breaks between comers and by the design of the diagram. The two 
parts will be considered separately. 

* For the conditions under which oertain patterns have zero-ooeffioients see R. A. Fisher, loc. cit. 

pp. 220—221. 
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(1) Numerical coefficient This is determined most simply from the symbolical 
diagram. 

(a) Having placed the two 3-way corners (A and B ) together, so that they 
can be doubly linked, there are six ways of disposing the three 2-way corners 
(0, D and B) so as to form a ring. An arm (B to C) may be selected out of the 
three at B in three ways, likewise for the arm A to E t and in the case of the three 
2-arm corners there are two ways each of arranging the arms ((7 to B or Z), etc.). 
Finally there are two ways of linking the double arms between A and B. The total 
numerical coefficient is therefore 6.3 a . 2 8 .2 * 864. 

(b) There are three ways of putting a 2-way corner (C7, D or E) to one side 
of the line AB to form a triangle, and two ways of connecting up the others (D or 
E to B). These give a factor 6. The arms A to E , A to B and A to C may be 
stretched out in six ways, likewise for the three arms from B> while there are two 
ways of linking for each of the three 2-arm corners. The numerical coefficient is 
therefore 6 3 .2 3 = 1728. 

(c) This is a symmetrical arrangement. There are six ways each of stretching 
out the arms at A and B , and two ways each of linking up to the arms from C 9 D 
and E . The numerical coefficient is then 6 a . 2 8 = 288. 

As a check on the correctness of the total numerical coefficient we note that the 
total, 864 + 1728 + 288, is equal to 288 x 10. 288 is the numerical coefficient of the 
term in * 2 6 of k( 3 2 2 2 ) (see R. A. Fisher, loc. cit . p. 213, formula (31)), and 10 is the 
degree of k (3 2 2 a ). The coefficients can in fact be determined from the number of 
ways in which a new corner may be inserted into the pattern of lower degree. In 
the case of * (3 a 2 a ) there are five junctions, and a new 2-way corner can therefore 
be inserted in five ways, and when its position has been decided, there are two ways 
of linking up the arms of the new corner to those at the broken junction. Hence 
the numerical coefficient for *r(3 a 2 3 ), obtained by adding a 2 to *(3 a 2 a ), is equal to 
the number of ways in which the pattern for k (3 a 2 a ) can be arranged, namely 288, 
multiplied by 10. The diagrams on the top of p. 230 show the development from 
the simple result 

*< 3 *) = 2)*** 
as far as the numerical coefficient is concerned. 


The derivation of new formulae can evidently, as to the numerical coefficient, 
be pushed as far as desired. In fact the total numerical coefficient of the term in 
K t r+ * of k (3*2 r ) is 

2 r ( r + 2 > ! 6 

2. 2I .6. 


(2) The n-coefficient. It is already known that the term in *, r+ * of #(3*2 r ) is of 
the order l/n r+1 so that, approximately, 


'• (3 2 2 r ) = 8 2) 1 » *t r+a 't 
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K(J*> 


*(»*«) 


K(jV) 


K(3 V) 


<> 

6 

i 

A 

4:^ 


6-6 * 34 



< > 
'O' 

144 - 6*864 


36*43144 


i—i 

44 


364*144 


A 

A 

<T> 

V 


144 ( 4 + 8 )= 1728 144*2 *288 


but if the exact coefficient is wanted, it is necessary to follow out the rules given 
by Fisher (pp. 221—222), and proved on pp. 226—280. It so happens that our three 
patterns, although essentially different in their structure, have the same n-eoefficient, 
namely 


(n — I) 4 (n - 2) ‘ 

This is due to the fact that they are all derived from the same pattern, namely 
that for k (3 8 ), by the insertion of fresh 2-way comers. By way of illustration of the 
general method one only of the above patterns will be evaluated, and this is more 
conveniently done from the symbolical diagram than from the 2-way partition. It 
should be noted that this work does not have to be repeated every time an example 
is worked: when the coefficient has been determined for any pattern it applies to 
all patterns of that kind, irrespective of the entries. R. A. Fisher has supplied some 
three pages of the more commonly occurring patterns (pp. 223—226), and it is only 
because our example is not covered by his list that it requires to be worked out*. 
We shall choose pattern (a) for illustration. The arms may now be regarded as 
being joined, thus: 

o 

and the reader is recommended to reconstruct this figure for himself by means of 
six matches, in order to follow more easily the reasoning. 

* The reasoning which follows is given for the purpose of illustration, but it is unlikely that a pattern 
of such a complex nature will ever require to be worked out by the reader. An indication is given later 
of methods whereby the n-coefficients of such patterns can be derived from those of simpler patterns: 
e.g. in the present case the coefficient of the normal term of k (8 a ) iB all that is required to develop the 
normal term of suoh a semi-invariant as k (3*2 r ). 
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The rods (matches) are now regarded as the rows of the 2-way partition, and we 
consider all the possible ways in which the rods can be separated iuto 1, 2, 3, ... 6 
separate groups, or separates. With each of these there is associated a factor in w, 
according to the scheme of the following table, which also shows the number of 
such separates. 



Separation into 

Number of wayt 

Factor 

(«) 

1 separate 

1 

n 


n and 5 

6 ) 


w 

2 separates of \ 2 and 4 

15 j-31 

n (w — 1) 


and 3 

ioJ 


fly 1 and 4 

15} 


( c ) 

3 separates of -[ 1, 2 and 3 

00 po 

n (n— 1) (w —2) 


(.2, 2 and 2 

ioJ 

(d) 

4 separate* of {{- ^ « 

S}« 

n (n — 1) (w —2) (n-3) 

(«) 

6 separates of 1, 1, 1, 1 and 2 15 n 

(n-l)(w-2)(n-3) (w-4) 

(/) 

6 separates 

1 n (?i - 

-1) (n- 2) (»*-3) (n- 4) (w-5) 


In each of these 203 separations we consider the corners separately. Each 

unbroken corner contributes a factor nr\ a corner broken into two parts the factor 

1 2 1 

— / _ v, into three parts the factor —-^--r- x . The nature of the separa- 

a(n-l) 1 n(n-l)(n —2) ^ 

tions will be expressed by a quantity in brackets, such as (1^2^3 r ), which specifies 

p unbroken corners, q broken into two parts and r into three parts, so that for our 

example p + q -f r = 5 always, and such a group of separates would contribute a term 


tiY ( _ 1 .y ( __ 2! _y. 


(a) Here all the corners are unbroken, and the coefficient is n/« s . 

( b) Let hs number the rods as follows: 



(i) Separation into two separates of 1 and 5, however it is done, leaves three 
corners unbroken, while the other two are broken into two parts. We therefore have 
a contribution of 6 (l 8 2 a ). 

(ii) Separates of 2 and 4. The fifteen ways that this can be done may be 
divided into a number of sub-classes. Thus if we separate off 1 and 2 from the rest 
we obtain a term (1 8 2 2 ) and the same result is obtained by separating off 3 and 4, 
4 and 5, or 6 and 6. Total 4 (l 8 2 a ). Separating off 1 and 3 produces (1 # 2 3 ) and the 
same is true of 1 and 6, 2 and 3, and 2 and 6. Total 4 (l a 2 s ). Separating off 1 and 
4 is the same as separating 1 and 5, 2 and 4, 2 and 5, 3 and 5,3 and 6, and 4 and 6. 
Total 7(12 4 ). The separates of 2 and 4 therefore contribute 4(l 8 2 a ) + 4(l a 2 s ) 
+ 7 (12 4 ). 
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(iii) Separates of 3 and 3. This can be done in ten ways, subdivided as 
follows: 

1, 2, 3 and 1, 2, 6 2(1*2*), 

1, 2, 4; 1, 2, 5; 1, 3, 6 and 1, 4, 5 4(1 2«), 

1, 3, 4 and 1, 5, 6 2(1*2*), 

1, 3, 5 and 1, 4, 6 2 (2 s ). 

The total contribution from the 31 separations into 2 separates is therefore 

12 (l s 2*) + 6 (1*2*) +11 (12 4 ) + 2 (2 s ). 

(c) The separations into three separates are a little more difficult to follow 
out*, but result in 

1 (I s 3*) + 10 (1*2*) + 12 (1*2*3) + 22 (12*) +12 (12*3) + 6 (12*3*) + 13 (2 s ) 

+ 12(2*3)+ 2 (2*3*). 

(d) The separations into four separates lead to 

3 (1*23*) + 5 (12*) +12 (12*3) + 9 (12*3*) + 9 (2 s ) + 16 (2*3) + 11 (2*3*). 

( e ) For five separates we have 

3 (12*3*) +1 (2 s ) + 4 (2*3) + 7 (2*3*). 

(/) Here all the comers are broken completely and we have simply (2*3*). 

The final re-coefficient is then made up as follows: 

1 r 12 6 11 2 4 10 (re — 2) 24 

re* L re — 1 (n-l)* + (n-l)* (re-1)* + (re-l)(re-2) (re-1)* + (re-l)* 

22 (re-2) 24 24_ 13 (re - 2) 24 8 

+ (re—1)* (re — l)**(n — l)*(re — 2) (re —1)* ^(re —1)* (re— l)*(re — 2) 

12 (re — 3) 5 (re — 2) (re — 3) 24(n-3) 36(re-3) 9(re-2)(n-3) 

(re — 1)* (n — 2) (n-1)* («-1)* + (n-l)*(n-2) (w-1)* 

32 (re — 3) 44 (re — 3) 12(re-3)(re-4) (re-2)(w-3)(w-4) 

+ (re-1)* (re — l)*(w —2) (re — l)*(re — 2) (n-1)* 

8 (re — 3) (re — 4) 28(re-3)(re-4) 4(re-3)(re-4)(re-5)1 
+ (n-1)* (re — l)*(re- 2) (n-l)*(n-2) J' 

This reduces to 


(n-l)<(n-2)* 

As already stated all three patterns for the contributory portions of k (3* 2 s ) have 
the same ^-coefficient, and our result in full, therefore, is for normality 


k (3 # 2 8 ) 


2880n 6 

(n — 1)^ (n — 2 ) K% 


( 1 ). 


(e), (d) and (e) are best evaluated at. the same time as (b), to avoid repetition of labour. 
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List of Higher Order Formulae. 

The following results, which are of degree 12 and upwards, will enable expansions 
for the moments of sjfti and ft t from a normal population to be determined to 
a higher degree of approximation than has hitherto been reached. 


k (3 2 2 4 ) = 
*(3 4 2 2 ) = 
k (3 4 2 3 ) = 

*( 8 *)- 
*(3*2) = 
*(4*2*) = 

* (4* 2 s ) == 

* (4 2 2 4 ) = 
*(4 3 2) = 

* (4*2 2 ) = 

* (4 S 2 3 ) = 
* (4 4 ) = 

* (4 4 2) = 
k (4 B ) = 


34560n , /n , 7776n 2 (5ft-12) , 

(—. .<*>' .< 3 >’ 

108864m*(5m —12) , 

(„-i)* ( ,-2)* “ .<*>■ 

1741824m* (5m —12) " 

(m — 1)*(m— 2)* «*.< 5 >’ 

466560ft 3 (22w 2 — lllw +142) . 

-(n—l)*(n —2) 5 **.<«>’ 

“i * 2 *( 3 *).( 7 >- * ( 3 * 2 *) = ( “^*<M3 # ) .(8), 

1920ft(« +1) 

(m — l) s (» — 2) (n — 3) ** . K h 

23040re(n+l) 7 nm 

(ft — l) 4 (ft — 2) (w — 3) K * .;. U 

322560w (n-f 1) R 

. <U) ’ 

2073Gn(» + l)(» 2 -5ft + 2) 7 

(ft — l) 3 (n — 2) 2 (» — 3) 2 ** . ( ’’ 

290304m (r/ 4-1) (m 2 ~ 5m 4- 2) g n ^ 

(ft — l) 4 (n — 2) 2 (» — 3) 2 ** .' 

4644864ft (n +1) (n 2 - fin + 2 ) B .... 

(ft— l)*(w — 2) 2 (n — B) 2 ** 

- 6912»(n + l) [53r|1 _ 428w a + 10 25ft 2 - 474n +180} 

(n — l)*(w — 2)*(n — 3) 3 ' 

.(16), 

^ «. * (4 4 ).(16), * (4 4 2 2 ) = * a 2 * (4 4 ) .(17), 

* g 10 , approximately*.(18). 


The derivation of the foregoing results .has been rendered much simpler than it 
would otherwise have been by the discovery of a rule which applies whenever a fresh 
k t is introduced into the kappa expression to be evaluated. We may regard k (3*), 
* (3*2),... *(3 2 2 r ) for example as a train of formulae each derived from the preceding 
one by the adding of a k t , or, looking at the symbolical diagram, by the insertion of 


* There is a misprint in Dr Fisher’s paper, p. 286, where K t [w) (not <r s as printed) shonld read 
71.144. . n~f. Also on p. 288 (top) the three ways of evaluating the symbolical diagrams for k (8*2) 

should be 16682, 7776 and 16652 respectively. 
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a fresh 2-way comer. The effect this has on the numerical coefficient of the normal 
term in k (3*2 r ) is to multiply by the degree of this expression, i.e. by 2r 4* 6, in order 
to produce the normal term of k{ 3 2 2 r+1 ), as explained on p. 229. The effect on the 
n-coefficient is simply to divide by n— 1 every time. For example, the normal term 
in k (3*2) is derived from that of k (3 a ) as follows: 


1 1 
1 1 

if 


1 1 I 
1 1 

1 - 
- 1 


(w-l)(n-2)’ (w — 1)* (w — 2) ’ 

One of the rows (here the last) must be split to make two new rows, and the units 
of the new column placed in these rows. Now if in the working out of the 
^-coefficient of the pattern for the normal term of *(3*2) the separations are 
grouped into two classes, (1) those in which the last two rows occur together and 
therefore reproduce the separations of the normal term of k (3 a ) together with the 

contribution ~ from the new column, and (2) those in which the last two rows are 
n 

separated, bringing in a contribution — - — from the new column, it may be 

readily verified that the net effect on the coefficient of the normal term of k( 3 a ) is 
to divide by n —1. In the next stage two patterns are produced for /c(3 2 2 a ) corre¬ 
sponding with the symbolical diagrams on p. 230, according as one of the first two 
or one of the last two rows of the pattern for k (3*2) is split to form two new rows. 
Thus: 


i - -; \ 

- i -;i 

n 

/\ 

^^ 
V 

II* / -11.- 

11-/ 


: ’ * \: I 

n 




1_1 


The n-coefficients are equal, both being derived from that of k(3 *2) by dividing by 
it —1. 

In the last stage of the process for the example illustrated, i.e. k (3*2 8 ), three new 
patterns are formed from the two patterns of /c(3 2 2 a ) as shown on p. 230, and their 

n-coefficients are all equal, and equal to ^ — - 2) ’ are n0W a ^ e to wr ^ e 

down the general formula 

* ( «®2 r ) = ifflzIH. *,r. * (p9) . 

’ (Ip?l) r F) 


(19), 
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which is generally true for sampling from a normal population, for it holds when 
pq is even, while when pq is odd the whole expression vanishes, since k (p q ) has in 
general no term involving # a only, when pq is odd. A special case of (19) occurs 
when 1. We then find that, for the normal case, 


*(P 20 = ; 


(p) =» 0 


^ . 

whenp is greater than 2. This follows from the general result that * (p)*# p , while 
all k& above vanish for normality. It is obvious also from the impossibility of 
constructing a closed symbolical diagram to fit this case; for, to illustrate from k (p 2 a ), 
the only possible diagram is of the form 


the number of arms extending from A being equal to p, and the conditions laid down 
by Fisher (loc. cit. pp. 220—221) are such that (1) no loose arms can exist and 
(2) a break at any one corner must not divide the figure into two separate pieces. 
In the special case where p = 2 we have 

‘ (2H1)= (^f^ r+1 .< 21 >- 

which is the (r + l)th semi-invariant of the distribution of k 2) in samples from a 
normal distribution. In terms of the more familiar m 2} the second moment coefficient 
of the sample, the result is 

2 r . r! (n — 1) 2 , /©o\ 


a form which has already been published *, and which is derivable from “ Student's ” 
distribution of the variance f, <r being the standard deviation of the sampled normal 
population. Forp > 2 equation (20) shows that there can be no correlation in samples 
between k p and any power of k 2 . For comparison with this we have a more general 
result already reached, to the effect that no correlation can exist between k t and k u 
unless t * % or, for bi-variate populations, between k tu and k^ unless t + u ** v 4 * w. 
This is another important property of the k functions which does not hold among 
moments. For correlation does exist between the sample moment coefficients of 
different orders, other than m lt the mean, which is uncorrelated with any of the 
higher moments. 

The tabulated formulae (1) to (18) are special cases of the general result (19) 
except for k (3 6 ), tc (4 4 ) and tc (4 5 ), and it is evident that any expression of the form 
tc(p q 2 r ) can be evaluated in full for the normal case as long as /c(p q ) is known 
exactly. The numerical parts of k (3 e ), tc (4 4 ) and k (4 5 ) have already been worked 
out by R. A. Fisher J:, although he did not in his paper give the separate contribu- 

* J. Wiahart, Proc . Lond . Math. Soc. (2), Vol. xxix, (1929), p. 814. 
t 44 Student,” Biometrika , Vol. vi. (1908), pp. 6—8. 
t B. A. Fisher, loc. cit . pp. 288 and 236. 
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tions of the different patterns. An extension of the rule already described for the 
adding of a k t enables us to develop the w-coefficients of the patterns in * (3*), e.g. 
from those of k (3*), which are known*. By way of illustration we give the 
development of the two patterns for the normal term of k (3 4 ) from the single pattern 
for k (3*). 


K(S*) 


K(5») 



£l6tt(c-s) 
(-)■*(.-.)* K » K « 


K(l») 

k>l A 


A 

K * 


TOTAL 


648tt g (5n-l8) fc 
(tt-t)*(«-8) 5 Kg 


Alternatively the development in terms of the 2-way partitions is as follows: 



(a) The rule here is that already described, for the new k B added is in the 
form of a column having only two entries. The n-coefficient is therefore obtained 
from that of k (3 2 ) by dividing by n -1, while its numerical multiplier is multiplied 
by 54. (Three ways of breaking the old pattern—six ways of arranging the new 
3 -way corner at this break—and, since the resulting pattern is unsymmetrical, 
three ways of choosing which of the 3-way corners shall be unlike the others.) 


* These rules will be described in a forthcoming paper by B. A. Fisher and the present author. 
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( b) Consideration of the separations shows that the n-coefficient of this pattern 
is of the form 

_5_. a __1_ n 

(n-l)(n-2)^ (w — 1) (n — 2) 

where A is the n-coefficient of the 2 row—2 column partition, i.e. , and B 

is the n-coefficient of the pattern for the normal term of *(3 a ), i.e. —— \){n — "2 ) * 

n — 3 

The coefficient multiplier is therefore ; -—-— , while the numerical multi- 

plier is 36, (Three ways of breaking old pattern—two junctions to either of which 
one of the three arms of the new corner may be connected, while the remaining 
two arms may be disposed in two ways at the break.) 

(c) and ( d ) In both these cases there is only one junction, i.e. that where 
three arms meet, that can be broken if the normal term of tc (3 4 ) is to be formed 
from the term in k z k£ of k (3 8 ). The new 3-way corner can then be disposed at this 
break in six ways, so that the numerical multiplier in (c) and ( d) is 6, while the 

multiplier of the n-coefficients of the patterns for * (3*) is in each case ^ w _i^ w g) * 

466560 

n 8 (n 3 -6n +10) 


a 

56296 
n»(»+l)» 

(» — I) 8 (» — 2)* (n — 3) 3 ’ (»-1)«(»-2)’(»-3 ) s ’ (»-l) 3 (»-2)» (n-3)>* 

Total < 63n< " *28w3 + 1025n 3 - 474*+180} 

Patterns of * (4®) 

5 x 5 

multiplier 12®.12 12®. 80 12®. 120 12®. 32 12®. 120 

Total ~ * 2 10 » approximately, 

Biometrika **tt 


Numerical 



& 



Patterns of k (3®) 

O 

\<>/ 

Numerical multiplier 
699840 
^-coefficient 
n 3 


No/ 

2099520 


\<y 

4199040 
ri 8 (n - 3) 


pfi 

lAl 

2799360 
tt 3 (n - 3) 2 


■ (»- 1)®(»— 2) 3 ’ («-"l)*(*-2) 3 ’ (n-1) 6 (re-2) 4 ’ (»-1)» (*-2)*’ 

Pattern* of k( 4 4 ) 


w , , 466560 » 3 (22m.* —111»+142) „ 
(»-!)»(»-2)* **' 



k=5l 

248832 

^.coefficient 

n (n +1) (w 4 —8n 8 + 21n 8 — 14n«f4) n (w + l) (n 4 - 9w 8 + 23?i 3 -llw+4) 


Numerical multiplier 
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High Order Sampling Product Moments 

Procedure in the non-normal case . 

In order to fix this simplified problem, which arises in the case of normality, in 
its place as a part of a wider scheme, it will perhaps be of value to conclude by 
indicating in a simple example the lines of procedure to be followed in the general 
case where the sampled population is not normal. Consider k (3 1 ), the second semi¬ 
invariant, or second moment coefficient about the mean, of k z in samples. The method 
of expressing this quantity in terms of the population semi-invariants may be 
illustrated as follows: ^ 


(1) 

0\ IC 6 + 

02 <4 *8 

+ O3 *3* 

+ a 4 K t 3 

(2) 

3 3 | 6 

2 2 4 

2 3 

1 1 


3 3 | " 

1 1 2 

1 3 

1 1 



3 31 

3 31 

1 1 





3 3 

(3)-{ 

— - 

O 

<> 

<> 


1 

9 

9 

0 

(4) 

1 

1 

1 

n 


n-l 

71-1 

(n -1) (n-2) 

(5) 

1 

9 

9 

6n 

- *0 + 
n 


■h n-l ' 3 ■ r (n-l) (n-2) ** 


(1) The result will be a sum of terms containing all the possible 6th order 
powers or products of the k s (x x = 0). There are four such terras. 

(2) The 2-way partitions associated with each term are shown in this line. As 
we are dealing with *(3 2 ) we shall in each case have 2 columns with contents 
totalling 3. The number of rows and their contents vary but the rule is simple; for 
tc e one row containing 6; for * 4 #* one row containing 4 and one containing 2; for 
* 8 a two rows each containing 3; for * 2 8 three rows each containing 2. In this 
example there is only one possible partition associated with each coefficient (con¬ 
trasted with the case of * (3 a 2 8 ) dealt with above) and all the cells are filled. 

(3) The numerical coefficients are determined by considering in each case the 
number of ways of connecting up 2 junctions each having 3 arms. For Og, 
Oa, and a 4 we must make connections of 6, of 4 and 2, of 3 and 3, and of 2, 2 and 2 
respectively. It will be seen that the ways in which this can be done are 1,9,9 and 
6 respectively. 

(4) The n-coefficients depend upon the pattern of the four partitions in line (2) 
above*. These are given by Fisher (loc . cit. pp. 223—224), and are set out in line 

(4) above. The final result obtained by combining the expressions is shown in line 

(5) . In the case where the sampled population is normal we are concerned only with 
securing the last term. 

We have taken of course a very straightforward example in which only simple 
patterns and rod combinations are required, but the elegance of the method, once 
it has been grasped, can hardly fail to attract the worker even in far more complex 
problems. 

* For example such partitions as | ^ ^ J1 2 ! * [2 2 e *°‘ are a8fl00 i ft ^ with the same u pattern,* 1 



A FURTHER DEVELOPMENT OF TESTS FOR NORMALITY. 

By E. S. PEARSON, D.Sc. 

(1) Many of the simpler methods of statistical analysis have been developed 
only for variables which are normally distributed. We have often a priori reasons 
based perhaps on parallel experience for believing that the material is so dis¬ 
tributed, but in many cases it is important to obtain evidence on this point from 
the data, that is to say, it is necessary to apply some test for normality to the 
sample. The problem is of course two-sided; it is not enough to know that the 
sample could have come from a normal population; we must be clear that it is at 
the same time improbable that it has come from a population differing so much 
from the normal as to invalidate the use of “normal theory” tests in further 
handling of the material. When dealing with a single variable a knowledge of 
the sampling distribution of fti (or V/3i) and /5* in terms of the population moments 
would go far towards the solution of the problem. It is true that there have long 
been available tables giving the standard errors of £1 and and their inter¬ 
correlation in terms of the population $1 and /3 2 *» but these are based upon 
the first order terms only in an expansion, and no precise information has been 
available regarding the size of sample for which the expressions may be considered 
as accurate, nor as to the shape of the sampling curves. Recent work of Dr C. C. 
Craigf and Dr R. A. FisherJ has, however, now made possible a considerable 
advance towards the solution of one side of the problem; that is to say, towards 
a knowledge of the sampling distributions of and if the population be in 
fact normal. Reference has been made in the preceding paper to these two sets 
of results§; in order, however, to place the test on firmer ground and present it in 
form readily available for practical use, it seemed desirable to carry the expansions 
for the moments of V& and /9 a to a higher order of approximation than was 
reached by these authors. The fresh expressions for the higher semi-invariants 
given by Dr Wishart have made this extension possible. It should be remembered 
that as in sampling from a normal population and are uncorrelated, we 
have two separate tests. When dealing with other populations it becomes necessary 
to consider the co-variation of and £ a - 

* Tables for Statisticians and Biometricians , Part I. Cambridge University Press. Tables XXXVII— 
XXXIX. The values are of course based on the assumption that the population distribution may be 
represented approximately by one of the Pearson system of frequency curves, 
t 0. C. Craig, Metron } Vol. vu. 4 (1928), pp. 8—74. 
j R. A. Fisher, Proc . Lond. Math . Soc. (2), Vol. xxx. (1929), pp. 199—288. 

$ J. Wishart, pp. 224—288 of the present number of this Journal. 
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A Further Development of Tests for Normality 

The present paper foils naturally into two parts: 

(a) In which the results of Fisher and of Wishart have been used to obtain 
values of the first four moment coefficients of the sampling distributions of V/3i 
and as for as the terms in n ~ 8 . 

(b) In which tables are given showing for different sizes of sample, n, the 
values of /3i and /9 a corresponding to '05 and *01 probability points*; these being 
based on the assumption that Pearson Type YII and Type IV curves with the 
correct first four moment coefficients will adequately represent'the true sampling 
distributions of the constants as far as these two levels of probability are concerned. 


(2) Moment Coefficients of the Sampling Distribution of fSi- 
I shall use here the notation of Fisher and takef 




(n — l)(m- 2) k a 


"- 1 ■JK 


(in ka 1 V 6 (n — 2) 


k a - Ka 


.ffSzS&rli i,4 

^ 6n l 


1 + 


#2 


( 1 ), 

( 2 ). 


Remembering that the population is symmetrical, it is clear that in sampling 
x will be symmetrically distributed about zero. Let us find the 2nd and 4th 
moment coefficients of x . We obtain from (2), 


** - 2> “a 1*» 8 “ - V (ka -Ka) + ~ A** (ka - **) a - *° 3 to “ *»> 8 

U/fr aj K 2 /Cj AC 2 


+ to ~ *«)* - ^*3* to - Kaf + ~ A s a 

K t 


21 




28 

to* 


(ka ~ **)* • • • J 1 


•(3). 


(n — l)*(w — 2) 2 1 


36n* 




- - k 3 *(ka - Ka) + *a 4 to - ~ (*2 - **) 3 

*2 ACj Acj 


+ ka* to - **) 4 - *s 4 to ~ * 2 )* + W to “ **)*- -.•) .(4). 

We must now take mean values of both sides of the equations, and shall need 
to evaluate terms of the form fi (A* 2 , (k% — *t) 9 ) and fi (k 3 \ (k% — **)«). Following the 
method of Fisher, these /is must now be expressed in terms of the corresponding 
semi-invariants of k% and A? s . If u and v be two variables this process iB, in general, 
carried out by means of the identity in t\ and t% t 


1 +/*(«) h + /*(«) ta + p (u # ) |j + p (uv) + p (v*) |j + ... 


= exp 




...} ...( 5 ). 


* ^kat is to say. the points at which ordinates of the sampling distribution out off tail areas measuring 
5 0 / o and 1 °/ 0 of the total area under the frequency curve. 

t The relations between fc a , fcj and ft 4 and the sample moment coefficients have been given above on 
P* *>y Wishart. x is really the ratio of mj (or fcg) to a sample estimate of its standard error. , 
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In the present case u — k», v — k t — ict; it follows that 

(a) ft («) «* 0 ■» ft (v ); hence *(it) = 0 = /e (v). 

(b) ■ The kb of 2nd and higher order being independent of the origin chosen, 

k (kp, (k t — K t )®) = k (lctf, kp) «*(3p 2®) (for convenience in writing). 

(c) Since the population is normal k (ka,- A*®) (32®) = 0 (see Wishart’s equation 

(20), p. 235 above). 

Bearing these results in mind and retaining within the square brackets of (6) 
and (7) below terms up to the order of (n -4 ) for fi$(x) and (n -4 ) for fit (%)*, it will 
be found that 

mW-W (•) * — 1 6V~ 2) {<*> -1 (3* 2) 

+ “-,[(3*2*) + (3*) (2*)] - [(3*2*) + 3 (3*2) (2*) + (3*)(2»)J 

*2 *2 

+ —[6 (3*2*) (2») + 4 (3*2) (2 s ) + (3*) (2 4 ) + 3 (3») (2*)*] 

*2 

- “5 [15 ( 3 * 2 ) ( 2 *)* +10 ( 3 *) ( 2 *) ( 2 *)] + ^ [16 ( 3 *) ( 2 *)*].. .1 .( 6 ), 

*2 *2 ; 

H > (**) = H * (*) = — ~8 { ( 3 4 ) + 3 ( 3 *)* - i [( 3 * 2 ) + 6 ( 3 * 2 ) ( 3 *)] 

91 

+ —, [(3 4 2*) + (3 4 ) (2*) + 6 (3*2*) (3*) + 6 (3*2)* + 3 (3*)» (2*)] 

#2 

Ka 

- — a [3 (3 4 2) (2*) + (S 4 ) (2*) + 6 (3*2®) (3») +18 (3*2*) (3*2) 

+18 (3*2) (3*) (2*) + 3 (3*)*(2*)] 

+ — [3 (3 4 ) (2*)* + 36 (3*2*) (3*) (2*) + 36 (3* 2)* (2*) + 24 (3*2) (3*) (2») 

+ 3 (3*)* (2*)+ 9 (3*)* (2*)*] 

- 2? [90 (3* 2) (3*) (2*)* + 30 (3*)* (2®) (2*)] + ~ [45 (3*)* (2*)®].(7). 


We may now substitute into (6) and (7) the expressions for the semi-invariants 
of k% and k 3 tabled by Fisher and Wish art f. Since the population is normal we 
are concerned with the terms which contain powers of k% only, the population 
variance; as is necessarily the case, since x is independent of scale the powers of 
Ka divide out and we are left with the following expressions in n, for the 2nd and 
4th moment coefficients of x, 


/u,(<e) = 1 — 
= 1 — 


6 . 28 120 , 
n —1 + (n —l)* - (n — 1)~® + 
6 22 70 

n. 


( 8 ), 


* The term (8** 2«) is of order n“(^~ 1 ). 

f Fisher, foe. eit. pp. 210—2X4; these results ere general, for any population. Wishart, p. 288 above; 
thesi are for a normal population only. 
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... 90 1680 25,200 5n-12/ 18 540 , 10,080 

= 3 — — + (rl 3iy»“ _ 1)3+ - + V- 2 U-l (^=1? (n-l) s "7 


Q 1056 24,132 

► g - 1 - 


n* 


n 9 


•(9). 


Whence, using the relation (1) between x and */fa } we find* 

. (10)> 


1/^Wr 71 n * ft 8 

(3) Moment Coefficients of the Sampling Distribution of fa. 
In this case Fisher has taken f 


.(ii). 


-v 

V' 


(ft - 1)(ft— 2)(ft— 3) 


24n(n +1) 


(ft — 1) (ft - 2) (ft - 3) 1 


24ft (ft + 1) 


W: 

±* 4 (i + *«r-*j\ 

V *, / 


(n + l)(n-l)» 
24w (w - 2) (n — 3) 

&* — *a N ~* 




.(13). 


Here the mean value of x is zero because in samples from a normal population 
k 4 and k t are completely uncorrelated and mean (k 4 ) = 0. It follows that 

Mean fa = 3 (n —l)/(n +1). 

The 2nd, 3rd and 4th moment coefficients of x may be found from (13) by raising 
x to the appropriate power and expanding the right-hand side of the equation. 
As in the preceding section we obtain terms of the form /jl (k 4 p , (k 2 — rc 2 ) q ) 
(p = 2,3 and 4), which can be expressed in terms of the semi-invariants k (& 4 p , k 2 q ) 
or (4*2?) by means of the identity (5). It will be adequate to give only the final 
results in which the expressions within the square brackets have been carried as 
far as terms in nr 4 for (x) y and ft"* 6 for /x 3 (x) and p 4 (x), 

r v ’ 24n(»+l) 


(4*) - ~ (4* 2) + *° a [(4 2 2*) + (4*) (2*)] 

AC, AC, 


20 , 


- [(4* 2 s ) + 3(4*2) (2*) + (4*) (2*)] 

+ — 4 [6 (4*2*) (2*) + 4 (4*2) (2 s ) + (4*) (2*) + 3 (4 s ) (2*)*] . 

K% 

- g[15 (4?2) (2*)* +10 (4*) (2 s ) (2 s )] + ^ [15 (4 s ) (2 S )«] ... j . (14), 

«<•> - h { w - + s? K ‘ ,2,)+W(2,)] 


- ~ [(4 s 2 s ) + 3 (4*2) (2 s ) + (4 s ) (2 s )] + ™ [6 (4 s 2 s ) (2 s ) + 4 (4*2) (2 s ) 

+ (4 s ) (2 s ) + 3 (4 s ) (2 s )*] 

“ [15 (4 s 2) (2 s )* +10 (4 s ) (2 s ) (2*)] + [15 (4 s ) (2 s )*] .. . j- .(15), 

* Mean and B x (fffj) are both equal to aero, 
t «iB here the ratio of h A to a sample estimate of its standard error. 
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1 24»(«+1) 


•_1 


{(4*)+ 8 (4*)* - - [(4*2) + 6 (4*2) (4*)] 

l ** 


86, 


+ —, [(4*2*) + (4 4 ) (2*) + 6 (4*2*) (4*) + 6 (4*2)* + 3 (4*)* (2*)] 
- 12 ? [3 (4*2) (2») + (4*) (2») + 6 (4*2») (4*) + 18 (4*2*) (4*2) 


330, 


+18 (4*2) (4*) (2») + 8 (4*)*(2*)] 

+ [3 (4*) (2*)* + 36 (4*2*) (4») (2*) + 24 (4*2) (4*) (2») + 36 (4*2)*(2») 

+ 3 (4*)* (2*)+ 9 (4*)* (2*)*] 

- -?? [90 (4?2) (4*) (2*)* + 30 (4*)*(2») (2*)] + - 7 ~ [45 (4*)*(2*)»].. X (16). 

k 2 /Ca ) 

The values of the semi-invariants of and taken from the tables of Fisher 
and Wishart must now be substituted into (14), (15) and (16). If this is carried 
out, it is found after reduction that 


. . . 12 ,100 720 

M*)” 1 n _i + ( n _i)2 (n _ f)3 


12 88 _ 532 

n + n* * 

n 2 — 5n + 2 


+ ... 


MS {oo) ■■ 


V6n (n + l)(n — 1) (n — 2)(n — 3) l 

„ /6 f. 65 , 4811 136,605 

6 V « I 1 ~ 2n + 8^ “ ~16r?~ H 

5544 141.120 

+ ... 


f„. 1080 20,160 302,400 , 

’ 6 n-I + (n-l/ (n-l) 5 + 


•(17), 


, v o 168 , 5544 

fit (*) = 3 - -—- + 


-} 


.(18), 


n — 1 (n — l)* (n — 1)* 

, 12 (53re 4 —428w* +1025n® — 474w 4-180) 
(n 4-1) n (n — 1) (n — 2) (m — 3) 

0 , 468 32,196 , 1,118,388 

! O T O T a *"“••• . 

n rr nr 


( 56 1848 1 

1 «-l + (n-l)» "'J 

.(19). 


Hence, using the relation (12) between x and f3 t , it follows that 

3 (« — 1) 


Mean Bt = 

/24/_ 15 

V lil 2 n 


n +1 .. 

271 _ 2319 
+ 8n* 16n* + 




.( 20 ), 

•( 21 ), 


Btifa )-“§ (l-* + “}L+ ...) .(22), 

{**«(«)(* n \ n n* rr ) v ' 

B a (/3.) = r^r, - 3 + ~ " — T- + ^-.(23). 

U**Wr n n 2 n* 










244 A Further Development of Tests for Normality 

(4) Approximations to the Probability Integrals of Vft and ft. 

The first problem to consider is the degree of convergence of the series (10) 
and (11), and (21), (22) and (23). For this purpose the Tables I and II have been 
prepared in which the values entered for <t , ft and ft are based of course only on 
those terms of the expansions given above. It is necessary to assume that the 
adequacy of the convergence can be judged from the first four terms of each Beries. 
The expressions for the standard errors are clearly adequately represented by the 
series at n = 50. Columns have been inserted showing the degree of approximation 


TABLE! Moment Coefficients o/Vft. 


n 

Jbjn 

Terms in <r 

V0» 

Vs 

Terms in B 2 [Jp x ) 

BA-JM 

50 

•3464 

1- -060000+-002 400--000 120 

•3264 

3+ '720000 — ‘345 600+*096 768 

3*4712 

76 

•2828 

1 - -040 000 + -001 067 - *000 036 

•2718 

3 + -480 000 - *163 600+ -028 668 

3-3551 

100 

•2449 

1 - *030 000 + -000 600 - *000 015 

•2377 

3 + -360 000 - -086 400+ -012 096 

3*2857 

150 

•2000 

— 

•1961 

3 + -240 000 - -038 400+*003 580 

3*2052 

200 

•1732 

— 

•1706 

3 +-180 000- -021T600+ -001 512 

3*1599 

250 

•1549 

— 

•1531 

3+ -144 000 - *013 824+-000 774 

3-1310 

500 

•1095 

— 

•1089 

3+*072 000 - -003 456+-000 097 

3*0686 

1000 

•0775 

— 

•0772 

3+ •036 000-‘000 864+ •000012 

3*0361 


TABLE II. Moment Coefficients of fa. 


n 

Jiijn 

Terms in 


Terms in B x (pj 

*i(W 

50 

•6928 

1 - -150000+ '013 550 - '001169 

•5975 

1 - -580 000 + -207 600 - -061096 

2-4473 

75 

•5657 

1 - *100 000 + -006 022 - -000 344 

•5123 

1 - *386 667 + -092 267 - *018100 

1-9800 

100 

•4899 

1 - -076 000 + -003 387 - *000 145 

•4547 

1 - -290 000 + -061 900 - -007 637 

1-6292 

150 

•4000 

1 - *050 000 + -001 506 - -000 043 

*3806 

1 - -193 333 + *023 067 - -002 261 

1-1916 

200 

•3464 

1 - -037 500 + *000 847 - *000 018 

•3337 

1 - *146 000+ -012 975 - -000956 

•9364 

250 

•3098 

— 

•3007 

1 - •116 000 +-008 304- *000 489 

•7705 

500 

•2191 

— 

•2158 

1 - -058 000 + -002 076 - -000061 

•4078 

1000 

•1549 

— • 

•1538 

1 - "029 000+-000 619 --000008 

•2098 


n 

Terms in B% (/$,) 

*<W 

50 

3 +10*800000 - 8-078 400+ 3-763 296 


75 

3+ 7'200 000 - 3’690 404+1*114 876 

— 

100 

3 + 5*400000 - 2-019600+ -470412 

6*8508 

160 

3 + 3-600000- -897691+ *139383 

5*8418 

200 

3+ 2-700000- -504900+ -058801 

5*2539 

250 

3 + 2-160000- -323136+ -030106 

4*8670 

500 

3+ 1-080000- -080784+ -003763 

4*0030 

1000 

3+ -640000- -020166+ *000470 

3*5203 
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of V0/n to <r^~ and of •J 24/n to o-,, *. It may be said roughly that for most practical 
purposes a knowledge of B\ and B% correct to the 2nd decimal place is sufficient. 
Thus at ft = 100 and perhaps at~75, the series fbr B%(^/0i) and Bi(0t) may be 
considered as satisfactory. The convergence of the expression for B 2 (0%) is a good 
deal slower. It would of course have been possible to develop the series to further 
terms by retaining semi-invariants of higher order, but even if for n less than 50 
the resulting series were found to converge, it seems likely that the test in such 
oases would be of no great practical value. The test might enable us to say that 
in a sample of 20, let us suppose, values of 0i = *8 and 0% = 4*8 could well have 
occurred in random sampling from a normal population. But such a sample might 
have come from a population in which, let us say, /8 t = 6*5; hence the 

sample data alone would give us no confidence in assuming normality in the 
population. Such an assumption must be justified from outside evidence which the 
sample values, while they would not contradict, would hardly strengthen. 

An exact solution of the problem must await a knowledge of the true sampling 
distributions of 0 X and 0 2 . In the meantime an approximate solution of some 
practical value can be obtained. Consider first the distribution of Table I 

shows that this is a symmetrical leptokurtic curve which tends fairly rapidly to 
the normal. Fisher has obtained an approximation to its probability integral by 
constructing a function of x which as far as terms in is normally distributed 
with unit standard deviation f. The relation between this function, £, and x is 
given as follows: 

f ■-* (> ■+ * ■+£) ■- ■- £) 15 *> 


the coefficients being determined so that k 2 (x\ k^(x) and k 2 (x) (or g+{x\ fn(x) 
and (x)) are correct as far as terms in n“ a . But the expression used fbr ** (a?), 
namely 15120/w* containing only a single term is of doubtful value as an approxi¬ 
mation to the 6th semi-invariant of x even at n —100. To proceed by this method 
to terms in n~ 8 would involve the calculation of k % (, x ). It seems therefore possible 
that as good an approximation will be obtained by assuming that the distribution 
of 0i may be closely represented by a Type VII curve of form 

y=y 0 {l+('/Wi) t la t )-'* . (25), 

whose constants are to be determined from the values of and B x (V&) given 
in (10) and (11) above. Table I suggests that for n > 60 the expression (10) is com¬ 
pletely adequate, while little error will be involved in using (11) for n > 75. For a 
curve of Type VII with the moments of (10) and (11) it can be shown that 


ft 



15(1 + 


36 



(26). 


* These approximations to the standard errors were first given by K. Pearson in 1901, Phil. Tram. 
VoL 198 a, p. 978. 

t Lot. eit. pp. 988—386. 
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On the other hand, using Fisher’s value for (&) quoted above, the true j3t of the 
^-distribution as for as terms in n~* is 


^ 4 = 1 5( 1 + ^ +— + ...) .( 27 ). 

At w=» 100 the error is about 4 % which will probably not affect the form of the 
curve seriously in the region of significant frequency. In Table III are compared 
at 50 and 100 the chances P x , P a and P 8 of Vfa exceeding in sampling certain 
multiples of its standard error, found on three different hypotheses, namely: 

(1) that Vfa is normally distributed with <r ^ given by (10), 

(2) that '/fa follows the Type VII curve, 

(3) that the £ of (24) is normally distributed with unit standard deviation, 
where x » (n — 1 ) '/fa/ 6 (n — 2 ). 


TABLE III, Approximations to Probability Integral of'/fa. 


Values of 

m = 50 

»=100 









P 2 

** 


1\ 

p* 


1*2 

•1151 

•1094 

•1159 

•1151 

•1113 

•1125 

1*6 

*0648 

•0534 

•0532 

•0548 

•0539 

•0536 

2*0 

*0228 

•0241 

•0205 

•0228 

•0237 

•0227 

2*4 

•0082 

•0102 

•0067 

•0082 

•0096 

-0087 

2*8 

*0026 

•0042 

•0020 

•0026 

•0037 

•0032 


The values required on hypothesis (2) have been found by interpolating in 
"Student's” Tables*. For 50 a value of B% (\/)8i) = 3*45 was usedf. It will 
be seen that at n=100 the differences are of very little practical importance; 
at n = 50, although they are larger, it seems impossible to say without further 
information whether P* or P 8 is the more accurate. There would be little error 
involved in assuming the distribution of ffa to be normal with cr^j = V6 fn for 
n > 100. In the Table printed at the end of this paper giving the 5 °/ c and 1 % 
points for different values of n, I have, however, assumed the distribution to be of 
Type VII with the moments given by (10) and (11). The deviations from the 
mean to the ordinates cutting off these tail areas were found with the help of 
“ Student's " Tables and graphical interpolation. 

The distribution of fa is less easy to deal with. Fisher has suggested the use 
of another normally distributed function, £, of the x of equation (12), but as the 
transformation depends upon the use of expressions for Kt(x) and tc b {x) containing 
each only the first term of an expansion in inverse powers of n, the degree of 

* Metron y VoL v. 8, 1925, pp. 118—120. 

f As far as the term in n~ 8 , the value shown in Table I is 8 * 4712 , and a rough gness at the effect of 
the term in nr* was made. 
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accuracy of the method is very uncertain. If the values of JBi(/8a) and B%(fi%) 
given in Table II be plotted it will be found that they fall on a curve in the 
Type IV area which converges on the Type V and Type III lines, slowly approach¬ 
ing the Normal Point as n-*- oo . I have therefore made the assumption that the 
distribution of /3% can be approximately represented by a Pearson Type IV curve 
with the moment coefficients given by the expressions (20)—(23), that is to say, 
by an equation of form 

a*\~ p - p tan- 1 - /oox 

V “ y ° (/ + a*) 6 a .( 28 >- 

At n = 100 it will be seen from Table II that the four terms in the expansion 
for B% (fa) are not sufficient to insure convergence even to the first decimal place, 
but for -BiOS*) they are so. Experience in curve fitting suggests, however, that this 
degree of uncertainty in j? 2 when Bi is known is not likely to have much influence 
on the deviation from the mean to the 5 % and 1 °/ 0 probability points. That is to 
say, the chief danger of error present at n= 100 will not be due to uncertainty as 
to the B 2 of the Type IV curve, but to the use of a Type* IV curve at all in place 
of the true curve. What this degree of approximation may be cannot at present 
be judged; Pearson curves based on theoretical values of the first four moment 
coefficients have been found in other problems to provide very satisfactory approxi¬ 
mations to sampling distributions*, but these skew leptokurtic systems form a 
somewhat extreme case. It may, however, be said without hesitation that the 
results set out in Table IV below provide a test for normality of fi 2 which will be 
far more accurate than has hitherto been available. V24 /n is a good approximation 
to the standard error of at n = 50, but even at n = 1000 the sampling distribution 
is not normal, viz. J3* = *21, B 2 = 3*52. 

The method of computation was as follows. The ordinates of Type IV curves 
with Bi and B 2 as in (22) and (23) were calculated for the cases n = 100, 150, 250 
and 1000. From these were obtained by quadrature the deviations from the mean 
in terms of the standard deviation to the ordinates cutting off 5°/ 0 and 1% tail 
areas. As n increases these deviations tend to the normal curve values of ± 1*6449 
and ± 2*3263 respectively. Also as n increases the deviations approach closely the 
corresponding deviations in the Type III curve which has the same value of Bi\ these 
latter were found from the Tables of the Incomplete Gamma Function. With these 
results to form a guide, it was possible to obtaiu graphically with sufficient accuracy 
the deviations from the mean to the 5 °/ 0 and 1 % points for all the other Type IV 
curves required f. These deviations with the appropriate means and standard 
deviations given by (20) and (21) have provided the limiting values of given in 
Table IV. 

* E.g. when used with experimental data, in connection with the distributions of the mean and the 
varianoe. A. E. R. Church, Biometrika , Vol. xvm. pp. 821—894. Or again when compared with true 
theoretical ourves as for the sampling distributions of p u . Pearson, Jeffery and Elderton, Biometrika , 
Vol. xxi. pp. 164—201. 

t The error involved in this process should not be greater than a single unit in the last (2nd) decimal 
plaoe of the values of tabled. This can hardly be greater than the error involved in the assumption 
that Type IV ourves will represent the sampling distribution of . 
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TABLE IV. 5 % and 1 % Points for '/fa, fa and fa. 



■Jpi 

ft 

A 

Size of 
Sample 

Lower and Upper 
Limits 

Upper 

Limits 

Lower 

Limits 

Upper 

Limits 


5°/o 


10% 

2% 

i% 

6% 

*•/. 

i% 

50 

•533 

•787 

•285 

•619 





75 

•445 

•651 

•198 

*424 

— 

— 

— 

— 

100 

•389 

•667 

*152 

•321 

2*18 

2*35 

3*77 

4*39 

125 

•350 

•508 

•123 

•258 

2*24 

2-40 

3-70 

4*24 

150 

•321 

*464 

•103 

•216 

2*29 

2*45 

3*65 

4*14 

176 

*298 

•430 

•089 

•185 

2-33 

2*48 

3*61 

4-05 

200 

*280 

•403 

•078 

•162 

2*37 

2*51 

3-67 

3*98 

250 

•251 

•360 

•063 

•130 

2-42 

2*55 

3*52 

3*87 

300 

•230 

*329 

•053 

•108 

2-46 

2*59 

3*47 

3*79 

350 

•213 

•305 

•045 

•093 

2*50 

2*62 

3*44 

3*72 

400 

•200 

•286 

•040 

•081 

2*52 

2*64 

3*41 

3*67 

450 

•188 

•269 

•035 

•072 

2*55 

2-66 

3*39 

3*63 

500 

•179 

•255 

•032 

•065 

2*57 

2-67 

3*37 

3*60 

550 

•171 

•243 

•029 

•059 

2*58 

2-69 

3*35 

3*57 

600 

•163 

*233 

•027 

•054 

2*60 

2*70 

3-34 

3*54 

650 

•157 

•224 

•025 

•050 

2*61 

2-71 

3-33 

3*52 

700 

•151 

•215 

•023 

•046 

2*62 

2*72 

3*31 

3-50 

750 

•146 

•208 

*021 

•043 

2*64 

2-73 

3*30 

3*48 

800 

142 

•202 

•020 

•041 

2*65 

2*74 

3*29 

3*46 

850 

•138 

•196 

•019 

■038 

2*66 

2*74 

3*28 

3*45 

900 

•134 

•190 

•018 

•036 

2*66 

2*75 

3*28 

3*43 

950 

•130 

•185 

•017 

•034 

2*67 

2*76 

3*27 

3*42 

1000 

•127 

•180 

*016 

•032 

2-68 

2*76 

3*26 

3*41 

1200 

•116 

! -165 

•013 

•027 

2*71 

2*78 

3*24 

3*37 

1400 

•107 

•152 

•012 

•023 

2*72 

2-80 

3*22 

3*34 

1600 

•100 

*142 

•010 

•020 

2-74 

2*81 

3*21 

3*32 

1800 

•095 

•134 

•009 

•018 

2-76 

2*82 

3*20 

3*30 

2000 

•090 

•127 

•008 

•016 

2*77 

2-83 

3*18 

3*28 

2500 

•080 

•114 

•006 

•013 

2-79 

2*85 

3*16 

3*25 

3000 

•073 

•104 

*005 

•Oil 

2-81 

2*86 

3*15 

3*22 

3500 

•068 

•096 

•005 

•009 

2*82 

2-87 

3*14 

3*21 

4000 

•064 

•090 

•004 

•008 

2*83 

2*88 

343 

3*19 

4500 

*060 

•085 

•004 

•007 

2*84 

2*88 

3*12 

3*18 

5000 

•067 

•081 

•003 

•006 

2*85 

2-89 

3*12 

3*17 


(5) Illustration of Use of Table IV. 

In a sample of 500 the following values are found: 

V&---2040; fa = -0416; fa - 3-7823. 

Is it possible that the sampled population was normal ? 

The table shows that in 5°/ 0 °f random samples from a normal population 
’/fa may be expected to be less than —*179, and in I°/ 0 1® 98 than —*255. The 
observed value falls in between these limits. In using fa positive and negative 
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values of are clubbed together, and we see that in 10 % °f random samples 
/9i may be expected to be greater than *032 and in 2 °/ 0 greater than ‘065. The 
observed value of course falls again between the limits. For St we see that only 
1 °/o of samples can be expected to give a St greater than 3*60 ; the observed value 
of 3 7823 lies outside the limit. The test therefore provides a doubtful answer when 
applied to Si but a decisive one when applied to St> and we may conclude that it 
is practically certain that the sample has not been drawn randomly from a normal 
population. 

(6) Summary. 

(a) The work of Fisher and of Craig has made it comparatively simple to obtain 
expressions for the moment coefficients of the distributions of V& and fit in samples 
of n from a normal population. These expressions are in the form of series in 
inverse powers of n. In order to see more clearly the degree of convergence of these 
series and to obtain more accurate values in smaller samples, it was necessary to 
extend the series beyond the point reached by those writers. This it has been 
possible to carry out with the aid of new results obtained by Wishart. 

(b) The moment coefficients show that the distribution of Si is a symmetrical 
leptokurtic curve which tends to the normal fairly rapidly as n increases. For rough 
purposes it may be taken as normal with a standard error of V6/ra for 100. The 
distribution of Si is an extremely skew curve at n •* 100, and even when n = 1000 
can hardly be considered as normal. 

(c) A table has been given of the approximate 5 °/ 0 and 1 % probability points 
for Si an d St’ based on the assumption that the true distribution may be 
adequately represented by Pearson curves with the correct first four moment 
coefficients. This table starts at n » 50 for V/Jj and n <■ 100 for St- 

(d) A complete test for normality must really be two-sided; it must help us 
not only to determine whether the population sampled could have been normal, but 
also to judge how far from normal the population might have been. A knowledge 
of the true sampling distribution of ’JSi and St> when the population is normal, 
would enable us to answer the first point however small the sample may be, but 
not the second point. 

(e) It is to be hoped that the true sampling distributions will be found, not 
only to remove any doubt as to the accuracy of the test, but also for the light 
that will be thrown on the adequacy of these methods of approximation—informa¬ 
tion that will be of considerable value in handling similar problems in the future. 



MISCELLANEA. 


An unusual Frequency Distribution—The Term of Abortion. 

By THOS. VIBERT PEARCE, F.R.C.S. England. 

Abortion in women is becoming more prevalent, and gradually will assume economic and 
political importance. From being a purely medical problem it will gather biological and chemioal 
interest, since the interlocking of the lemale reproductive hormones is slowly being laid bare. 

Out of 300 women admitted to St Giles’ Hospital who left the hospital following completed 
abortion, 283 patients were able to give enough information to allow of a fairly reliable estimate 
of the term of gestation prior to abortion. Term of abortion when used in this present con¬ 
nection does not mean the same thing as the time of developement of the foetus. Even if the 
time of insemination is known—quite an unusual piece of information—the time of impregnation 
is quite unknown, and it is difficult to see how it can ever be ascertained. Impregnation “ may 
be postponed for days or possibly three or four weeks.” In the absence of careful measurement 
of the foetus and frequently in the absence of the foetus itself, this possible lapse of time 
between insemination and impregnation compels consideration of the term of abortion from 
the standpoint of the maternal partner in this pathological condition. Abortion is commonly 
regarded as a disease of the mother and not as a disease of the foetus, although there is no 
logical or objective support for that opinion. Incidentally it is quite possible there may be a 
type of abortion due to defect in the paternal germ plasm. At any rate the mother seems to be 
the more important sufferer, and tho post-menstrual term in default of a better definition is 
used as the term of abortion. By plotting the frequencies of tho post-menstrual term some light 
might be thrown on tho likelihood of abortion occurring at the expected times of menstruation 
which are masked or abolished by impregnation. 

The women could generally remember the date of their last menstruation, although for some 
obscure reason they found it quite difficult to forecast the date of the next. Frequently they were 
rather surprised at any attempt to find the exact inter-menstrual period. Borne say it always 
occurs on the same day of the month, and has done so for months or years. They are then 
really claiming that the time of menstruation is sometimes governed by the calendar fixed by 
Pope Gregory—a pretension that is hardly convincing. Some women say that their menstrual 
cycle lasts exactly four weeks, but yet are ignorant of the day of the week on which it com¬ 
mences. The results of a sympathetic and veiled cross-examination really suggest that quite a 
large proportion of these women were ignorant of the length of the menstrual period beyond 
their estimate that it lasts “a month.” Onoe a woman naively referred me to her husband. 
A rather young married woman told me to ask her mother, because she always menstruated 
concurrently with her. One patient was rather sorry for herself, for she unfortunately com¬ 
menced menstruating on washing day, which was Monday—good evidence that she had a 28-day 
cycle. It was hoped that some estimate of the variability of the menstrual period might be got 
from the statements of these women. The statements hardly ever bore examination, and were 
abandoned as being hopelessly unreliable. These women who had aborted or were aborting did 
not seem more stupid than the generality of women. Certainly their period of amenorrhoea does 
seem long enough for them to have forgotten their proper menstrual periods. 

Besides the commencement of the last menstruation, the other point of time that is fairly 
satisfactorily remembered is the date of the passage of the foetus, or, in default of which, the 
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dates of the maximum pain and bleeding which, if they happen to coincide, fix very well the date 
of abortion. The commencement of symptoms before abortion is difficult to date, and henoe has 
.not been used to calculate the term of abortion. It iB very hard to disentangle post-impregnation 
menstruation from the symptoms of abortion. Term of abortion is therefore defined as the 
number of days between the commencement of the last menstrual period and the passage of 
the foetus. 

For diagrammatic purposes the term of abortion has been plotted in nearest weeks. Division 
by 7 is very convenient and leads to no awkward half-divisions. The question of abortion at 
the expected menstrual times would be much better tackled by dividing the term in days by the 
number of days of the patient’s own menstrual cycle. A frequency diagram of term of abortion 
along a scale of menstrual months could then be made. Such a diagram for these women at any 
rate would be unreliable. This is very disappointing, for it was rather hoped that by expressing 
the term of abortion in menstrual months it might be possible to get some evidence which would 
help to decide whether the abortion was spontaneous or artificial. Presumably spontaneous 
abortion would occur at an expected menstrual time, while induced abortion would occur after a 
menstrual period had been missed and the assault on the pregnancy would be renewed after tte 
missing of the next expected menstruation. 

The variability of the menstrual period in different women when compared with the optimum 
term for abortion will not cause the frequency curve of the term of abortion to give so little 
help as it might on this question of abortion at the expected menstrual times. The mean term 
of abortion is about 13 41 weeks or 3 calendar months, and the variability of menstrual period 
seldom exceeds 1 or 2 days on either side of 30 days. It is only in the later months that the 
error of 1 or 2 days would be multiplied to amount to a week. By reference to the table, the 
plateau at the i7th and 18th weeks does suggest that this kind of error has occurred there. 
The 17th and 18th weeks may include abortions that occurred at the 4th month of missed 
menstruation. On a scale of menstrual months, the frequencies for these weeks might be 
amalgamated. 


Frequency Table of Term of Abortion . 


Term (in weeks) 

4 

5 

6 

7 

8 

9 

10 

11 

12 

13 

14 

16 

16 

Afebrile 

3 

6 

7 

9 

11 

20 

13 

16 

9 

17 

9 

12 

6 

Febrile 

0 

1 


4 

3 

9 

9 

5 

9 

11 

7 

7 

4 

Total 

3 

n 


13 

14 

29 

22 

21 

18 

28 

16 


10 


17 

18 

19 


21 

22 

23 

24 

26 

26 

27 

28 

Total 

Mean Term 

Standard Devn. 

7 

8 

7 

2 

1 

4 

2 

2 

2 

4 

4 

1 

182 

13*08 


6 

6 

1 

2 

1 

6 

2 

2 

1 

0 

2 

0 

101 

1400 




8 

4 

2 


4 

4 

3 

4 

6 

_i 

1 

283 

13-41 

5*41 


To the writer the frequency diagram does suggest that abortion occurs especially at the 
menstrual times, even allowing for the human characteristic of rationalisation both in patients 
and the observer. Whether there is any statistical warrant for such opinion seems to be a 
difficult problem. Presumably it would be necessary to test the goodness of fit of a frequency 
curve which admits of a series of maxima at regular intervals occurring along a curve which 
itself mounts to an apex about its mid-point. Perhaps another way of treating the problem 
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would be one of dissection. The scale is one of 7 months. On the hypothesis of abortion bang 
more frequent at the menstrual times, 7 summits to the curve could be* postulated. The whole 
curve is then regarded as made up of the summation of 7 very pointed ncntnal frequency curves. 
Such a method implies that abortion at any one month is a different “clinical entity” from 
abortion at any other. Such an argument could not be convincing, for women who have had 
multiple abortions do not miscarry at the same term every time. In fact the impression left 
is the reverse. A normal curve would not at all represent the terms of abortions of a patient 
who hAB had multiple abortions. 

[A periodogram analysis of the above data shows, os far as weekly ranges will permit, a 
period of four and a half weeks, Ed.] 

Socrates. And furthermore, the midwives, by means of drugs and incantations, are able to 
arouse the pangs of labour and if they wish, to make them milder, and to cause those to bear who 
have difficulty in bearing; and they cause miscarriages if they think them desirable. 

Theaetetus. That is true. 

Socrates . Well, have you noticed this also about them, that they are the most skilful of 
matchmakers, since they are very wise in knowing what union of man and woman will produce 
the best possible children ? 

Theaetetus. I do not know that at all. 


Plato, Theaetetus 

(Loob Classical Library: H. N. Fowler). 
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TABLES OF THE PROBABILITY INTEGRALS OF SYM¬ 
METRICAL FREQUENCY CURVES IN THE CASE OF 
LOW POWERS SUCH AS ARISE IN THE THEORY OF 

SMALL SAMPLES. 


Bv KARL PEARSON, assisted by BRENDA STOESSIGER, M.Sc. 


(i) The symmetrical curves to be considered are those for which A = 0 and /3% 
takes any value from 1 to « . The curves are supposed completely determined by 
A and their standard deviations. 

Their differential equation will be 

1 dy 2 nix 9 
y dx' Co Hh x' 2 * 

leading to y * y 0 (co + x ' 2 ) m , 


where 


2 A , , 19-5 A 

Co = 5 -o <r\ and m = s 


A-3~ 1 ~~~ "" — 2 A-3 * 

We can throw them into the following forms: 

(i) 02 = 1 to 1*8 (wi! =x 1 to 0), 


V = Vo 


1_ 

a/V*! 


(>-a 


•(i), 


where 


2 2/9, a , 19-5/9, 

Hl= 3-^ CT ’ ftnd 


This symmetrical curve passes from two equal lumps through U-curves to a 
rectangle. 

(ii) A = 1*8 to 3 (m * « 0 to oc ), 

a? /a \ m * 


y = yo (i 


a,' 


W 




where 


5A-9 


2 2A a J 

“■ -3-A^" d ”*-S(3-/9,)- 


This type of curve passes from a rectangle through limited range curves to 
the normal curve (/8, = 3). 

(iii) /9« = 3 to oc (m, *x to {), 

1 

yy<»-—.(»“). 


■R 5 


where 


«a* 


2/9, . . 159,-9 

a*, and m, «- 


9*-3 


2 /9,-3 ' 
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The limit 0 x occurs when m 3 = $ and da 2 - 2 j 2 This curve passes from the 
normal curve through all grades of lcptokurtosis. The limits of range in (i) aro 
from — cb\ to 4- &\> in (ii) from — da to 4 da, and in (iii) from — x to 4- x . 

We will now proceed to the probability integral of these three curves. 


For (i) wc have 








* £{1 +I x (b (l-Wi))}, 

where B x (p , 5) is the incomplete and B(jp, q) the complete B-function, and 
I x ( p , q) their ratio. 


The required transformation is 


x = x ,2 la^ f or = 


a/ 2 3 -/ 3 , 
<t 2 2/3 a • 


Now mi lies between 0 and 1, and accordingly to obtain the probability integral 
of the curve (i) we have only to add unity to the B-function ratio i*(i> (1 — mi)) 
and divide by two. 

Since mi only lies between 0 and 1, this involves the tabulation of I x (J, (1 — m 1)) 
for small ranges of mi; but this has not yet been completed, and we cannot at 
present provide a table of the probability integral of the symmetrical curve (i). 


Meanwhile, and until the required table be completed, a good method to 
determine I x (\, (1 — is to use the formula provided by Soper* for the integral 


when p and q are small 



x'P-'il-x'yi-'dx', 


We shall not further consider the probability integral of the curve (i). 
For (ii) we have to make the same transformation, 

(x'\* x' 2 3-/3 2 


and have 




Table I gives the value of 


*{!+/.<*.» <»-D)}. 

and accordingly we must take 2 m 2 + 3; it runs from mg* —i to m2 = 14. 

When m 2 = 14, £g = 2‘818,182, and we have not yet reached closely enough the 
normal curve (#2 = 3) to use its probability integral as anything but a rough 
approximation. 


* Tract I for Computers , No. vn. pp. 21—22, Cambridge University Press. See also Tables for 
Statisticians and Biometrieians t Part u. 
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For (iii) the requisite transformation is 

x '* x x'* 

^? = r^’ or aj “?*To?’ 

and we have Z P X . . } jl + 1, (J, (m, - *))}; 

our table will accordingly give 3 P* from ms = 15 5 to m 3 - 2'5, or from /9 3 =3’230,769 
to &=oc . The former value of /9 3 is Btill too far from / 9 3 = 3 to allow anything 
but a rough approximation to be obtained from the normal curve. 

If wo choose our curve to be y = -r-— /, 3 , n/3 

(1 4 * ) 71 '* 

as is frequently done, then n = 2 rw a , and 

a m* ar = s/ 2ms — 3 er = Vft — 3 <x, 

or <x =* if we take a =» 1 . 

3 

Accordingly at the end of Table I we have placed the probability integral of 

the normal curve with a standard deviation "L , where n = 31, for comparison 

v n — 3 

with that of the curve 

_ ys 
y ~(\ 

The result confirms the inference drawn from the value of /3 2 , i.e. that the 
normal curve will only give a rough approximation to the exact probability integral 
at ft = 31. At the top of the table we may be in error in two to three units in the 
third place of decimals*. 

(ii) We will now describe the two tables here provided. 

Table I gives the value of 

i|l + /*(i,i(ft-D)}, 

where the argument x increases by 01 . 

We need to know the relations between the fti’s and as, and x and x\ 

Curve (i). mi lies between 0 and 1 , and the only values available in our table are 

,p/g 

for ft = 2 and 3, or *= 0*5 and 0, while x is determined by # = — a . 

«i a 

Curve (ii). m 2 ranges from 0 to oc , but the table only supplies values from 0 to 

2 

14, since fftg = i (ft — 3). x is found from x » — 5 . 

Curve (iii). m* ranges from 2 5 to x, or our table will supply the probability 
• '2 
integrals of this curve from 2*5 to 15*5. The x is to be found from x = 

# tf' a +a 8 a 

* Actually the unpublished tables of the B-function will carry us up to ns 101, m s «50*6 f a value 
whioh gives a much oloser approximation to a normal curve. 

17—2 
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When the curve is written in the form 

J/o 

V (1 + * 2 )*"’ 

our table will supply the probability integrals for n = 5 to 31. If we choose to 
neglect the infinity of the fourth moment we can proceed to n = 2. 

2 * 

In the last form of this curve x = ^ - a , or z 2 = xj( 1 — a?). This value of sp is 

given to five decimal places in the second column of each sheet of the table. This 
enables the user to ascertain rapidly whereabouts he is in the ^-variate for a given 
value of z or z 2 . 


(iii) We need two kinds of interpolation into Table I: (a) we need to interpolate 
between the tabulated values of n, and (b) we need to interpolate between the 
tabulated values of x. Both these interpolations give rise to difficulties, which 
require some consideration. 


(a) After n = 8, interpolations for n lying between tabled values are successful, 
if we use 8 2 and occasionally 8 *. Neither Table I (nor the supplementary Table II) 
will give satisfactory brief interpolations for n less than 8. It may even be doubted, 
if the argument n were tabled by 0*1 instead of TO, whether satisfactory brief inter¬ 
polation could be achieved. Although the graphs of the function for constant x give 
very simple smooth curves, after many trials no short interpolation process has been 
yet discovered. Luckily the chief use of the present tables is their application to 
small samples, and in such cases n is a whole number. For interpolation by the 
forward difference formulae, see the Appendix to this paper. 

(b) With regard to direct interpolation for x y this is feasible for x — *11 onward 
throughout the table using 8 a , or occasionally if greater accuracy be required 8 2 
and 8 \ But from x = ‘00 to *10, ordinary interpolation formulae cannot be applied, 
owing to the infinite differential coefficients appearing with the factor x~& in the 
integral. Accordingly an auxiliary table—Table II—has been formed which gives 
the function 


v x 


and provides its 8 8 *. This will suffice to ascertain £P X (n) for any value of x from 
*00 to *10, and therefore 

P% (ft) = gp x (n) six + 0*5. 


The user of Table II must therefore find the square root of the argument 
with which he enters it, as the multiplier for 


* Determined from the nine-figure B-function Table. For (n) we used the formula 

V=4V-6y+4v-a 4 3. • 

t x will not generally exceed four decimals, so that any table of square roots will provide what is 
required. 
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(iv) Illustrations of the use of the Tables. 

Illustration (i). The frequency curve for the distribution of the correlation 
coefficient r in samples of size p taken from a parent population in which the cor¬ 
relation is zero is given by the curve 

y = yoQ--r*) i{p ~*\ 

where the mean, r, = 0, and since 0 *=* 1, er« ■ . What is the chance that in 

vp — 1 

a sample of 20, 

(а) r will lie outside twice its standard deviation ? 

(б) r will lie outside the limits ± *50 ? 

The above curve is our Type (ii), and therefore m* = \ {p — 4) = 8 for this special 
case. Now \ (n — 3) = 8, and accordingly n m 19. The proper transformation 

is r 2 = x. We have a = = *229,4157. 

If r = 2<r= *458,8314, then # = ^=*210526. If r = *50, #«*25. 

We have accordingly to find from Table I, for n = 19, the value of the function 
tabled for x = *210526 and x = *25. 

The latter comes without interpolation at once as £ (1 -f a*) =*987,6152, or 
| a 2 = *487,6152, hence doubling, we find the chance is *975,2304, or the odds are 
about 975 to 25, or 39 to 1, that in taking a sample of 20 individuals from a 
normal population two characters of zero correlation will not show a correlation 
in the sample exceeding numerically ± *50. 

In the first we have to interpolate between the values for x of *21 and *22, i.e. 
wo = *978,9245, w x = *981,5217, 

8 2 mo = - 3461, 8 % = - 3059. 

Fourth differences are here unnecessary. 

0 - *0526, $ - *9474, \ 0<j> = *0083,0554, 

= *9790,6111 4- 0000,0827 = *979,0694. 

The chance therefore of r falling within the range ± 2a is *958,1388. Had we 
assumed the distribution of r to be a normal curve, the chance of r falling within 
the range ± 2 <r would be *954,4998. 

Illustration (ii). In a sample of 12, the correlation coefficient is found to be *3. 
What is the chance that in the original population there was no correlation ? 

In this case m a = J (p — 4) = 4 = \ (n — 3), 

and n = 11, x — r* = *09. 

Our table under w==ll gives for #=*09 the value *828,2807. The chance 
accordingly, of r exceeding i ’30, if the correlation were zero, would be 

2(1- *828,2807), 

or if the population sampled had no correlation between the variants considered, 
a correlation of numerical intensity *30 or more would occur in 343 out of 1000 
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samples, i.e. in more than one sample in three. We cannot therefore assert that the 
correlation found in the sample marks a significant correlation in the parent 
population. 

Even if the observed correlation in the sample were *50, there would still be 
98 samples in 1000 with a correlation of ± *50 or more if the parent population 
had no correlation. Indeed correlation coefficients found from very small samples 
are of small service in indicating significant correlation in the parent population 
unless the correlation in the sample be very high. For example, if the correlation 
in the sample of 12 were 80, samples from an uncorrelated population would only 
give rise to such a value once in 500 trials. 


Illustration (iii). What is the chance in a sample of 31 that the regression 
coefficient will not differ from that of the parent population, supposed normal, by 
more than twice its standard deviation ? 

If p be the correlation, 2i, S 2 the standard deviations in the parent population 
and Hi the regression coefficient in the sample, the distribution of Rx is given by 



where Ri = Mean Rx = p ^ , the value of the regression in the parent population, 




and 


x' — P ev i a ti Qri °f Ri from 

Standard Deviation of Rx ’ 


n being the size of the sample. 

The requisite transformation is 

— 3)=»zr/(l — x) or 

Thus if x 9 * 2, we have 


" = 4 + n — 3 = iTTl = in ° Ur ° aSe * * 125 ‘ 

We have accordingly to compute 

aP* m i {1 + -f-m (i. i (w — 1))]- 

The value will be found in the column for n — 31, or J (n — 1 ) «■ 15, between the 
values of -12 and -13 of x. We have 

«o= 973,9461, S*«o = -10529, S‘« 0 = -517, 

«i=-978,6801, 8*ui = - 8559, 5 4 u 1 *-396. 
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We are therefore at a part of the table where it is requisite to use 8*’s as well 
as S*’s, if we desire an accurate value of P*. Now 

6 « *5, <p = -5, £ 0<f> - -041,6607, 

and a, = £ (-973,9461 + 978,6801) + -041,6667 x 15 ( 001,9088) 

- -041,6667 x 1125 x 2 5 ( 000,0913) 

= -976,3131 + 000,1193 - 000,0011 
- -976,4313. 

Hence -952,8626 is the chance that the regression coefficient will lie within 
± twice its standard deviation from the true value in the parent population. 

Illustration (iv). In a long series of observations on Fathers and Sons the 
correlation coefficient for span was found to be *454, and the standard deviations 
were 3"-14 and 3"11 respectively. The regression Ri of Son on Father for 
span = -44976. The standard deviation of iJi in samples is 

1 (3"-ll)» , 

Rl n - 3 (3"14) 8 ( ’ 

or a Iil = -p—— x -884,666. 

V n — 3 


Hence, if we take this to be a reasonable normal parent population for span, let 
us ask whether a sample of 19 pairs of Father and Son giving a correlation of 
*390 and standard deviations for span: Fathers 3"*19 and Sons 2"’98, may be 
supposed reasonably to have been drawn from this parent population. 

Now Ri for the sample = *36432 and ar Rl =t *221,1665. 


Thus 

Accordingly 


and 


x = 




x — 


*36432 - *44966 
•221,1665 
*1488,9025, 
1488,9025 
*1488,9025 + 16 


- - *385,863. 


= *0921,9844. 


* 


This clearly lies within the first part of Table I where the differences are 
unsatisfactory. Wo therefore use the auxiliary Table II. For n = 19, we have 

u 0 = 1-335,4038, 5 2 e / 0 = 12631, 


= 1*305,4459, S a u t = 12083. 

S 4 ’s will be unnecessary. 

6 = *219,844, 0 =*780,156, i 6<f> = *028,5854, 
u 9 = 1*328,8177 - *000,1064 
= 1*328,7113 = ^(19). 

But P*( 19) = *5 + $,(19)Vff, 

P*(19) - *5 + *303,6420 x 1*328,7113 = *903,452, 
or the chance if the above sample were really drawn from the above parent popu¬ 
lation that its regression coefficient would differ as much as or more than it does 
do from the regression in the parent population =*193,096. 
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We see therefore that in about 19 in 100 samples the deviation of the regres¬ 
sion would be greater than that; observed. 

Let us, however, look at this problem in another way, which will illustrate a 
further application of our present table. 


Illustration (v). In the sample of the previous illustration the first product 
moment coefficient = p n = *390 x 2*98 x 3*19 = 3*707,4180. What is the chance that 
a sample of 19 with this p u could have been extracted at random from a parent 
population with no correlation, but with standard deviations 3";14 and 3"*11 ? 


We compute v : 


p n 19(3*707,4180) 
V " 3 : 14x 3 li " 9-7654 


= 7-213,3187, 

then the problem reduces to determining the chance that values of v will differ 
from zero by an amount as great as or greater than this. The distribution of v is 
given by 

N r (n 4- 4)) 1 

y “ VirV-1) r (i (« + 3)) (i I ’ 


where 


Pu 

v = n -±~ ~ , 


and o'!, <r 2 are the standard deviations in the parent population. The curve 
obviously falls under our Type (iii) above. 


We write 


y = VQ' 




We have accordingly to take m a = 11 -6, and a* 1 = 360, which gives* 


n = 23, 


x = 


52031,967 


= 1262,8138. 


360 + 52031,967 
Hence from column for w= 23 of Table I we find 


mo = -951,3679, a*«o = - 11583, 5«m 0 = 7 407, 
m,= -958,2584, = - 9804, S 4 Mi = -310, 

6 = -628,138, <£ = -371,862, £0<f> = *038,9301, 

«• = -955,6961 + 000,1240 - -000,0008 
= •955,8193. 

Thus in 884 out of 10,000 samples a v and therefore a pn numerically as large 
or larger than the observed product moment coefficient could have arisen from a 
parent population without correlation. The odds are therefore only about 116 to 

This « is that of the Tables, and not the' n above whieh is the sise of the sample, the former 
n = the latter n + 4. 
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10 that p n did not arise from a population without correlation. It would occur 
about once in 11 trials. We cannot assert significance in the observed 

= 3707,4180. 

It is well to investigate the significance of the correlation observed. 

The correlation is *390 and the size of the sample 19. The distribution curve 
will then be 

y = 2 / 0(1 -r 8 ) 7 ' 5 , 

and 77 i a = 7*5 = J (n — 3), or n = 18, 

a? =r 8 = *1521. 

Turning to our Table I: 

wo - *949,3160, 8 *uo * — 7531, 
u r * *955,1406, « - 6616, 

0 = *21, 0 = *79, 02765, 

and the use of S 4 is unnecessary. Accordingly 

*950,5392 + 000,0594 
= *950,5986. 

The chance is therefore 1 — 2 (*950,5986 — *5) * *098,8028 that a sample of 19 
from a population of zero correlation would show a correlation numerically greater 
than *390. Thus such a correlation will occur in samples of this size about once in 
10 trials. 

It will be clear from the results in this illustration: 

(a) That the introduction of the observed standard deviations into the sample 
(i.e. using jO u = r< 7 i<r 2 instead of r) lessens the probability of the parent population 
being one of zero correlation. 

(b) That very little of definite value can be learnt as to correlation from small 
samples, i.e. in the above illustrations the sample might have been easily obtained 
from a parent population of correlation = *00 or *45 *. 

Illustration (vi). In the long series of observations referred to in Illustration (iv) 
the mean spans of Fathers and of Sons were 68"*67 and 69" *94 respectively. Hence 
the regression line of Son’s span on Father’s span is 

y * 39" *06 -f 0"*44966ff. 

If y x be the value of y found in a particular sample from the regression line of 
that sample, the standard deviation of y x s for numerous samples is 

n —3 ( n (314)*) 

_ 7-678,5254 f 2 (*-68"-67)*) 

“ n — S f ~ n + 9-8596 )' 

* Inference, like theae in character may easily be drawn by looking at Table I for » * 19 and examining 
the entries above + -89 and below - -89 in the eolnmn with p=0, -4 and *5. 
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Now suppose we fix our attention on Fathers with spans between 66" and 67", 
Le. put # = 66"*5, and suppose samples taken of size 19. Then 

o* Px « *4799,0784 {1 - *1052,6316 + *4775,9544} 

= *6585,9302, 

and <r$ x = *811,5374. 

For x = G6"*5, we have # ** G8"*96 

from the regression line. 

Now we will suppose the regression line for the sample of 19 (!) has been found 
and gives for the mean span of Sons of Fathers of 66" to 67" span the value 
y x = 08"*26. The parent population gives 68"*96. Is this a reasonable difference ? 

The distribution of y x - y will be given by the curve 


Vo 


and we have 


or 


Thus 


\l + 1 

IF* 

i l 

f? — 

» V a Vx / 

1 

o 

J>- 

* 

a Vx 

•811,5374’ 

x'* 

•74401 

x' % + a s ® = 

_ 16-74401 




*04443. 


We have accordingly to interpolate from our tables for x = *04443 in the column 
n = 19. This for accuracy must be done by aid of Table II. 

We have w 0 = 1*505,3176, 8 a w 0 *15731, 8 4 i/ 0 = 27, 

1*468,4491, $*^ = 15060, 8 4 Ml = 27. 

Clearly we need not use 8 4 ’s. 


0 = *443, 0 = *557, %0<t> - *041,1252, 
u 0 = 1*488,98485+ - *000,19010 = 1*488,7948. 


Thus 1*488,7948, 

and P x « *5 + </*04443 x 1*488,7948 

«*813,8145. 


Hence assuming the sample to lie within the range ± 0"*7 from the value 68"*96 for 
Sons of Fathers having spans of 66" to 67" in the sampled population, the chance 
of a deviation numerically as large as or larger than this ® 2(1 — P*) = *372,3710, 
or we might expect 37*2 °/ Q of samples of 19 to give a worse disagreement with the 
value in the sampled population. 

N.B. The reader will note that we are not comparing the mean of actual 
isolated individuals in the sample with Fathers having spans between 66" and 67", 
but we are comparing the mean of the Sons of this array of Fathers found from 
the regression line of the sample with the value of the same mean as given by the 
parent population. 
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We can use our tables as applied to the third type of curve to test whether 
a sample of which we know the mean and standard deviation comes from a parent 
population of which we know the mean. 

Let the size of the sample be n, the mean and standard deviation of the sample 
be m and s f and the mean of the parent population be M . Then, if 

x ' =*(m — M )j8 y 

the distribution of ci in samples of size n is given by * 

_yp_— 

y a+*'»)*” * 

provided the parent population be normally distributed. E. S. Pearson has shown 
the extent to which this result may still be applied in a certain range of non¬ 
normal distributions^. 

It is difficult to imagine a practical case in which we know M so accurately 
that its probable error relative to that of m is negligible, and yet do not know 
2 the standard deviation of the parent population with corresponding accuracy. 
If we know both M and 2 we have two independent variables m and a to compare 
with them, and the writer of the present paper personally much prefers in all such 
cases the double test to the single test which involves both characters. 

Illustration (vii). Among samples of 10 from a normal population of mean variate 
zero and standard deviation 10, a sample occurred with mean 7*0 and standard 
deviation 14*64 J. What is the probability of such a sample occurring at a single 
draw as judged by the present test? 

x’ = = -4781, and x'* = -2286. 

14*o4 

The distribution curve of x* is 

y=y °(7+tf'*)*"’ 

x' a 

and the proper transformation x — = ‘1861. 

Turning to Table I under to = 10 and x = ‘1861, we have 
uo = ‘903,2890, S*v 0 = - 4832, 
u, --909,9040, $*«! = -4443, 

6 = -61, <f> — -39, =-03966, 

ut - -907,3241,6 + -000,0649,9 
= •907,3791. 

# This is the ease realty proved by “ Student,” Biometrika , Vol. v. pp. 7— 8 ; however, the actual 
examples he gives do not belong to this ease, but indicate that he foresaw a wider application of it. 
f Biometrika , Vol. xxi. pp. 859 et eeq. 

X Such a Bample was one of a set of 700 samples actually drawn from a normal population. 
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Thus the chance that a value of x* should occur as large as or larger than this is 
*185,2418, taking positive and negative excesses in x' together. The odds are only 
about 4*5 to 1 against such occurrence. 

Now let us consider the two characters m and s which have been combined in 
“ Student’s ” test separately. 

The means in the samples are distributed normally with standard deviation of 
2 />/n = in our case 3*1623, or the ratio of the observed deviation in the sample 
mean to the standard deviation of sample means is 2*2136. s 

From Table II of Part I of these Tables for Statisticians : 

u 0 - *986,4474, 6 % =*-77, 
u x = -986,790c, h 2 ui as — 75, 


0 a* *36, <f> =* *64, £ 0<f> -*0384. 
Accordingly u$ = *986,5709,5 4 - *000,0008,8 

«*986,5718. 


Thus the chance of a mean as great as or greater than this occurring 
* *013,4282, or taking both positive and negative excesses = *026,8564. Thus the 
odds against such a mean occurring in a single sample are of the order 36 to 1, 
while those as judged by “ Student’s” test are about 4*5 to 1. 

Now turn to the standard deviation, which is 14*64 against the 10 of the 
parent population. 

If we judged roughly, assuming the distribution of standard deviations to be 

2 

approximately normal with a standard deviation - 7 = =2*2361 about a mean of 

v 2 n 

2 = 10, the deviation 14*64 — 10 = 4*64 would be 2*075 times the standard devia¬ 
tions, or deviations as great as or greater than this would only occur about 38 times 
in 1000 trials, or the odds are of the order 25 to 1 against such an occurrence. 

For a more accurate appreciation of the odds, we must note that the curve of 
distribution of s in samples from a normal population is 


y = yo^' n ~ 2 e~K a , 

where x' —s/(Z/\/2n) in our present notation. But this curve has not yet had its 
probability integral tabled for various values of n and x\ 


If, however, we write z = the probability integral becomes 


re 

I z 2 e~*dz 
Jo 

r® n ~ 8 
I z 2 e~ z dz 
Jo 


P{z, «)- 


" Probability Integral of a Type III curve as tabled in the Tables of the Incomplete 
T-Function*. 


Published by H.M. Stationery Office, 1922. 
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The integral there given is 

r*\/p+i 

I z p e~*dz 

H*p)' r 

I z p e~*dz 
Jo 

In our case ^ = |(n — 3) = 3*5, 

u = -,L* = (kTtA* - 50516. 

V4*o 4 V 4*5 V2/V2n/ 

For our interpolation in excess of mean we have from the above tables, under 
p * 3*5: 

Argument Entry ti 2 

5*0 *988,2633 - 2497 

5*1 *989,8982 -2185 

0 * -516, $ - -484, *041,624. 

Required value * *989,1069,1 4* *000,0292,1 

=« *989,1361, 

or the chance of values of 8 as great as or greater than 14*64 = *010,8639. 

If on the side of defect we take as our limit 14*64 —10 = 4*64, we find w = *5074. 
Our tables give us: 

Argument Entry 5* 

0*50 *010,5995 + 37G48 - 2442 

0*60 *020,3677 + 43857 - 2855 

6= *074, <t> - *926, - *011,4207, ^(1 + 0) (1 + <f>) * *103,4202. 

Required value « *011,3223,5 - 000,1366,1 - *000,0015,4 

— *011,1842. 

Accordingly the probability that s will differ from the population value by as 
much as or more than 4*64 

= *010,8639 + *011,1842 

- *022,0481, 

or the odds are about 44 to 1 against such a deviation from the population standard 
deviation occurring. Now it would appear that these two sets of odds—36 to 1 
against such an excess in the mean and 44 to 1 against such an excess in the 
standard deviation—especially when we remember that by our hypothesis as to 
the parent population these two results are independent—are entirely screened 
when we apply “ Student's ” test, with its odds of only 4*5 to 1. The fact is 
that when the two characters, on the ratio of which " Student’s ” test is based, 
deviate in the same direction, this test may be very misleading, when we use 
it as an indication of the rarity of a particular sample; it is the measurement 


a 4 

Negligible 

» 
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of the rarity of a particular ratio connected with the sample, but may be dangerous 
if interpreted as a measure of the rarity of the sample itself *. 

That “ Student ” himself has not laid too great emphasis on his test is, I think, 
clear, but the emphasis used by others must lead us to be cautious in its 
application. 

While “ Student's ” analysis follows the lines indicated above of the probability 
of his ratio in the case of a sample drawn from a normal parent population, he 
uses it in the examples he gives for a somewhat different purpose, where its 
application needs some consideration. 

Let u and v be two variates, each of which follows the normal law, then their 
difference u — v will also follow a normal curve with mean u — v and standard 
deviation V or^ + <r 2 2 ~ 2ra x <r 27 which latter is the standard deviation of the difference, 
if r be the correlation coefficient of u and v. 

Accordingly if we take samples from these populations with moans m uy m v and 
standard deviations s u , 8 V and correlation r, then 

r)iu-rri v and 8 U _ V = V+ n v % — 2rs u s v 


will follow the two curves used by “ Student ” to obtain his ratio distribution, and 
if we write 


m , _ m u — m v — (u — v) 
x — *- 

8«-e 


(«). 


then x' will follow the law of distribution in samples of n given by 


y = 


.Vo 




“Student” tacitly takes u = v, or he assumes the mean difference of the popu¬ 
lation from which he is sampling to be zero. He is therefore measuring the 
probability of the ratio x 9 on the assumption that u and v are taken at random f 
from the same parent population. If the ratio x f gives a very small chance of 
occurrence, he very properly assumes that on his hypothesis u and v are not drawn 
from the same parent population. 


But with “Student” u and v are not independent samples of necessity as in 
J. Neyman and E, S. Pearson's test for two samples (see below). 

Take the following series of values from “Student's” original paper: 


* A cephalic index among Englishmen of 80*0 ii not uncommon, but if we say it has arisen from 
a skull length of 2X0 mm. and a skull breadth of 168 mm. we reoogniae that we are dealing with a very 
exceptional case on two counts. That is the non-rarity of a ratio is not sufficient to justify us in 
considering the individual whom it characterises as of common ooourrenoe. 

+ Actually, however, this is not so, in for example his Illustration I; his two populations are linked 
by a high correlation due to individual reaction to soporifics. If he gets a high u, he will get a high v 
and if he gets a low u he will have a low *. 
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Additional Hours of Sleep gained by the use of hyosoyamine hydrobromide . 


Patient 

1 (Dextro-) 

2 (Laevo-) 

Difference (2 -1) 

1 

40*7 

4-1*9 

4-1*2 

2 

-1*0 

+0'8 

4-2*4 

3 

-0*2 

4-1*1 

4-1*3 

4 

-1*2 

4-0*1 

4-1*3 

5 

-0*1 

-0*1 

0*0 

6 

4-3*4 

4-4*4 

41*0 

7 

4-3*7 

4-5*5 

41*8 

8 

4-0*8 

4-1*6 

40*8 

9 

-1-0*0 

4-4*6 

4-4*6 

10 

4-2*0 

4-3*4 

4-1*4 

Mean 

4-0*75 

4-2*33 

4-1*58 

8.D. 

1*70 

1*90 

1-17 


Now it is clear that 1*17 is much less than V(l*70) a 4* (l‘90) a , which it 
should be, were u and v independent. Actually worked out on these ten cases the 
correlation is over *79. Is it likely even on ten cases that the correlation would 
exceed numerically *79, if it were really zero in the parent population ? 

The curve of distribution is (see p. 257) 

y = yo (1 -r a ) 8 . 

We have therefore to enter our table with x — r 2 ^ *6241, and as \ (a — 3) = 3 
with n = 9, we find that the chance of such a correlation coefficient from a 
population of zero correlation lying outside the limits ± *79 is between 006 and 
*007. There is small doubt therefore that u and v in the sampled population are 
correlated, probably highly correlated, as the influence of any sleeping draught 
whatever is a characteristic of the individual. “ Student,” in applying his test to 
the difference, has noted this fact as accounting for the low value of the probable 
error of the difference. 

But what, I think, it is desirable to emphasise is that this correlation may 
exist in most of the examples to which “Student” applies his test, either owing 
to the influence of the same individual, or of the same year, etc. Accordingly the 
denominator of “Student’s” ratio will be subject to large variation owing to the 
presence of this correlation in s^, the correlation itself being subject to large 
variation in small samples of such sizes as 10, the numerator m u — m v being not 
subject to this influence of the correlation to the same extent. 

Now “Student” takes x' « 1 •58/1*17 = 1*35, a /a « 1*8225, and accordingly the 
transformed x *■&' a /(l 4* x 2 ) «*6457, while n = 10. 

Entering our Table I with n —10, we have: 


X 


a» 


•64 

•998,4448 

-215 

Negligible 

•65 

•998,6380 

-196 

n 


0 = ’57, * = • 43, 


•04085. 


Required value m *998,5549 4 *000,0025 
«■ *998,5574. 
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u Student ” gives the value ‘9985, quite in keeping. 

The chance therefore that x' will not lie between the limits 
± 1-35 = 2 x -00144 -‘0029, 

or the odds are 9971 to 29 against it or 344 to 1 against it. 

Now let us suppose the 10 patients who had dextro-hyoscyamine hydrobromide 
were not identical with those who had the laevo- form. Then there is no doubt about 
the application of formula (e). If we suppose them to be independent samples of 
the same population r = 0, and u « v. In this case rn u — ra„« 2*33 — 0*75 ** 1*58, and 

= Vrf+7 v * = y/ (1 7 U) a 4- (1 90 j* 

* 2*5495. 


Thus x' _ 1 -58/2-5495 = 6197, x'* = *3840, 

x'* 

and x = ^ , ■— 7 A = 2775, and w = 10. 

1 4* x 2 

We have from Table I: 

x $ 2 a 4 

27 -949,3108 - 2475 Negligible 

28 -952,9130 -2318 

0 = *75, <£ = ‘25, £ 00 «*0336. . 

Required value = -952,0124 + *000,0224 
- *952,0348, 


or the odds are about 9*4 to 1 that x f does not lie in the range ± *6197. 

A further test has been provided by J. Neyman and E. S. Pearson * to deter¬ 
mine whether two samples, of which the means are mi, m% and the standard 
deviations Si and a*, have been drawn from the same normal population. 


They take 


m u — my 
y/ni8i 2 + n t sf 


7 ; 


til n% 
n% 4* n% 9 


and find its distribution curve to be 


y (1 + a /a)J (n i +n r* 1) " 

In the above case of “ Student ” n t - n% » 10, and «* 1*70, s% « 1*90, mi« 0*75, 
m% « 2*33. 

1-58 

Accordingly x f =- - « 4382, and x ,% « *1920, 

2*5495 V2 


while 


iT7* ! 


1611, 


Biometrika, Vol. xx\ pp. 175 e* teq. 
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and we must look up the column for n —19 in Table I. We have: 
x S 2 

•16 *959,7231 — 6554 8 4 may be neglected 

•17 *964,5820 — 5745 for present purposes. 

*-•11, <f> « *89, = *016,3167. 

Required result« *960,2576 + 000,0306 
«-960,2882. 

The chance accordingly of x 9 exceeding the limits ± *1611 is *0794, or the odds 
against this are about 11*6 to 1. 

This is roughly in keeping with the previous determination. Or, we conclude 
that there is some, but far from overwhelming, evidence that a population treated 
with the laevo- form of the soporific would have longer hours of sleep than another 
sample of the same population treated with the dextro- form. On the other hand, 
if we can trust the application of formula (e) to the case where the samples are 
not independent samples, then the odds are 344 to 1 that the same individual gets 
longer hours of sleep from the laevo- than from the dextro- form. 

The difference lies and can lie only in the correlation in the individual between 
hours of sleep due to the two forms. What real trust, however, can be put upon a 
correlation due to 10 pairs ? We need, further, some more definite demonstration of 
how (e) applies to this case with u — v = 0, which seems to involve the assumption 
that u and v are drawn at random from the same population . 

It may be of interest in regard to problems of this sort to exhibit a further 
example of the use of the Neyman-Pearson test as given by them on p. 206 of their 
paper cited above. 


Illustration . A piece of work is carried out by one set of 30 workmen according 
to Method I, and by a second set of 40 workmen according to Method II. The two 
sets of workmen are supposed of like ability. The resulting frequencies were: 


Time in seconds 

50 

51 

52 

58 

54 

55 

56 

57 

58 

59 

60 

Totals 

Method I 

1 

3 

6 

4 

7 

5 

3 

1 

1 



30=ni 

Method II 

— 

1 

2 

5 

8 

9 

6 

3 

3 

1 

2 

c 

1! 


Here for I, m u ■* 53*700 secs., S \» 1*882 secs. 

„ II, m „» 55*175 secs., s t = 2*072 secs. 

Now according to the test we take 

Vni*i* + «*«t* V «i + w* 

•104,0 

*'*-•1342 and »- r££n> - -11882, 
1-1342 ’ 

n — Hi + n, — 1 — 69. 
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This lies outside our Tablo I for n, but the probability integral is 

*(1+/«(*, 34)), 

and found from the Tables of the Incomplete B-function * = *998,2199, which agrees 
with the value *9982 given by Neyman and Pearson. Thus the odds are about 
277 to 1 that if the two samples were from the same population x' would lie 
outside the limits ± *3662. 

It is clear that such a problem cannot be solved directly \>y “ Student’s ” ratio 
as originally given, unless wc have the two samples of equal size. In any real case 
this would be likely to occur, for to produce equal ability in the two samples, the 
same men would probably be used for both methods. But if this were so, correlation 
would almost certainly come in and the Neyman-Pearson test would be inapplicable. 
Hence it becomes all the more important to be certain that “ Student’s ” test can 
be safely used, when the two populations are correlated member for member. 

It appears to me that in applying his test “ Student ” has really to face two 
problems, which cannot be solved by a single investigation in the manner he 
proposes: 

(i) If we take two wholly independent sets of individuals, and administer the 
laevo- form of the soporific to one and the dextro- to the other, is there a prob¬ 
ability, and what value has it, that the two means differ, and so can we determine 
which is the more efficient ? 

(ii) If we administer both soporifics to the same set of individuals, i.e. allowing 
for the individual reactions to the two forms of the drug, will the data indicate 
that the one is more effective than the other ? 

Now (i) can be answered by “Student’s” test, because he can suppose the 
samples drawn from the same population, and thus see how improbable the results 
are. Or, Neyman and Pearson’s test may be used, if the samples are of different 
sizes. 


But (i) must be answered before (ii). If (i) show there to be no substantial 
difference in the hours of sleep of the two sets, then u may be put = v in (ii). But 
if the answer to (i) is that u and v in all probability differ, then it does not seem 
valid to put u * v in (ii). It is clear that if u be not equal to v, then a very 
different value and a much smaller value will be obtained for x' than that given 
by “Student.” The problem thus raised appears to repeat itself in others of 
Student s illustrations, and my object is to press for caution in the application 
of his test, and indeed in other tests similar to it. 


For most practical purposes, it is adequate to use here the normal ourve with standard deviation 

lli~ !’o« deviation of tte *' onm - Now *'■=-•3682 and l/s/^T8='1231, therefore 

m " * and * he corr ®*P°nding probability -99868, which for most praotioal inferences is as service- 
able as the correct value -99822 obtained from the B-function tables. 
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APPENDIX. 


On Interpolation into Table I for small values of q = \{n- 1). 


Interpolation for £(n- 1) is bound to be laborious, even if it be straight¬ 
forward. In interpolating for q into Table I, it will be found best, particularly in 
the earlier part of the table, to use a forward difference formula, e.g. 

/j A 0(1-0) AJS 0(l-0)(2-0) A8 

t$o (0) = + OAuq - g I — - A a kq + -g j- A 8 uq 


ff( 1-0) (2-0) (3-0) 
4 ! 


A 4 w 0 +. 


If we use the tabled value P x ( j, q) t we may have to find, even at x «*25, eight or nine 
differences to get the correct result to seven decimal places. But if we reduce the 
P* (|. q) to B x (J, q) by the relation B x (£, q) « {2 P x (J, q) -1} x B (J, q) four or five 
differences will suffice for 7-figure accuracy when #= 25. For x = *50, the seventh 
difference is required for the B x (£, q) s. The I x (J, q)*8 would need far more. In 
order that A q may not exceed *25, we can use when it appears desirable a negative 
interpolation. 

The value of B (J, q) is given at the top of each column to assist the reader in 
reducing the tabled entries to B x (J, q). From the interpolated value of the latter we 
find P x (£, q) by determining from a table of the complete F-functions the complete 
B-function corresponding to the interpolated value. 

Illustrations. 


(i) Find the value of P.& (j, 3*25). 

(a) Let us work first with I x (J, q) ■ 2 P x (£, q) - 1: 

q 1.16(4.0) A A* A a A 4 A 5 A 6 A 7 A 

3 *792,9688, 

3 5 *829,5293, *036,5605, 

4 *858,8867, *029,3574, - *007,2031, 

4*5 *882,6932, *023,8065, -*005,5509, *001,6522, 

6 *902,1454, *019,4622, -*004,3543, *001,1966, - *000,4556, 

6*5 *918,1368, *015,9904, -*003,4618, *000,8925, -*000,3041, *000,1515, 

6 *931,3450, *013,2092, -002,7812, 000,8806, -000,2119, 000,0922, -*000,0593, 

6*5 *942,3012, 010,9562, - 002,2530, 000,5282, -*000,1524, 000,0595, -*000,0327, 000,0266, • 

7 *951,4197, *009,1185, -*001,8377, *000,4153, -*000,1129, *000,0395, -000,0200, *000,0127, -*000,0139. 


Here we must go as far as A 8 . 

I ■« (i 3*25) - *792,9688 + \ (*036,5605) - $ (- *007,2031) + ^ (*00i,6522) 

-Tfe(- •000,4556) + ^(*000,1515)- T Ji I (- *000,0593) 

+ (000,0266) - dfh (- -000,0139) 

«*792,9688 + *018,2803 +*000,9004 + -000,1033 + *000,0178 +*000,0042 
+ *000,0012+*000,0004+*000,0002 
- *792,9688 + *019*3078 - *812,2766, 
and P.as (J, 3*25)«*906,1383, which is accurate to the last figure. 


18—2 
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The process is somewhat lengthy and can be shortened by using B, (J, q). 

(6) Starting from the /*(£, q)' s, multiply them by their respective B ($, q )’s and 
we obtain the following series: 

q B x (i,q) A A* A» A‘ A* 

3 '845,8334, 

3'5 '814,3885, - '031,4449, 

4 '785,2678, - 029,1207, 002,3242, 

4'6 -758,2693,- 027,0085, 002,1122, -'000,2120, 

5 733,1721, -'025,0872, '001,9213, -'000,1909, +'000-0211, 

5'5 '709,8349, --023,3372, -001,7500, -'000,1713, +'000,0196, --000,0015. 

The differencing here is briefer and more effective. 

B* (1,8'25) - -845,8334- -015,7224(5) - -000,2905(3) - '000,0132(5) 

- -000,0008(2) - -000,0000(4) 

= -845,8334 - '016,0271 - '829,8063. 

But B (J, 3'25) m 1*021,58087, hence 

I . u (J, 3-25) - B .«(f 3'25 )/B (f 3'25) = -812,27668 
and P.»(i, 3'25) = } (1 + /.*($, 3'25)} = '906,1383, 

the correct value, as before. 

(ii) Find the value of P. K ($, 3*25). 

Here, even using the B x ’s, we must go as far as A 7 to be accurate to the seventh 
figure. Our scheme is as follows: 

A A a A* A 4 A" A* A 7 

) 1-013,5197, 

£-«>(i,3'6) -949,2072, --064,3126, 

21 4 ) -893,9850, --065,2222, -009,0903, 

21 .*,($, 4-6) '846,1813, -047,8037, 007,4186, --001,6718, 

5. M (i,5 ) -804,4742, -041,7071, 006,0966, -001,3219, 000,3499, 

J*-«o(i,6-B) -767,8131, -036,6611, 005,0460, -001,0506, -000,2713, --000,0786, 

21.»(i, 6 ) -735,8579, -032,4562, -004,2059,-000,8401, 000,2105, --000,0608, 000,0178, 

5(i, 6-5) -706,4329, --028,9250, 003,5302, -000,6757, 000,1644, -000,0461, -000,0147,-000,0031. 

Substituting these results in the forward difference formula, we have 

B «(i. 3'25) -1*013,5197 - } (-064,3125) - } (-009,0903)—^(*001,6718) 

- ife (*000,3499) - (-000,0786) - ^ (-000-0178) 

. “vMb (*000,0031) 

= 1*013,5197 - -032,1562(5) - -001,1362(9) - -000,1044(8) 

- -000,0136(7) - -000,0021 (5) - -000,0003(7) 

-•000,0000(5) 

- *980,1064, and again B (J, 3 25) -1-021,58087. 

Hence J. M (|, 3-25) - -959,4016(7), 

and thus P.„(*, 3 25) - -979,7008(3), 

which is the correct value to seven figures. 
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(iii) Find the value of P.*> (1,3-25). 

Now P .10 (J, 3*25) is easy to find; we have the following series of differences for 

?): 

? a A* A* A« 

3 *591,5567, 

3-5 *582,0941, --009,4626, 

4 *572,9144, --009,1797, + 000,2829, 

45 *564,0073, --008,9071, +000,2726, -'000,0103, 

5 -555,3632, --008,6441, +-000,2630, -000,0096, +000,0007. 

Hence 3-25) * -591,5567 - 004,73130 - 000,03536 

- 000,00064 - 000,00003 

= *591,5567 - 004,7673 
= -586,7894. 

And /.io (*, 3-25) = B. 10 (*, 3-25)/P (*, 325) 

= •574,3935. 

Thus P.io (J, 3-25) = -787,19675, 

which is exact. 

Beyond x = - 75 the forward difference method will still apply, but the number 
of differences required is excessive, if we start with q = 2 or 3. For q = 4 the eighth 
difference suffices for 7-figure accuracy; for q = 5 the fifth difference will suffice 
for like accuracy, and so on; this supposes working with B x (|, q) instead of 
I x ($, q). Thus by the time we get to q = 8, there is no trouble. For many statistical 
purposes four or five figure accuracy is adequate, and accordingly there is less 
trouble with forward difference work. 

For such an extreme case as I.to(h 3 25) the limiting difference that the 
present table provides is the twelfth. Even if we use this and the forward difference 
formula we shall be out slightly more than unity in the fifth decimal place. If we 
proceed also to the twelfth difference, using 3*25), we shall be out less than 

unity in the sixth decimal place, and assuming the thirteenth difference to be about 
half the twelfth (as it must be here) we can obtain a value differing from the true 
value by less than five units in the seventh decimal place. The labour, if straight¬ 
forward, is considerable, and some will prefer to obtain the result by expansion 
methods rather than by using the present table of I x (J, q) or B x (^,q) when a 
approaches unity and q is fractional and small. 
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TABLE L Values of P x (n). 


r 

71-B 

2 

3 

4 

6 

6 

7 

8 


0*6 

1-0 

1*5 

2*0 

2-5 

3-0 

3*6 


3 * 1415 , 9265 + 

2 - 0000,0000 

1 - 5707.9633 

1-3333,3333 

1 * 1780 , 9725 - 

1 - 0666,6667 

•98i7,477o 

X 

*00 

z* 

•ooooo 

•500,0000 

*600,0000 

•600,0000 

•500,0000 

•500,0000 ^ 

•500,0000 

•500,0000 

•01 

•01010 

*531,8843 

•560,0000 

•563,5557 

•674,7500* 

•584,4589 

•593,1269 

•601,0142 

•02 

•02041 

•545,1672 

•570,7107 

•589,7306 

•605,3589 

•618,8454 

•630,8254 

•641,6713 

•03 

•03093 

•666,4123 

•586,6026+ 

•609,7119 

•628,6048 

•644,8257 

•659,1614 

•672,0739 

•04 

•04167 

•564,0942 

•600,0000 

•626,4700 

•648,0000 

•666,3904 

•682,5600 

•697,0494 

•05 

*05263 

•571,7831 

•611,8034 

•641,1572 

•664,9100 

•685,0941 

•702,7485“ 

*718,4801 

•06 

•06383 

•578,7712 

•622,4745” 

•654,3666 

•680,0375“ 

•701,7381 

*720,6194 

*737,3622 

•07 

•07527 

•585,2317 

•632,2876 

•060,4476+ 

•693,8013 

•716,8013 

•736,7071 

•764,2646 

•08 

08696 

*591,2774 

•641,4214 

•077,6328 

•700,4752 

•730,5973 

•751,3623 

•769,5793 

•09 

•09890 

•596,9867 

•650,0000 

•688,0812 

•718,2500" 

•743,3452 

•764,8306 

*783,5773 

•10 

11111 

•602,4164 

•658,1139 

•697,9093 

•729,2651 

•765,2051 

•777,2922 

•796,4581 

•11 

•12300 

•007,6095+ 

•665,8312 

•707,2054 

•739,6261 

•700,2990 

•788,8842 

•808,3736 

•12 

•13636 

*612,5995- 

•673,2051 

•716,0379 

•749,4153 

•776,7218 

•799,7141 

•819,4433 

*13 

•14943 

•617,4127 

•680,2776 

•724,4614 

•758,6983 

•786,5497 

•809,8078 

•829,7631 

•14 

•16279 

•622,0709 

•687,0829 

•732,5203 

•767,5286+ 

•795,8446 

•819,4159 

*839,4117 

*15 

•17647 

•626,5917 

•693,6492 

•740,2610 

•775,9501 

•804,6580 

•828,4168 

•848,4547 

*16 

•19048 

•630,9899 

•700,0000 

•747,6842 

•784,0000 

•813,0330 

•836,9200 

•856,9474 

*17 

•20482 

•635,2781 

•706,1553 

*764,8458 

•791,7097 

•821,0005+ 

•844,9674 

*864,9373 

•18 

*21951 

•639,4672 

•712,1320 

•761,7578 

•799,1062 

•828,6101 

•852,5953 

*872,4651 

•19 

*23457 

•643,6663 

•717,9449 

•768,4395+ 

•806,2127 

•835,8711 

*859,8353 

•879,5668 

*20 

•25000' 

•647,5836 

•723,6068 

•774,9076 

•813,0495+ 

•842,8137 

•866,7151 

•886,2736 

•21 

•26582 

•651,5263 

■729,1288 

*781,1765+ 

•819,6347 

*849,4585+ 

•873,2594 

*892,G135“ 

•22 

•28205+ 

•055,4006 

•734,5208 

*787,2593 

•825,9839 

•855,8258 1 

•879,4898 

*898,6113 

•23 

•29870 

*659,2121 

•739,7916 

•793,1673 

•832,1113 

•861,9309 ! 

•885,4260 

•904,2893 

•24 

•31579 

*662,9660 

•744,9490 

•798,9108 

•838,0296 

•867,7894 

•891,0855+ 

•909,6677 

'25 

*33333 

•666,6667 

*750,0000 

•804,4989 

•843,7500" 

•873,4150+ 

•896,4844 

•914,7647 

•26 

•36135+ 

•670,3183 

*754,9510 

•809,9399 

•849,2828 

•878,8199 

•901,6370 

•919,5969 

•27 

•36986 

•673,9247 

•759,8076 

•815,2414 

*854,6374 

•884,0155+ 

•906,5567 

•924,1796 

•28 

•38889 

•677,4892 

*764,5751 

•820,4100 

*859,8222 

•889,0120 

•911,2556 

*928,5267 

•29 

*40845+ 

•681,0150+ 

•769,2582 

•825,4520 

•864,8449 

*893,8188 

•915,7448 

•932,0612 

•30 

•42857 

•684,5051 

■773,8613 

•830,3730 

•869,7127 

•898,4447 

•920,0347 

•936,5648 

•31 

•44928 

•687,9620 

•778,3882 

•835,1782 

•874,4322 

•902,8976 

•924,1349 

•940,2787 

•32 

•47059 

•691,3883 

•782,8427 

•839,8723 

•879,0092 

•907,1850+ 

•928,0542 

•943,8032 

•33 

•49254 

•694,7866- 

•787,2281 

•844,4598 

•883,4496 

•911,3139 

•931,8008 

•947,1477 

•34 

*51515+ 

•698,1685+ 

•791,5476 

•848,9447 

•887,7583 

•915,2906 

•935,3826 

•950,3213 

*36 

*53846 

•701,5067 

•795,8040 

•853,3308 

•891,9403 

•919,1213 

•938,8067 

*953,3323 

•36 

*56250* 

•704,8328 

•800,0000 

•857,6215+ 

•896,0000 

•922,8114 

*942,0800 

•956,1886 

•37 

*58730 

•708,1387 

•804,1381 

•861,8201 

*899,9416 

•920,3663 

•945,2088 

*958,8976 

*38 

•61290 

•711,4263 

*808,2207 

*866,9296 

•903,7691 

•929,7909 

•948,1991 

•961,4662 

•39 

•63934 

•714,6971 

•812,2499 

•869,9528 

•907,4861 

•933,0900 

•951,0567 

•963,9010 

*40 

•66667 

*717,9529 

•816,2278 

•873,8923 

•911,0961 

•936,2680 

•953,7868 

•966,2084 

•41 

•69492 

•721,1951 

•820,1562 

•877,7505+ 

•914,6023 

•939,3290 

•956,3947 

•968,3940 

•42 

*72414 

•724,4253 

*824,0370 

•881,6298 

•918,0078 

•942,2709 

*958,8850+ 

*970,4636 

•43 

•75439 

*727,6449 

•827,8719 

•886,2324 

*921,3154 

•945,1156 

•961,2625+ 

•972,4224 

*44 

•78571 

•730,8553 

•831,6625- 

*888,8601 

•924,5280 

•947,8486 

•903,5316- 

•974,2755“ 

*46 

*81818 

•734,0579 

•835,4102 

•892,4150+ 

•927,6480 

•960,4793 

•965,6961 

•976,0276 

■46 

*85185+ 

•737,2540 

*839,1165- 

•895,8988 

*930,6780 

•953,0110 

•967,7603 

•977,6834 

*47 

*88679 

•740,4450“ 

•842,7827 

•899,3132 

•933^0202 

•956,4466 

•969,7280 

•979,2472 

*48 

*92308 

•743,6321 

•846,4102 

•902,6697 

•936,4788 

•967,7892 

•971,6028 

•980,7231 

•49 

•96078 

•746,8167 

•850,0000 

•905,9398 

•939,2500* 

•960,0417 

•973,3881 

•982,1152 

*50 

x ooooo 

•750,0000 

*853,5534 

*909,1649 

•941,9417 

•962,2061 

*975,0874 

•983,4272 
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■ 



mm 

mm 

M 


7 

8 

asm 


■ 

■. 

■ 


3-0 

3*5 

x))- 

3-1415,9265+ 

2*0000,0000 

*■5707,9633 

1 * 3333,3333 

11780 , 97 * 3 “ 

1*0666,6667 

• 9817,4770 

X 

•50 

2* 

1-0000 

•750,000 

•863,5534 

•909,1549 

•941,9417 

•962,2061 

•975,0874 

•983,4272 

*51 

1-04081 

•753,1833 

*857,0714 

•912,3064 

•944,6539 

•964,2866 

•976,7037 

•984,6629 

•52 

1-08333 

•756,3679 

•860,5551 

•915,3955“ 

•947,0884 

•966,2843 

•978,2403 

•985,8256 

•53 

M2766 

•759,5550+ 

•864,0055" 

•918,4232 

•949,5408 

•968,2019 

•979,7001 

•986,9187 

•54 

1-17391 

•762,7460 

•867,4235“ 

•921,3908 

•951,9309 

•970,0419 

•981,0859 

•987,9455+ 

•55 

1-22222 

•765,9421 

•870,8099 

•924,2993 

•954,2422 

•971,8065“ 

•982,4006+ 

•988,9090 

•56 

1-27273 

•769,1447 

•874,1657 

•927,1496 

•956,4822 

•973,4977 

•983,6466 

•289,8122 

•57 

1-32558 

•772,3551 

•877,4917 

•929,9426 

•958,6524 

•976,1177 

•984,8268 

•990,6580 

•58 

1-38095+ 

•775,5747 

•880,7887 

•932,6793 

•960,7543 

•976,6685+ 

*986,9434 

•991,4489 

*59 

1-43902 

•778,8049 

•884,0573 

•935,3603 

•902,7890 

•978,1521 

•986,9990 

•992,1878 

•00 

1*50000 

•782,0171 

■887,2983 

•937,9865“ 

•964,7580 

•979,5703 

•987,9969 

•992,8771 

•01 

1-56410 

•785,3029 

•890,5125“ 

•940,5585“ 

•966,6624 

•980,9250“ 

•988,9363 

•993,5193 

•62 

1-63158 

•788,5737 

*893,7004 

•943,0770 

•968,5035“ 

•982,2179 

•989,8223 

•994,1167 

*03 

1*70270 

•791,8613 

•896,8627 

•945,5427 

■970,2823 

•983,4507 

•990,6562 

•994,6716+ 

•04 

1-77778 

•795,1672 

•900,0000 

■947,9560 

•972,0000 

•984,6253 

•991,4400 

*995,1860 

•05 

1-85714 

•798,4933 

•903,1129 

•950,3175“ 

•973,6576 

*985,7431 

•992,1756 

•995,6623 

■66 

1-94118 

•801,8415“ 

•906,2019 

•952,6276 

•975,2662 

•986,8058 

•992,8651 

•996,1023 

■07 

2 03030 

•805,2135+ 

•909,2670 

•954,8869 

•976,7968 

•987,8150+ 

•993,5103 

•996,6081 

•08 

2*12500 

•808,6117 

•912,3106 

■957,0956 

•978,2803 

•988,7722 

•994,1130 

•996,8814 

•09 

2*22581 

•812,0380 

•915,3312 

•959,2542 

•979,7075+ 

•989,6789 

•994,6750+ 

•997,2242 

•70 

2*33333 

•815,4949 

•918,3300 

•961,3629 

•981,0795+ 

•990,5364 

•995,1982 

•997,5381 

•71 

2-44828 

•818,9850“ 

•921,3075“ 

•963,4219 

•982,3971 

*991,3464 

•995,6841 

•997,8249 

•72 

2-57143 

•822,5108 

•924,2641 

•965,4316 

•983,6610 

•992,1101 

•996,1344 

•998,0861 

•73 

2-70370 

•826,0753 

•927,2002 

*967,3920 

•984,8722 

•992,8290 

•996,5508 

•998,3234 

•74 

2-84615+ 

•829,6817 

*930,1163 

•969,3033 

•986,0314 

*993,5044 

•996,9348 

•998,6382 

•75 

3*00000 

•833,3333 

•933,0127 

■971,1656 

*987,1393 

•994,1376 

•997,2880 

•998,7320 

•70 

3-16667 

•837,0340 

•935,8899 

•972,9788 

•988,1967 

•994,7300 

•997,6119 

•998,9062 

•77 

3-34783 

•840,7879 

•938,7482 

•974,7430 

*989,2043 

■996,2828 

•997,9079 

•999,0621 

•78 

3-54545+ 

•844,5994 

•941,5880 

•976,4581 

•990,1627 

■996,7974 

•998,1776 

•999,2011 

•79 

3-76190 

•848,4737 

•944,4097 

•978,1240 

•991,0727 

•996,2750+ 

•998,4222 

•999,3244 

•80 

4-00000 

•852,4164 

*947,2136 

•979,7403 

•991,9350“ 

•996,7169 

998,6432 

•999,4331 

*81 

4*26316 

•856,4337 

•950,0000 

•981,3070 

*992,7500* 

•997,1242 

*998,8419 

•999,5286“ 

•82 

4*55556 

•860,5328 

•952,7693 

•982,8235“ 

•993,5186“ 

•997,4984 

•999,0196 

•999,6116 

•83 

4-88235+ 

•864,7219 

•955,5217 

•984,2895+ 

•994,2410 

•997,8406+ 

•999,1777 

*999,6834 

•84 

5-25000 

•869,0101 

•958,2576 

•985,7045“ 

*994,9182 

•998,1518 

*999,3174 

*999,7451 

•85 

5-66667 

•873,4083 

•960,9772 

•987,0677 

•995,5505-* 

•998,4336 

•999,4400 

*999,7976 

•86 

6*14286 

•877,9291 

•963,6809 

•988,3785+ 

•996,1386 

•998,6871 

•999,5466 

•999,8417 

•87 

6*69231 

•882,5873 

•966,3690 

•989,6360 

•996,6829 

•998,9135+ 

•999,6385+ 

•999,8784 

•88 

7*33333 

•887,4005+ 

■969,0416 

.990,8390 

•997,1841 

•999,1141 

*999,7169 

*999,9085+ 

•89 

8*09091 

*892,3905“ 

•971,6991 

*991,9864 

•997,6425** 

•999,2901 

•999,7828 

•999,9328 

•90 

9-00000 

•897,5836 

•974,3416 

•993,0766 

*998,0587 

■999,4428 

•999,8375+ 

*999,9521 

*91 

10-11111 

•903,0133 

•976,9696 

•994,1078 

‘998,4332 

•999,5736- 

•999,8820 

*999,9670 

•92 

11-50000 

•908,7226 

*979,5832 

•995,0779 

•998,7665“ 

•999,6835" 

*999,9175“ 

.-999,9782 

•93 

13-28571 

*914,7683 

•982,1825+ 

•995,9641 

•999,0589 

•999,7742 

*999,9449 

*999,9664 

•94 

15-66667 

•921,2288 

‘984,7680 

•996,8232 

•999,3U0 

•999,8470 

*999,9665“ 

•909,9921 

•95 

19-00000 

•928,2169 

•987,3397 

•997,5909 

•999,5232 

•999,9034 

*999,9801 

*999,9959 

•96 

24-00000 

*935,9058 

•989,8979 

•998,2815+ 

•999,6959 

■999,9449 

*999,9898 

•999,9981 

•97 

32-33333 

•944,5877 

•992,4429 

•998,8873 

•999,8295+ 

■999,9732 

•999,9957 

•999,9993 

•98 

49-00000 

•954,8328 

•994,9747 

•999,3961 

•999,9245“ 

•999,9903 

•999,9987 

•999,9998 

•99 

99-00000 

•968,1157 

•997,4937 

•999,7872 

*999,9812 

■999,9983 

*999,9998 

1*000,0000 

1-00 

00 

1*000,0000 

1-000,0000 

1-000,0000 

1*000,0000 

1-000,0000 

1*000,0000 
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TABLE I {continued). 




9 

10 

11 

m 

13 

14 

15 

*(*-!>- 

4*0 

4*5 

6-0 

■1 

6-0 

6*5 

7*0 

B <*,*(«-!))- 

•9142,8571 

•8590,2924 

‘8X26,9841 

■7731,2632 

•7388,1674 

•7086,99x2 

•68x9,8468 

X 

•00 

2 * 

•ooooo 

•500,0000 

•500,0000 

•500,0000 

•500,0000 

•500,0000 

> *500,0000 

•500,0000 

•01 

•01010 

•608,2878 

•615,0626+ 

•621,4209 

•627,4260+ 

•633,1226 

*638,5513 

•043,7418 

•02 

•02041 

•651,6230 

•660,8451 

•669,4569 

•677,5476 

•685,1864 

•692,4281 

•699,3168 

•03 

•03093 

•683,8613 

•694,7289 

•704,8254 

•714,2626 

•723,1270 

•731,4877 

•739,4002 

•04 

•04167 

*710,2080 

•722,2773 

•733,4323 

•743,8051 

•763,4981 

•762,5930 

•771,1560 

•05 

•06263 

•732,7039 

•745,6768 

•757,6044 

•768,6378 

•778,8943 

•788,4677 

■797,4342 

*06 

•06383 

•752,4086 

.766,0651 

*778,5552 

•790,0479 

•800,6752 

•810,5424 

•819,7353 

•07 

*07527 

•769,9591 

•784,1281 

•797,0179 

•808,8153 

•819,6662 

•829,6872 

•838,9738 

•08 

•08696 

•785,7758 

•800,3193 

•813,4786 

*825,4578 

•836,4166 

•846,4828 

•855,7609 

•09 

•09890 

•800,1543 

•814,9584 

•828,2807 

•840,3423 

•861,3163 

•861,3416 

•870,5318 

•10 

•11111 

•813,3126+ 

•828,2818 

•841,6785+ 

•853,7408 

•864,6660+ 

•874,5708 

•883,6106 

•11 

•12360 

•826,4173 

•840,4705+ 

•853,8675“ 

•865,8628 

•876,6560 

•886,4074 

•895,2477 

12 

•13636 

•836,5998 

•861,6675” 

•865,0019 

■876,8740 

■887,4963 

•897,0391 

•905,6418 

•13 

•14943 

•846,9657 

•861,9880 

•875,2065+ 

•886,9085+ 

•897,3191 

*906,6184 

•914,9538 

•14 

•16279 

.•856,6019 

•871,5270 

•884,5844 

•896,0772 

•906,2428 

•915,2711 

•923,3169 

•15 

•1764V 

•866,5809 

•880,3638 

•893,2216 

•904,4729 

•914,3668 

•923,1026 

*930,8424 

•16 

*19048 

•873,9640 

•888,5668 

•901,1913 

•912,1742 

•921,7752 

•930,2024 

•937.6248 

•17 

•20482 

•881,8039 

•896,19086 

•908,5564 

•919,2491 

•928,5406 

•930,6475+ 

•943,7452 

•18 

•21951 

•889,1461 

•903,2890 

•915,3714 

•925,7561 

•934,7256 

•942,5044 

•949,2730 

•19 

•23467 

•896,0306 

*909,9040 

•921,6840 

•931,7469 

•940,3853 

•647,8311 

*954,2710 

•20 

•26000- 

•902,4922 

•916,0747 

•927,5362 

•937,2666 

•946,6678 

•952,6788 

•958,7911 

•21 

•26582 

•908,5623 

•921,8353 

•932,9655“ 

•942,3554 

*960,3161 

•967,0926 

•962,8809 

•22 

•28206+ 

•914,2687 

•927,2165“ 

•938,0052 

•947,0494 

•954,6683 

•961,1127 

*966,5824 

•23 

•29870 

•919,6362 

•932,2459 

•942,6854 

•951,3806 

•958,6684 

*964,7748 6 

•969,9328 

•24 

•31679 

•924,6876 

*936,9484 

•947,0330 

•955,3780 

*962,3173 

•968,1112 

•972,9653 

•25 

•33333 

•929,4434 

•941,3466 

•951,0727 

*959,0679 

*966,6725“ 

•971,1506 

•976,7099 

•26 

•36136+ 

•933,9221 

•945,4611 

•954,8267 

•962,4741 

•968,7491 

*973,9191 

•978,1932 

•27 

•36986 

•938,1410 

*949,3108 

•958,3154 

•965,6182 

*971,6700 

•976,4404 

•980,4395+ 

•28 

•38889 

•942,1156 

•952,9130 

•961,5575“ 

•968,5201 

*974,1658 

*978,7358 

•982,4706 

•29 

•40845+ 

*946,8606 

•956,2834 

•964,5700 

•971,1980 

*976,5253 

•980,8247 

•984,3063 

•30 

•42857 

•949,3892 

•959,4369 

•967,3689 

*973,6684 

*978,6960 

•982,7249 

•985,9643 

*31 

•44928 

•952,7140 

•962,3870 

•969,9686 

*975,9467 

•980,6837 

•984,4624 

*987,4610 

•32 

•47059 

*955,8463 

•966,1463 

*972,3826 

*978,0471 

•982,5028 

•986,0221 

•988,8111 

•33 

•49254 

•968,7969 

•967,7266 

*974,6234 

•979,9824 

•984,1668 

*987,4473 

•990,0280 

•34 

•51516+ 

*961,5760 

•970,1386 

•976,7026 

•981,7648 

•985,6879 

•988,7405+ 

•991,1239 

•35 

*53846 

•964,1927 

*972,3927 

•978,6310 

•983,4054 

•987,0774 

•989,9129 

•992,1100 

•36 

•66260- 

•966,6560 

*974,4984 

•980,4186 

•984,9146 

•988,3458 

•990,9750- 

*992,9964 

•37 

•58730 

•968,9741 

•976,4644 

•982,0747 

•986,3019 

*989,5027 

•991,9361 

•993,7924 

•38 

•61290 

•971,1546 

*978,2993 

•983,6080 

•987,5762 

•990,5570 

•992,8050+ 

•994,5063 

•39 

•63934 

•973,2051 

•980,0108 

•985,0268 

•988,7459 

*991,5169 

*993,5898 

•995,1459 

•40 

•66667 

•976,1322 

•981,6063 

•986,3385+ 

•989,8185’ 

•992,3900 

*994,2979 

•995,7182 

•41 

•69492 

•976,9426 

•983,0926 

•987,5505” 

•990,8012 

*993,1833 

*994,9358 

•996,2296 

•42 

•72414 

*978,6424 

•984,4764 

•988,6692 

•991,7008 

•993,9033 

*995,5100 

•996,6860 

*43 

•75439 

•980,2374 

•985,7637 

•989,7011 

•992,5233 

•994,5560 

•996,0260 

•997,0927 

•44 

•78571 

*981,7331 

•986,9604 

•990,6519 

•993,2746 

•995,1470 

'996,4891 

•997,4546” 

•45 

•81818 

•983,1348 

•988,0718 

•991,5272 

•993,9601 

•995,6814 

*996,9042 

*997,7768 

•46 

•85185+ 

•984,4474 

•989,1032 

•992,3321 

•994,5847 

•996,1640 

•997,2766 

•998,0608 

•47 

•88679 

•986,6767 

•990,0594 

•993,0714 

•995,1532 

*996,5992 

•997,6076“ 

•998,3131 

•48 

•92308 

•986,8241 

•990,9451 

•993,7497 

•995,6699 

•996,9909 

*997,9036- 

•998,5369 

•49 

•96078 

•987,8968 

•991,7645 

•994,3713 

*996,1389 

•997,3431 | 

*998,1670 

•998,7326“ 

•50 

1-00000 

•988,8980 

•992,5218 

•994,9402 

•996,5638 

•997,6592 

*998,4011 

•998,9054 
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TABLE I ( continued )■ 


n« 

*(»-!)- 

9 

4-0 

10 

4*5 

11 

5*0 

12 

5-5 

13 

0*0 

14 

6*5 

15 

7*0 


*9142,8571 

•8590,2924 

•8126,9841 

7731,2632 

7388,1674 

•7086,9912 

*6819,8468 

X 

•50 

1*00000 

•988,8980 

■992,6218 

•994,9402 

•996,5638 

•997,6692 

•098,4011 

•998,9054 

•61 

1-04081 

*989,8316 

•993,2209 

•995,4601 

•996,9484 

•997,9423 

•998,0088 

*999,0673 

•52 

1-08333 

*990,7011 

•993,8664 

•995,9346 

•997,2958 

•998,1966+ 

*998,7927 

•999,1903 

•53 

1-12766 

•991,6101 

•994,4589 

•990,3670 

*997,6091 

•998,4215“ 

•998,9560+ 

•099,3066 

•64 

1-17391 

•992,2620 

•996,0047 

•996,7604 

•997,8911 

•998,6227 

•999,0981 

•999,4080 

•65 

1-22222 

*992,9599 

•995,5067 

•997,1177 

•998,1444 

•998,8010 

•099,2239 

*999,4962 

•58 

1-27273 

*993,6069 

•996,9661 

•997,4416 

•998,3716 

•998,9602 

•999,3342 

•999,6727 

•57 

1-32558 

•994,2059 

•996,3856 

•997,7348 

•998,6749 

•999,1005“ 

•999,4307 

•999,6388 

•58 

1-38095+ 

•994,7597 

•996,7699 

•997,9996 

*998,7564 

*999,2243 

•999,6148 

•099,6958 

•59 

1-43902 

•995,2708 

•997,1204 

■998,2383 

•998,9180 

•999,3333 

*999,5880 

•999,7448 

•60 

1-50000 

•996,7419 

•997,4396“ 

•998,4530 

•999,0616 

•999,4289 

•999,6615+ 

•989,7868 

•61 

1-66410 

*996,1753 

•997,7294 

•998,6456 

•999,1889 

•999,5127 

•999,7064 

•999,8226 

•62 

1-63158 

•996,5733 

•997,9923 

•998,8180 

•999,3014 

•999,5857 

•999,7536 

•999,8631 

•63 

1-70270 

•996,9382 

•998,2301 

•998,9720 

•999,4005+ 

•999,6492 

•999,7942 

•999,8789 

*64 

1-77778 

•997,2720 

■998,4448 

•999,1091 

•999,4876 

•999,7043 

•999,8289 

•999,9007 

•65 

1-86714 

•997,6767 

•998,6380 

•999,2308 

•999,6038 

•999,7518 

•999,8584 

•999,9190 

•66 

1-94118 

•997,8643 

•998,8116 

•999,3386 

•999,6304 

•999,7927 

•999,8836“ 

•900,9343 

•67 

2-03030 

-998,1065“ 

*998,9669 

•999,4336 

•999,6882 

•999,8278 

•999,9040 

•999,9470 

•68 

2-12500 

•998,3360+ 

•999,1067 

*999,5172 

•999,7383 

•999,8677 

•999,9224 

•999,9576 

•69 

2-22681 

•998,5416 

•999,2291 

*999,5904 

•999,7816+ 

*999,8831 

•999,9372 

*999,9662 

•70 

2-33333 

•998,7278 

•999,3386+ 

*999,6543 

•999,8186 

•999,9046+ 

•999,9496 

•999,9733 

•71 

2*44828 

•998,8951 

•999,4352 

•999,7099 

•999,8503 

•999,9225+ 

•999,9598 

•999,9791 

•72 

2*57143 

*999,0449 

•999,5203 

•999,7579 

•999,8773 

•999,9376 

•999,9682 

•999,9837 

•73 

2*70370 

•999,1786“ 

*999,5949 

•999,7993 

•999,9001 

•999,9501 

•999,9760+ 

•999,9876- 

•74 

2-84616+ 

•999,2972 

•999,6600 

•999,8347 

* *999,9193 

•999,9604 6 

*999,9806 

•999,9904 

*75 

3-00000 

•999,4023 

•999,7165+ 

•999,8649 

•999,9353 

‘999,9689 

•999,9850+ 

•999,9928 

•76 

3*16667 

•999,4949 

*999,7653 

•999,8904 

•999,9486 

•999,9758 

•999,9886 

•999,9946 1 

•77 

3*34783 

•999,5761 

•999,8072 

*999,9119 

•999,9595+ 

*999,9814 

•999,9914 

•999,9960 

•78 

3*64545+ 

•999,6469 

*999,8430 

•999,9298 

•999,9685“ 

•999,9858 

*999,9936 

•999,9971 

•79 

3*76190 

•999,7083 

•999,8733 

•999,9440 

•999,9757 

•999,9893 

*999,9963 

•999,9879 

•80 

4*00000 | 

•999,7612 

•999,8988 

•999,9568 

•999,9815+ 

•999,9921 

•999,9966 

•999,9986+ 

•81 

4-26316 

•999,8064 

•999,9200 

*999,9668 

•999,9861 

•999,9942 

•999,9976 

•999,9990 

•82 

4-55556 

•999,8448 

•999,9376 

•999,9748 

•999,9898 

•999,9958 

•999,9983 

•999,9993 

•83 

4-88235+ 

•999,8771 

•999,9520 

•999,9811 

•999,9926 j 

•999,9971 

•099,0088 

•999,9996+ 

•84 

5*25000 

•999,9040 

•999,9636 

•999,9861 

*999,9947 

•999,9980 

*999,9992 

•999,9997 

•85 

5-66667 

•999,9262 

•999,9729 

*999,9900 

•999,9963 

•999,9986 

•999,9995“ 

•999,9998 

•86 

6*14286 

•999,9443 

•999,9802 

•999,9930 

•999,9975“ 

•999,9991 

•999,9997 

•999,9999 

•87 

6*69231 

•999,9587 

•999,9859 

•999,9952 

•999,9983 

•999,9994 

*099,0998 

•999,9999 

•88 

7*33333 

•999,9702 

•999,9902 

•999,9968 

‘999,9989 

•999,9996 

•099,9999 

1-000,0000 

•89 

8*09091 

•999,9790 

‘999,9934 

•999,9979 

•999,9993 

*999,9998 

•999,0999 


•90 J 

9-00000 

•999,9857 

•999,9957 

*999,9987 

•999,9996 

•999,9999 

1-000,0000 


•91 

10*11111 

•999,9907 

‘999,9974 

•999,9992 

•999,9998 

*999,9909 



•92 

11*50000 

*999,9942 

•999,9984 6 

•999,9996 

*999,9999 

1*000,0000 



•93 

13-28571 

•999,9966 

*999,9992 

•999,9998 

•999,9999 




•94 

16-66667 

•999,9982 

•999,9996 

•999,9999 

1-000,0000 

- 



•95 

19-00000 

*999,9991 

•999,9998 

1-000,0000 





•96 

24*00000 

•999,9996 

•999,9999 






•97 

32*33333 

•999,9999 

1*000,0000 






•98 

49*00000 

1*000,0000 





* 


•99 

99*00000 








1-00 

00 
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TABLE I (continued). 


1 

1 

n= 

16 

17 

18 

19 

20 

21 

22 

4 (*->)- 

7 6 

8*0 

8*6 

9*0 

9*6 

100 

10*5 

*(*,*<«-*»- 

•65 80,7776 

•6365,1904 

•6169,4790 

•5990,7674 

•5826,730* a 

•5675,4639 

•5535,3936 

X 

*00 

z* 

•ooooo 

•500,0000 

*500,0000 

•500,0000 

•500,0000 

•500,0000 

•(>00,0000 

•500,0000 

•01 

•01010 

•048,7191 

•653,5039 

•658,1140 

•662,5644 

•660,8679 

•671,0359 

•675,0782 

•02 

•02041 

•705,8891 

*712,1754 

•718,2015+ 

■723,9893 

•729,6579 

•734,9237 

•740,1014 

•03 

•03093 

•746,9108 

•754,0578 

•760,8738 

•767,3869 

•773,6213 

•779,5979 

•785,3355“ 

•04 

•04107 

•779,2420 

•786,8968 

•794,1595" 

•801,0636+ 

•807,6379 

•813,9080 

•819,8961 

•05 

•05263 

•805,8570 

•813,7891 

•821,2756 

•828,3552 

•835,0616 

•841,4242 

•847,4690 

06 

•00383 

•828,3252 

•836,3720 

•843,9267 

•851,0331 

•857,7294 

•864,0489 

•870,0211 

•07 

*07527 

•847,6050- 

*855,0473 

•863,1675+ 

•870,1845+ 

•876,7706 

•882,9530 

•888,7045“ 

•08 

•08090 

•864,3378 

•872,2866+ 

•879,6693 

•886,5399 

•892,9440 

•898,9244 

•904,5151 

•09 

•09890 

•878,9811 

•886,7689 

•893,9628 

•900,6211 

•906,7943 

•912,5264 

•917,8563 

•10 

■mu 

•891,875.8 

•899,4520 

•906,4120 

•912,8183 

•918,7250+ 

•924,1795+ 

•929,2235- 

*11 

•12300 

•903,2856 

•910,6124 

•917.3057 6 

•923,4323 

•929,0497 

•934,2081 6 

•938,9517 

•12 

•13030 

•913,4195- 

•920,4692 

*926,8732 

•932,7019 

•938,0160 

•942,8680 

•947,3050 

13 

•14943 

•922,4470 

•929,2002 

•935,2998 

•940,8199 

•945,8240 

•950,3074 

•954,4981 

•14 

•16279 

.930,5081 

•936,9517 

•942,7363 

•947,9448 

■952,0376 

•956,8737 

•960,7029 

•15 

•17647 

*937,7198 

•943,8463 

•949,3160 

•964,2088 

•958,5931 

•962,6276 

■966,0635+ 

•1G 

•19048 

•944,1812 

*949,9875- 

•955,1406 

•959,7231 

•963,8050“ 

•967,4466 

•970,7000 

•17 

•20482 

•949,9774 

•956,4636 

•980,3036 

•964,5820 

•968,3702 

•971,7298 

•974,7131 

■18 

•21951 

•956,1815+ 

*960,3508 

•904,8837 

■968,8664 

•972,3716 

•975,4013 

•978,1884 

•19 

•23457 

*969,8572 

•964,7151 

•908,9489 

•972,0460 

•975,8800 

•978,7132 

*981,1987 

•20 

*25000* 

•964,0602 

•968,6140 

•972,5583 

■975,9812 

•978,9569 

•981,5476 

•083,8063 

*21 

•26582 

•967,8395- 

*972,0980 

*975,7635“ 

•978,9245- 

•981,6652 

•984,0178 

*980,0047 

•22 

•28205+ 

*971,2383 

•976,2116 

•978,0098 

•981,5217 

•984,0213 

•986,1701 

•988,0201 

•23 

•29870 

*974,2951 

•977,9939 

*981,1370 

•983,8130 

•986,0953 

•988,0448 

•989,7123 

*24 

•31679 

•977,0440 

•980,4798 

•983,3803 

•985,8338 

•987,9127 

•989,6769 

*991,1700 

•26 

•33333 

•979,5155+ 

•982,7002 

•985,3710 

•987,0152 1 

•989,6042 

•991,0907 

•992,4410 

*20 

•35135+ 

•981,7370 

•984,6826 

*987,1365+ 

•989,1847 

•990,8971 

•992,3311 

•993,5335+ 

•27 

•36986 

*983,7329 

•986,4518 

•988,7015- 

•990,5665- 

•992,1152 

•993,4033 

*994,4701 

•28 

•38889 

•985,5252 

*988,0297 

•990,0877 

•991,7821 

•993,1795+ 

•994,3337 

•995,2884 

•29 

•40845+ 

•987,1339 

•989,4361 

•991,3148 

•992,8507 

•994,1086 

•995,1403 

•995,4878 

•30 

•42857 

*988,5767 

•990,6887 

•992,3999 

•993,7891 

■994,9187 

•995,8387 

*996,5891 

•31 

•44928 

*989,8698 

•991,8033 

•993,3587 

•994,6123 

•995,6244 

-996,4428 

•997,1054 

•32 

•47059 

! -991,0279 

*992;7943 

*994,2049 

•995,3336 

•996,2383 

•996,9644 

•997,5481 

•33 

•49254 

•992,0641 

•993,6745+ 

•994,9511 

•995,9650“ 

•996,7716 

•997,4143 

•997,9272 

•34 

•51515+ 

•992,9903 

•994,4555“ 

*995,6082 

•996,5169 

•997,2344 

•997,8018 

•998,2512 

*35 

•53846 

•993,8174 

•995,1476 

•996,1862 

•996,9986 j 

•997,6353 

•998,1349 

•998,5270 

•30 

•56250* 

•994,5552 

•995,7602 

•996,0938 

•997,4185+ 

•997,9820 

•998,4209 

•998,7631 

•37 

•58730 

•995,2126 

•996,3019 

•997,1392 

•997,7840 

•998,2815+ 

•998,6659 

*998,9633 

•38 

•61290 

•995,7975+ 

•996,7800 

•997,5292 

*998,1016 

•998,6397 

■998,8754 

•999,1332 

•39 

•63934 

•996,3174 

•997,2015+ 

•997,8703 

•998,3771 

•998,7618 

■999,0543 

*999,2770 

•40 

•66667 

•996,7787 

•997,5726 

•998,1680 

•998,0156 

•998,9526 

•999,2067 

•999,3985+ 

•41 

•69492 

•997,1876 

•997,8986 

•998,4276 

•998,8218 

•999,1161 

*999,3362 

•999,5010 

•42 

*72414 

•997,5494 

•998,1847 

•998,6534 

•998,9997 

•999,2660 

•998,4461 

*999,6871 

•43 

•75439 

•997,8689 

•998,4363 

•998,8494 

•999,1528 

•999,3754 

•999,5390 

•999,6594 

*44 

•78571 

•998,1508 

•998,6544 

•999,0193 

•999,2843 

•999,4770 

•990,6176- 

•999,7199 

•46 

•81818 

*998,3989 

*998,8465“ 

*999,1662 

•999,3970 

•909,5634 

•990,6885+ 

•999,7704 

•46 

•86185+ 

•998,6170 

•999,0119 

*999,2920 

*999,4934 

•999,6366 

•999,7390 

•999,8123 

•47 

•88679 

•998,8082 

•999,1565+ 

*999,4021 

•999,6756 

•999,6984 

•999,7854 

•999,8472 

•48 

*92308 

•998,9756 

•999,2819 

*999,4959 

*999.6456 

•999,7505+ 

'099,8242 

•999,8760 

•49 

•96078 

•999,1217 

•999,3904 

•999,5762 

•999,7050- 

•999,7944 

•989,8666- 

•999,8998 

•60 

1*00000 

*999,2491 

’999,4840 

•999,6448 

*999,7652 

•999,8311 

-999,8833 

•999,9193 






16 

i (*-!)= 

7*5 

B(i, *(»-!))- 

•6580,7776 



1*04081 *999,3599 

1*08333 *999,4669 

1*12760 *999,5390 

1*17391 *999,6106 

1*22222 *999,6723 

1*27273 *999,7252 

1*32558 *999,7704 

1*38095+ *999,8089 
1*43902 *999,8416 

1*50000 *999,8693 

1*56410 *999,8927 

1*63158 *999,9123 

1 *70270 *999,9288 

1*77778 *999,9423 

1*85714 *999,9636 

1*94118 *999,9629 

2*03030 *999,9705+ 

2*12500 *999,9767 

2*22581 *999,9818 

2*33333 *999,9858 

2*44828 *999,9891 

2*57143 *999,9917 

2*70370 *999,9937 

2*84015+ ‘999,9953 
3*00000 *999,9965- 

3*16067 *999,9974 

3*34783 *999,9981 

3*54645+ *999,9987 
3*76190 *999,9991 

4*00000 *999,9994 

4*26316 *999,9996 

4*55556 *999,9997 

4*88235+ *999,9998 
5*25000 *999,9999 

5*00667 *999,9999 

6*14286 1*000,0000 

6*69231 

7*33333 

8*09091 

9*00000 

10*11111 

11*50000 

13*28571 

16*66067 

19*00000 

24*00000 

32*33333 

49*00000 

99*00000 



*999,2491 *999,4840 *999,6448 *999,7552 


19 

20 

21 

22 

9*0 

9*6 

10*0 

10*5 

•5990,7674 

•5826,7301* 

•5675,4639 

•5335,3936 

*999,7552 

1 

*999,8311 

*099,8833 

*990,9193 


•999,5645+ 

•999,6337 

*999,6929 

•999,7434 

•999,7864 

•999,8229 

•999,8537 

*999,8797 

*999,9015+ 

•999,9197 

•099,9349 

'999,9475- 

999,9579 

■999,9664 

•999,9733 

•999,9790 

•999,9836 

•999,9872 

■999,9902 

999,9925- 

•999,9943 

999,9957 

•999,9968 

*999,9977 

■999,9983 

•999,9988 

■999,9991 

■909,9994 

'999,9996 

■999,9997 

•999,9998 

•999,9999 

•999,9999 

■ 000,0000 


*999,7033 

*999,7530 

*999,7961 

*999,8307 

*999,8606 

*999,8857 

*999,9067 

*999,9242 

*999,9387 

*999,9506 

*999,9605- 

*999,9685+ 

•999,9751 

*999,9804 

*999,9847 

*999,9881 

*999,9908 

*999,9930 

*999,9947 

•999,9960 

*999,9970 

•999,9978 

*999,9984 

*999,9988 

*999,9992 

*999,9994 

*999,9996 

•999,9997 

*999,9998 

*999,9999 

•999,9999 

1 * 000,0000 



*999,9696 *999,9812 

•999,9759 '999,9853 
•999,9811 *999,9886 
*999,9852 *999,9912 

*999,9885+ *999,9933 

*999,9912 *999,9949 


*999,9932 

•999,9949 

*999,9961 

•999,9971 

*999,9979 

*999,9984 

*999,9989 

*999,9992 

*999,9994- 

*999,9996 

*999,9997 

*999,9998 

*999,9999 

*999,9999 

*999,9999 

1 * 000,0000 


*999,9962 

•999,9971 

•999,9979 

*999,9984 

*999,9989 

*999,9992 

*999,9994 

*999,9996. 

*999,9997 

*999,9998 

•999,9999 

•999,9999 

•999,9999 

1 - 000,0000 



*999,9509 | ‘999,9675 
*999,9744 


999,9884 

999,9911 

999,9932 

999,9948 

999,9961 

999,9971 

999,9978 

999,9984 

999,9988 

999,9991 

999,9994 

999.9996 

999.9997 

999.9998 

999.9999 
999,9999 

999,9999 

000,0000 


•999,9928 

•999,9945+ 

•999,9959 

■999,9969 

■999,9977 

•999,9983 

•999,9988 

•999,9991 

•999,9993 

•999,9995* 

■999,9997 

•999,9998 

•999,9998 

•999,9909 

• 900,0000 

000,0000 
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TABLE I (continued). 




23 

11*0 

2 

1 

•5405,2037 

•528 



26 

12*6 

1 

27 

130 

*5063,6271 

•4963,3870 

•600,0000 

•500,0000 



•690,1497 

•759,1664 

•806,1979 

•841,3951 

•868,8965+ 

•890,9191 

•908,8376 

•923,5744 

•935,7884 

•946,9688 

•954,4899 

•961,6446 

•967,6662 

•972,7428 

•977,0279 

•980,6480 

•983,7077 

•986,2942 

•988,4807 

•990,3284 

•991,8893 

•993,2069 

*994,3184 

•996,2661 

•996,0436 

•996,7067 

•997,2635+ 

•997,7305- 

*998,1215“ 

•998,4483 

•998,7210 

•998,9482 

•999,1371 

*999,2938 

•999,4235“ 

•999,5306 

•999,6189 

•999,6915“ 

•999,7510 

•999,7996 

*999,8393 

•999,8715+ 

•999,8977 

‘999,9188 

•999,9358 

•999,9494 

*999,9603 

•989,9690 

•999,9769 

•999,9814 


*693,6760 

•763,6700 

•810,9542 

•846,2322 

•873,6523 

■895,4961 

•913,1738 

•927,6348 

•939,5551 

‘949,4362 

•957,6611 

•964,6283 

•970,2752 

•975,0924 

•979,1351 

•982,5303 

•985,3828 

■987,7798 

•989,7937 

•991,4852 

•992,9051 

•994,0963 

*995,0946 

•995,9305“ 

•996,6346 

•997,2135“ 

*997,7006 

•998,1062 

*998,4435+ 

*998,7235+ 

•998,9555+ 

•999,1474 

•999,3057 

•899,4360 

•999,5432 

•999,6310 

•999,7027 

•999,7613 

•999,8089 

•999,8475“ 

•999,8787 

•999,9039 

*999,9241 

•999,9403 

*999,9632 

•999,9686+ 

•999,9716 

*999,9781 

*999,9831 

•999,9871 


*697,1166 

*767,8448 

•815,5477 

•850,8797 

•878,1986 

•899,8475+ 

•917,2745“ 

•931,4638 

•943,0786 

•952,6619 

•960,5947 

•967,1810 

*972,6615“ 

•977,2291 

•981,0401 

•984,2219 

•986,8794 

•989,0990 

•990,9526 

•992,4998 

•993,7906 

*994,8665“ 

•995,7625“ 

*996,6079 

•997,1271 

•997,6410 

•998,0667 

•998,4189 

•998,7097 

*998,9493 

•999,1465+! 

*999,3084 

*999,4410 

•999,5494 

*999,6378 

•999,7097 

•999,7680 

•999,8152 

*999,8632 

•999,8839 

*999,9084 

•999,9280 

•999,9437 

*999,9561 

*999,9659 

•999,9736 

*999,9797 

*999,9845“ 

*999,9881 

•999,9910 


•700,4760 

•771,9976 

•819,9874 

‘855,3482 

•882,5472 

*903,9876 

•921,1552 

•936,0485“ 

•946,3770 

•955,6650“ 

•963,3106 

•969,6230 

•974,8457 

*979,1737 

*982,7637 

*985,7435“ 

•988,2174 

•990,2713 

*991,9761 

•993,3904 

•994,5629 

•995,5340 

•996,3376 

•997,0018 

*997,5500+ 

•998,0019 

•998,3737 

•998,6792 

*998,9297 

•999,1347 

•999,3022 

*999,4387 

•999,5497 

*999,6398 

•999,7127 

*999,7715“ 

•999,8188 

*999,8568 

*999,8872 

•999,9115+ 

*999,9308 

*999,9461 

‘999,9582 

•999,9677 

•999,9751 

•999,9809 

*999,9855“ 

•999,9890 

•999,9917 

‘999,9937 
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TABLE I (continued). 




n 

■g 


27 

13*0 

28 

13*6, 

29 

14*0 


•5405,3037 

•5383,7848 

•5170,1948 

•5063,6a7l 

•4963*3870 

•4868,8723 

•4779.5579 

X 

*50 

** 

1*00000 

•999,9441 

•999,9613 

•999,9731 

•999,9814 

•999,9871 

•999,9810 

•999,9037 

•51 

*52 

*53 

•54 

•56 

•56 

•57 

•58 

•59 

•60 

*61 

•62 

*63 

•64 

•65 

•66 

■67 

•68 

•69 

•70 

•71 

•72 

•73 

•74 

•75 

•76 

•77 

•78 

•79 

•80 

•81 

•82 

•83 

•84 

•85 

•86 

•87 

•88 

•89 

•90 

•91 

•92 

*93 

•94 

•95 

•96 

•97 

•98 

*99 

1*00 

1*04081 

1 -08333 
1*12766 
1-17391 
1-22222 

1-27273 

1*32568 

1-38006+ 

1-43902 

1*50000 

1*56410 

1-63158 

1*70270 

1-77778 

1*85714 

1- 94118 
2*03030 

2 12500 
2*22581 
233333 

2- 44828 
2*57143 
2*70370 

2- 84615+ 
3*00000 

3- 16667 
3*34783 
3*54545+ 

3- 76190 
4*00000 

4- 26316 
4-55556 
4-88235+ 
5*25000 
5*66667 

6*14286 

6- 69231 

7- 33333 
8*09091 
9*00000 

10-11111 

11-50000 

13*28571 

15-66667 

19*00000 

24*00000 

32-33333 

49*00000 

99-00000 

oo 

•999,9556 

•999,9649 

*999,9724 

•999,9784 

•999,9832 

•999,9870 

•999,9899 

•999,9923 

•999,9941 

•999,9956 

•999,9967 

•999,9975+ 

•999,9982 

•999,9986 

•999,9990 

•999,9993 

-999,9995- 

•999,9996 

•999,9997 

•999,9998 

•999,9999 

•999,9999 

•999,9999 

1-000,0000 

•999,9696 

•999,9762 

•999,9815“ 

-099,9856 

•999,9889 

•999,9915+ 

*909,9935+ 

•999,9951 

•999,9963 

•999,9973 

•999,9980 

•999,9985 

•999,9989 

•999,9992 

•909,9994 

‘999,9996 

•999,9997 

•999,9998 

•999,0999 

‘099,9909 

‘999,9099 

1-000,0000 

. 

•999,9791 

•999,9838 

•999,9875+ 

•999,9905- 

•999,9927 

•999,9945- 

•999,9958 

•999,9969 

•999,9977 

•999,9983 

•999,9988 

‘999,9991 

‘999,9993 

•999,9995+ 

•999,9997 

•999,9998 

•909,9998 

•999,9990 

‘999,9909 

*099,9099 

1*000,0000 

! 

•999,9856 

•999,9890 

•999,9916 

•999,0936 

•999,9952 

•999,9964 

•999,9973 

•999,9980 

•999,9985+ 

•999,9989 

•999,9992 

•999,9995“ 

•999,9996 

•999,9907 

•999,9998 

•999,9999 

•990,9990 

•999,9999 

1*000,0000 

■ 

■999,9901 

•999,9925+ 

•999,9944 

■999,9958 

■999,9968 

•999,9977 

•999,9983 

•999,9887 

•999,9991 

-999,9993 

•999,9995+ 

■989,9997 

•989,9998 

■999,9998 

•999,9999 

■999,9999 

■999,9999 

1-000,0000 

•999,9932 

•999,9949 

*999,9962 

•999,9072 

*999,9979 

*999,9985“ 

•999,9989 

•999,9902 

•999,0994 

•999,9996 

•999,9997 

*999,9998 

•990,9099 

*989,0999 

•999,9999 

1*000,0000 

*099,9958 

•999,9905+ 

•999,9974 

*999,9961 

•999,9986 

*999,9990 

•099,9993 

•899,9995“ 

•998,9996 

•999,9997 

•999,0998 

•808,9999 

•899,0999 

1-000,0000 
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TABLE I ( continued). 


.. . 

i (»-!)«* 

30 

14*5 

31 

15*0 

Normal 

Curve 

n ~ 

J (•*-!)- 

30 

14*5 

31 

15*0 

Normal 

Curve 

B ' i , i(n-i))- 

•4694,9840 

•4614,7455+ 

S.D--i= 

' < J 28 


•4694,9840 

^-4614.7455+ 

S.D- - 

V28 

X 

•00 

*00000 

•500,0000 

•500,0000 

•500,0000 

X 

•35 

z 2 

•53846 

•099,7710 

*999,8189 

•999,9484 

•01 

•01010 

•703,7584 

•706,9675+ 

•702,5733 

•36 

•56250* 

•999,8200 

‘999,8582 

•999,9639 

•02 

•02041 

•776,0346 

•770,0617 

•776,1541 

*37 

*58730 

•999,8584 

•099,8893 

•999,9750- 

•03 

•03093 

•824,2812 

•828,4366 

•823,9646 

•38 

•61290 

•999,8890 

*999,9140 

•999,9828 

•04 

•04167 

•859,6477 

•863,7871 

•859,9564 

•39 

•63934 

•999,9133 

*999,9333 

•999,9884 

•05 

•05263 

•886,7003 

•800,6055+ 

•887,6174 

•40 

•66667 

•999,9325+ 

•099,9485+ 

*999,9922 

•00 

•06383 

•907,9293 

911,6846 

•000,3682 

•41 

•69402 

•999,9477 

•999,9604 

*999,9948 

•07 

•07527 

•924,8302 

•928,3127 

•926,7120 

•42 

•72414 

•999,9596 

•909,9607 

•999,9966 

•08 

•08696 

•938,4343 

•941,6265- 

•940,6649 

*43 

•75439 

•999,0080 

•999,9769 

•900,0078 

•09 

•09890 

•949,4660 

•952,3633 

•951,9538 

•44 

•78571 

•999,9762 

•999,9825- 

•990,9986 

•10 

•11111 

•958,4627 

•961,0707 

•961,1200 

•45 

•81818 

•999,9819 

•999,9867 

•999,9992 

11 

•12360 

•065,8267 

•968,1592 

•968,5777 

•46 

•85185+ 

•999,9862 

*999,9900 

•999,0995- 

•12 

•13636 

•971,8726+ 

•973,9461 

•974,6504 

•47 

*88679 

•999,9896 

•999,9026+ 

•999,0997 

•13 

•14943 

*976,8464 

•978,6801 

•979,5952 

•48 

•92308 

•999,9922 

•999,9944 

•999,9998 

•14 

•16279 

•980,9445“ 

•982,5582 

•983,6187 

•49 

•96078 

•999,9942 

•999,9959 

*999,9999 

•15 

•17647 

•984,3242 

•985,7378 

■986,8879 

•50 

1-00000 

•999,9957 

*999,9970 

•999,9999 

•16 

•19048 

•987,1129 

•988,3462 

*990,4861 

•989,5393 

•51 

1-04081 

•999,9968 

•999,9978 

1-000,0000 

*17 

•20482 

•989,4145- 

•991,6847 

•52 

1-08333 

•999,9976 

•999,9984 


•18 

•21951 

•991,3138 

•992,2414 

•993,6807 

•993,4158 

•53 

1-12766 

■999,9983 

•999,9988 


•19 

•23457 

*992,8807 

•994,8083 

•54 

1-17391 

*999,9987 

•999,9992 


•20 

•25000* 

•994,1726 

*994,8601 

•995,9245“ 

•55 

1-22222 

*999,9991 

*999,9994 


*21 

•26582 

| *995,2369 

•996,8257 

•996,8159 

•56 

1-27273 

•999,9994 

•999,9996 


•22 

•28205+ 

1 *996,1130 

•996,6154 

•997,5248 

•57 

1-32558 

•999,9995+ 

*999,9997 


•23 

•29870 

•996,8333 

•997,2606 

•998,0860 

•58 

1-38095+ 

•999,9997 

*999,9998 


•24 

•31579 

•997,4247 

•997,7870 

•998,5282 

•59 

1 -43902 

•999,9998 

*999,9999 


•25 

•33333 

*997,9097 

•998,2157 

•998,8749 

•60 

1*50000 

•999,9998 

•999,9999 


•26 

*35135+ 

1 ‘998,3068 

•998,5645- 

•999,1452 

■61 

1*56410 

*999,9999 

•999,9999 


•27 

•36986 

•998,6313 

•998,8476 

•999,3547 

•62 

1*63158 

*999,9999 

1*000,0000 


•28 

•38889 

•998,8961 

•999,0770 

•999,5163 

•63 

1 *70270 

1-000,0000 

1/000,0000 


•29 

•30 

•31 

•32 

•33 

•34 

•35 

•40845+ 

•42857 

•44928 

•47059 

•49264 

•51515+ 

•53846 

*999,1118 

•999,2871 

•999,4292 

•999,5443 

•999,6371 

•999,7119 

*999,7719 

•999,2626 

•999,4123 

•999,5329 

•999,6298 

•999,7074 

*999,7694 

*999,8189 

•999,6400 

•999,7340 

•999,8050- 

•999,8583 

•999,8979 

•999,9271 

*999,9484 

1 













ON THE APPLICATION OF CONTINUED FRACTIONS 
TO THE EVALUATION OF CERTAIN INTEGRALS, WITH 
SPECIAL REFERENCE TO THE INCOMPLETE BETA- 

FUNCTION. 


By J. H. MtlLLER, M.Sc. 


(i) The subject of the present short paper was suggested by the lectures of 
Professor Pearson on “ Laplace.” 

Laplace considers J e~ lt dt or the incomplete integral of a normal curve whose 

V2 


area = Vtt and standard deviation < 


Let 


w; 


V2~ 2 ’ 

t- n e~ l 'dt 


■/; 


2 V — 2 ^ ^”+ 2 > 




<r“ 1.3.6-“ 1.3.5.e““ 1.3.5.7, 

'W 2¥ + ~~W 2¥~' + 2* la 


<r“ 

2t 


1 — sa + 


1 . 1.3 1.3.5 


+ ... + 


(-l) r 1.3.5... (2r-l) 


+ ... 


put q 


1 

2t*’ 


2 <* ' ( 2<*) 8 ( 2 < s )*. ( 2 ^) f 

(-iri.8...(2^i-i) j i. 
+-2 f+1 e-“ * z *- /,,r+t, J * 


6 > 


Jo = -~={1-5 + 1.3.9*-1.3.5.3»+...}. 

V 2? 

This is the series considered by Laplace. It is ultimately divergent, but, for 
large values of t or small values of q, a very accurate approximation to Jo may be 
obtained by summing the terms before the point of divergence is reached. 

We write ( S = l-qr + 1.3.g , -1.8.5.y , + .... 
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From (B) 
From (A) 


-ti 1 (l-t) t + (l-t)* '•') 


1 -t\ (1 -«)* (!-«)* "V . 

=yi+y»<++ • ••+y*+i<® + y«+*<* +1 + 


q~ft = qyi+2qyat +... +(a;+i)?y* + a« ir +.(C). 

y 1.3.5* 1.3.5.g* 

q dt (1-t) 2 (l-t) 4 + (1 - if •” 


. = 1-(1 -«)<*>(*) 

= l —(l — <) {yi + y*t + y*t* + ...+y*+i<* +...} 
equating coefficients of t x in (C) and (D). 

.-. q ( x + l ) y x + i ~‘- y x+ i + y x . 


= 1 + q (a; + 1 ) . 

y x +i * v y*+i 


l+ ? (<r+l)? 

Vx +1 

■ y~=—- „ 

» 1 + f^ 3, 

L +.... 

?/i is the term in (A) or (B) independent of t 

= l- ? + l.3.?*-...=& 
In (E) put q = 0. . *. y 0 =* y x <»=o> = 1- 

S.Ii ?l. 

1 + 1 + 1 + 

This is the continued fraction obtained by Laplaco: 

2 < fe-»dt 
S = —^L 


L fe-i 

2t r j* 


v/27T J * 
1 


= a? --- ——^ in the usual notation, 

** 

H 1 -«*) i 0 ^ i 

or -' = where <7 = —*. 

^aj X * (F 

This form of the continued fraction (F) has recently been employed in the 
Biometric Laboratory, in checking tables of 

i (1 - «*) 
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286 Application of Continued Fractions to Certain Integrals 


When « = 4 , ~.S = -236,652,383 correct to 9 places is obtained by using 

X 

15 convergents of (F). 

A well-known method of converting series of such a type as 8 into a continued 
fraction is the following: 

Let 8 r = (— l) r+1 1.3... ( 2 r +1) ? r+1 + (— l) rfa 1.3... ( 2 r + 3) q r + 2 + ..., 

s r+1 =(- l) r+a 1.3... (2r + 3) <f+ % + (— l) r+3 1.3... (2r + 5) g ,r+a + .... 

• •• - *r + i - (- l) r+ 1 1 .3 ... ( 2 r + 1 ) 3 r+1 , 

and 6 V-i - s r = (— l) r 1.3 ... (2r — 1 )^. 


. — s r + x 

#r—1 s r 


= -( 2 r + l)y. 


SO 


l). 

. _ ( 2 r + l) q 

Sr- 1 (2r+l)q-l + 


_2_ 

q — l + 


_3?_ 

3q-l + 


5? -1 + 


h 

7q — l + ... 


«o= — <7 + 1 .3.q a - ... =S-1, 


,(G). 


1 

fl" 


s_i=1 — g +1.3. (f 
is given by (G). 


... = & 


S 


±_1 _ 

l-q-l + 


8g 

3$-l + ... 


This type of continued fraction may be termed the “ equivalent ” fraction. 

The n tb convergent of this continued fraction exactly reproduces n terms of the 
series. 


(ii) Besides the Incomplete Normal Curve Integral, tw.o other most interesting 
functions in statistical analysis are the incomplete Beta and Gamma functions. 

Series and their equivalent fractions, analogous to (G), may easily be found for 
these functions. 


Let F(n) — l e~"x n dx x > 0 

Joe 

* e~ x x n + nF(n — 1 ) 

-«-«4l + ! + !<!£l> + ... + fV.M.1. 

( X 0? J* j 


$=l + ntf + n(n—l)t*+..., where $ = -. 


Consider 
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This is a terminating series if n be integral, but ultimately diverges if n be 
fractional. If x is large compared to n a very good approximation to may be 
obtained by summation of the terms before the point of divergence is reached. 

Let s r *n(n — 1) ... (n -r + 1)^-H n(n — 1) ... (n —r)£ f+1 -f.... 

• 8r ~ Sr+1 ,(n-r+l)t. 

^r—1 $r 

\ ( w -r + l)«^=i = (n-r + l)« + l 

8 r &r 


(n — r 4-1)£ 


8 r . i 1 +(n — r+ 1)$ - 


s r+l • 


— 1 + w£ + w(n — l)£ a + ..., 
8 \ == fi“o !• 


putr = l. 


g 0 — 1 
#o 


nt 


(n — 1) < 


(n — 2) t 


1 + nt — 1 + (n — 1) t — 1 + (n — 2) t — 


•(H), 


and 

So- i-( 5 y 

(iii) Let 

B x ( u , v) = f x u_1 (1 — a :)*- 1 dm ’ 

Jo 


x u v — 1 f * 

= ~ (1 — xf * 1 H- x u (1 — x) v ~ % dx 

u U Jo 

= ~ (1 ~ ®) B_1 + ~~ 5 * (m +1 , » — 1); 

put 

l-m~y, -~t and /„(«,»)-^-y 

Hence 

r /„ f A_ *y l f T | | (»~ !)(• ~ 2 ),» , 

* ’ uBi(u,v) | tt + 1 (w + l)(w4-2) 


<„-l)(r-2>+ 1)1 
+ (u + l)(u + 2)...(u + «-l)* )+-*-(« + «- 


If v be an integer ( s) the series terminates after s terms and [ a (u, v) becomes 


«y x f,, f , ,_o 

Z/ x (l£, v) l + U + I ■ ” (w 4 


uB : 

put iaii + v-1, then the first v terms of 

k \ 

(® + y)» = a* + + 2j^r2)1 ®*“V + 

A;! 


(v — 1)(« — 2)... 2.1 
1 j (w + 2)... (w + v — 1) 


t*- 1 ! 


•(i); 


Jfc! 


(» - 2)! (* - v + 2)! (» - 1)! (k - v +1)! 




19—2 
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Writing the terms backwards, the first v terms 
&! 


. Q.U 


( 0 - 1)1 «! 


(«-!)! 


_/»-i l 

-i) r 


, , «_“1 / , (»-l)0»-2) a _ 

« + l (u + l)(» + 2) (m+1)(w + 2)...(m + 0 

Hence if v is an integer 

I x (u, v) = first v terms of (x + y)*, 
where k = n + v — 1 , y =* 1 “ > 

(See Karl Pearson, Biometrika , Vol. xvi, p. 202 , and Soper in Tracts for Computers , 
No. vii.) 


Let 


or 


U 14 (l 4 +l) 

0 ( 0 - 1 )... (0 — r) „ , 
s r — ~ 7 ; : ; * + 


v (v — 1 ) ... (v — r) 

14(14 + 1 ) ...(w + r) 
u (v — 1 ) ... (u — r — 1 ) 


w(tt + l)...(w + r) ■«£ (14 + 1 ) ... (u 4 r+ 1 ) 

„ _ , = t>(0- l)...( 0-r) 

r r+1 m(wH-I) ... (w + r) ’ 

. ,_ . _ V S V ~ l )-.(« -r + l) 

r “ r m(m +1)... (w + r — 1) 
s f ?• \ $ r / 


r + • • • > 

r«+. 


S r 

Sr-1 


Si 


v — r 
u + r' 


t 


1 + — 

«+r s r 


v — 1 

14 +1 


t 


?> — 1 
14+ 1 


50 i + "-“ii-- a 

14 + 1 Si 

s 0 ** s' and #1 = s 0 ~, 


4 


say, 


1- 


v — 1 
14 + 1 


A 


v 

u 

So’ 


V — 1 


• H 4. 1 - 1 _ t ( 8 0 + ]\ 

’ * 14 4 14 \ Sq / 


*0 

1 + So 


V 

14 


r — 1 
14 + 1 


v -2 
k+2 1 


If 1 + s 0 ~ ** then *° *" ] - F ■ 


l + *_l + w 

li M +1 

F 




14 + 2 


(J). 
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It is therefore seen that continued fractions (Q), (H) and (I) of the “Equivalent" 
type are obtained for the “Normal Integral/' the “Gamma Function" and the 
“Beta Function" series. In the Normal series, another type of continued fraction 
(F) was obtained by Laplace. It appeared desirable to investigate whether a 
similar type to (F) also exists for the Gamma and Beta Function series. 

In my investigations I found that another class had actually been found for the 
Gamma Function (De Morgan, Differential Calculus , p. 590 ). 

De Morgan finds for 


1 + n + n (n - l) + n (n - 1 ) (n - 2) 


the continued fraction 


n 1 1 -n 2 2 -w 3 3 — n 

1 XX X X X X X 

i~ r+ 1 + T+1+m+i + 


.(K). 


Finally I came across an important paper of Thomas Muir, “New General 
Formulae for the Transformation of Infinite Series into Continued Fractions," 
Transactions of the Royal Society of Edinburgh, Vol. xxvil. p. 467 . 


Assume 1 + B x x + B 2 a? + ... = - 1 —- 

ttl 4- Uj + U 3 -f 

where a 1} a*,... are independent of a?. a lt a*, ... are then obtained in the fonn of 
determinants in £ lf £ 2 ,... by equating coefficients of like powers of x . Thus 

1 4- B x x + B 2 a? 4 B 2 , 7 ? 4 .. . 


_JL §}— jA? Af ft A® ftft^ Aft# fitfi^x 

1 ~ 1 ft ft *“ ft — ft ~ ft — ft ~ 

where the values of ft, ft, ft, ft, ... are given by 

Bi, 1 Bt B x £. 1 ft B 2 B x B 2 i? 3 

B x B 2 B% B 2 B x B 2 B 3 B 2 B 3 Bt 

B 2 ft Bt B 2 Bt Bjj 


1 B x B 2 ft B x B 2 ft Bt 

B x B 2 ft Bt B 2 ft Bt ft 

B 2 ft Bt ft jB 8 Bt ft Bq 

Bz Bt Bfi B 3 Bt ft Bt ft 

This method I applied to the Normal Berios 
£=1 -04’1.3o?-‘1.8.5fl?+ 
and found B x = - 1 , £2=1.3, 

ft = — 1.3.5, £ 4 =1.3.5.7, 

ft * — 1.3.5.7.9, £ e =1.3.5.7.9.11,.... 

The values found from the determinants were 
ft-1, ft-2, ft = 6, fit = 48, ft=-45.16, ft = 45.48.16, & = 2®.3 4 .5*.7. 
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On substituting these values and simplifying, 

_ 1 a 2a 3a 4a 5a 
1+1+1+1+1+1+ 1 
i.e. the same form as Laplace’s. Compare (F). 

This method was next applied to the Gamma Function series 
S = 1 + nt -I- n (n — 1) t 2 + n (n — 1) (n — 2) £ s -f .... 

Hence Bf*n, B 2 *=n(n- 1), B z ~n(n~ l)(n- 2 ),.... 

The values found from the determinants were s 

A-n> A —n, A = 1), A = - 27i a (?i - 1), A — 2n 3 (n-l)*(n - 2). 

Substituting these values, and putting t = -, we find 


71 1 1 — 71 2 2 — 71 
1 a a a a a 

S- ~T+ T+TTT+TT'”’ 

which is the same as De Morgan’s form. Compare (K). 

Tables of the Incomplete Beta Function B x ( u , v) are at present being com¬ 
puted ; such tables are of necessity limited, and it therefore seems highly important 
to investigate every channel which may lead to values of this 'function, as such 
may be of assistance in the actual computation of the tables, or in obtaining values 
outside their range. 

Attempts to obtain a continued fraction of Laplace’s or De Morgan’s type, by 
employing their methods, were unsuccessful. Muir’s method was then applied to 
the series (see (I) above) 


where 


8 = 


1 + 


*+l (ft + !)(« + 2 ) 


x _ x 
y~\-x' 


Further let 


k = u + v — l, «j 


v — 1 v — r 

u +1 ’ Ur= u+r‘ 


The following values were found: 


& = «!. 

(A. + l)ui_ 

Pt (u + 1 ) (u + 2 ) ’ 

8 = - + 

P ® (ti + 2 )(tt + 8 )’ 

_ _ 2 (& + 1 )*(&+ 

P4 ” (M+l)(M + 2)*(M + 3)*(tt + 4)’ 

g _ 2(k+l)'(k+2)u 1 Wv* 

Pi (u + 2) (u + 3)*(w + 4) s (u + 5)' m 

o _ 2*.3.(A: + l) s (A;+‘2)*(I: + 3)t/i®u**M» 

Pt (u +1) (u + 2)* (u + 3)* (u + i)*(^+Jj*(u + 6 ) ’ 

a _ 2*. 3. (k + l) s (k + 2)* (k + 3) ufufu? « 4 

P? (u + 2) (u + 3)* (u +4 ) 8 (u + 5? (u + 6 )*(u + 7)' 
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Substituting these values in (L) we find if 


that 

where 


/*(«, v) 


B.M /,'«*-■<! 

Bl ( M> v) I'*- 1 {l -xy-'dx 
Jo 


'■('"•’[Mm-] . 

C = = x n v ^X I^±D 

u . BxiUyV ) y r(a4-i)r(t>j' 


b± = 1, 
b 2 — - 


^“(w + i)(tt + 2) 


i>4=- 


(u+ 1)(ia + 2) 
(w + 2)(m-+-3) 


, 2 (A: *f 2) 

^“(w + 3)(uT4) 




( tt Hh 2) ('U 4- 3) 

(w -f 4) (w + 5) ^ 


3 (A? 4-3) 

^ (u + »){u+G) 1 ' 


A>8 = 


(u 4- 3) (u 4- 4) 
(m + 6) + 7) 


(M), 


, (u + r-l)(w + r) 

2r ~~(u + 2r -2j(u + W-1) 

r(k + r ) 


u r t, 


b 2r +i 5 


(w + 2r — l)(w + 2r) 




This I believe to be a new expression for the Incomplete E-function. In com¬ 
puting any value I x (u , v) } there is an alternative given by I x (n,v) = l—I y (v, u). 
From general considerations it appears that the particular form to be selected 
should be that which does not require the binomial (x + y) h to be summed 
through its largest term. 

The largest term of this binomial is the (r+l) fch , where r is the greatest 
integer consistent with 


— i or y(u + v)>r t since x + y=*l. 
oc 4* y 

With integration to the mode, there are two courses, (a) from the left of the 
mode, (6) from the right of the mode. Consider 

I m (u y v) and u\ u<v 


( u , v > 1). 
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In the associated frequency distribution of I x (w, v), the mode is between the 
origin and the mean, and the distance of the mode from the origin is 

u-1 _ 1 . 

M + ti-2 X < 2 5 

= Ha positive fraction. 

Therefore the (t/ + l) th term is the largest in the binomial. 

Considering I x (v, u) y the mean is between the mode and the origin. If integra¬ 
tion to the mode be attempted, the greatest term of the binomial is given by 

u - 1 + —^~ > r, 
u + v — 2 

i.e. u - a positive fraction > r. 

Therefore the u th term is the largest. 

In computing the value of I x ( u , v) from the continued fraction, it is necessary 
first to calculate the values of the U s; this is very simply done on a calculating 
machine. Since 

(w + r)(w + r-l) = (w + r-l)(M + ? , '-2) + 2(w + r-l) ) 
the denominators of &s, 6 4 , ... can be computed continuously for a long series, 

and each value so obtained multiplied by 1 — a?, since t = ; this stage completes 

the calculation of denominators. u r contains a factor u + r, which cancels out. 

The numerators will be already in part found, or can be easily calculated. 

If the n ih convergent of the continued fraction be —, 

( ln 

Pi = l, I, ?i=l, ? 2 =l + 6 a; 

further values are given by p n = p n ~i + b n p n - 2 and q n = q n „ x + b n q n ^. 

Successive values of p n and q n are therefore continuously obtained. In the 
other or “ equivalent ” type of continued fraction 

bi bt bz /Tv 

1 + 1 b — r+bt^ 1 + 6 s-.. COin P are < J >- 


F = 


It is easily seen that p x — b 1} = 1 4 - p a « b x (1 4 - 6 a ), g a » 1 +p %y and generally 

qn = 1 + Pn- 

The w th convergent F n = — = -^- w , 

?n 1+ Pn 

and the series to n terms is n 

where 


! Pn* 


I Fn 

Pn = (1 + - 6„p„_* 

-Pn-1 + 6» (Pn-1 —Pn-i), 


and 


I m (u, v)= — 


x u y ®— 1 


^ Pn 


v . Bi (u, v) 

if « terms of the series be taken to represent J m (u, v) approximately. 



I .Jos (55, 91)— •0401 5474 by Weddle’s formula. 
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In the Tables on pp. 293—41 have compared the convergence of the two types 
of continued fractions (distinguished as the “ New ” and “ Equivalent” Types*) to 
the values found by “ Weddling.” In one case the computation is illustrated in 
detail. 


Other Illustrations of the Degree of Approximation of the method. 

First values given by Weddling: 

“New? “ Equiv ?allies given by Now and Equivalent Types of Continued Fractions. 
(n) denotes number of convergents. * 


/. 6 (91, 55) 


*00133410 


7 . 2 ( 21 , 81 ) 


*46030850 


7.38(55, 91) 


New 

Equiv. 

New 

Equiv. 

Now 

Equiv. 

New 

Equiv. 

New 

Equiv. 


(3) 

77 

(4) 


71 

(7) 

»1 

w 


(9) 

77 

( 12 ) 

(15) 


•0013 7 
•00111 
*001330 
•00122 
•00133425 
•001320 
•00133407 
•001328 
•00133409 
•0013312 
•0013339 
*00133409 


/. 6 (113, 101) 


•20550427 


New 

Equiv. 

New 

Equiv. 

New 

Equiv. 

New 

Equiv. 

Now 

Equiv. 

New 

Equiv. 

New 

Equiv. 

Now 

Equiv. 

New 

Equiv. 


(3) 

77 

(4) 

77 

(7) 


( 8 ) 

( 11 ) 

( 12 ) 

(16) 

(16) 

(19) 

(25) 

(30) 


•2687 
*097 
*1778 
•126 
•2108 
•163 
•2028 
•178 
•2059 
•196 
•2053 
•1988 
•20553 
•2036 
•205549 
*20426 
•2055 045 
•20521 
•205495 
•2055040 


7. fl (81, 21) 


*00001221 


New 

Equiv. 

New 

Equiv. 

New 

Equiv. 


(3) 

77 

(4) 

77 

(7) 

17 


•00001227 

•00001176 

•00001219 

•00001207 

•00001220 

•00001220 


New (3) 
Equiv. „ 
New (4) 
Equiv. „ 
New (7) 
Equiv. „ 
New (8) 
Equiv. „ 
New (11) 
Equiv. „ 
New (12) 
Equiv. „ 
New (15) 
Equiv. „ 
New (16) 
Equiv. „ 
New (17) 
Equiv. „ 

7, (22) 

7 . 8 ( 81 , 21 ) 

New (3) 
Equiv. „ 
New (4) 
Equiv. „ 
New (7) 
Equiv. „ 
New (8) 
Equiv. „ 
New (11) 
Equiv. „ 
New (12) 
Equiv. „ 
New (15) 
Equiv, „ 
New (16) 
Equiv. „ 
New (19) 
Equiv. „ 
New (20) 
Equiv. „ 
New (21) 


•710 

•257 

•361 

•318 

•4705 

•4219 

•4559 

•4376 

•4606 

•4567 

•46031 

•4585 

•460401 

•46021 

•46039773 

*4603 2 

•46039834 

•4603 66 

*46039824 

•53960150 

1*245 
•284 
•263 
•3600 
•599 
•497 
•494 
•517 
•543 
•538 
•537 
•5388 6 
•5397 2 
•5395 86 
•53950 
•639598 
•6396038 
•53960154 
•53959982 
•53960154 
•53960129 


New 


(3) 

W 

(7) 

( 8 ) 
(ID 
( 12 ) 

(15) 

(16) 

(19) 

( 20 ) 

(23) 

(24) 


(01, 55) 
New (3) 
„ (4) 

77 (7) 

,7 ( 8 ) 

,7 Cl) 

7, (12) 

,7 (I*) 

,7 (16) 
7, (19) 
7, ( 20 ) 
„ (23) 
„ (24) 
„ (26) 


7*672 (91j 56) 
New (3) 

„ (4) 

7, (7) 

77 ( 8 ) 

,7 (11) 

7 , ( 12 ) 

,7 (15) 

7, (16) 

,, (18) 


•53815900 

1 *63 
•243 
•6426 
•4765 
•5476 
•5323 1 
•5387 4 
•53782 
•6381 83 
•5381 46 
•5381 595 
•5381 587 

•46184100 

•98 

•25 

•5265 

•4189 

•4686 

•46715 

•46234 

•46160 

•4618 7 

•461824 

•4618 416 

•4618402 

*4618408 


t-m (56,91) 

•13148814 

New (3) 

*152 

„ (4) 

•1244 

„ (7) 

•1322 

„ (») 

•1312 

* (11) 

*13151 

„ (12) 

*1314 81 

,, (15) 

*1314788 

„ (16) 

•13148805 

* (19) 

•13148820 

A (81,21) 

•0141 902 

New (3) 

•01469 

, (4) 

•01408 

.. (7) 

•0141935 

■> (8) 

•0141 892 

,, (11) 

•01419018 

(12) 

•0141 9015 

/•a (21,81) 

*00816185 

New (3) 

•0083 

,, (4) 

•00816 

(7) 

*0081 6204 

* (8) 

•00816182 7 

„ (») 

•00816184 7 

„ (10) 

•00816185 5 

* (11) 

•00816186 41 

„ (12) 

*00816185 38 


•10171400 


•1161 

•0966 5 

•10225 

•10149 

•101732 

•1017033 

•1017144 

•10171374 

•10171398 


* The term “Equivalent” is used to denote that the oontinued fraction method applied is really 
equivalent to summing a series in which the function is expanded. It merely provides an orderly 
means of achieving this. 
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In the Equivalent Type, &i = ^, b r = ?qlV_ f see (*0- 


The value of 6 r in the New Type is given by (M). 

The frequency distributions considered were given by 

where u = 91, 0 — 55, Mode = 625, Mean = *623, S.D. — *040, 

14 = 113, 0=101, Mode = *5283, Mean»'5280, S.D. = *034, 

14 = 81, v= 21, Mode =800, Mean = ’794, s.D. = ’040. 

For I x {u t v) as the sum of the first v terms of (#-+y) u+,> - 1 1 have taken 


X 

oc 

0 

cc 

•332 

•38 

•5 

•572 

•62 

•5 

•2 

•6 

•7 

•8 

u 

55 

55 

55 

91 

91 

91 

113 

21 

81 

81 

81 

V 

91 

91 

91 

55 

55 

55 

101 

81 

21 

21 

21 

No. of largest) 




73 



112 





term of the Y 

102 

98 

91 

and 

63 

56 

and 

82 

62 

31 

21 

binomial I 




74 



113 





Dist. from Model 

15 

1 

0 

3 

1 

•1 

•8 

0 

5 

2-5 

0 

in terms of S.D. ) 


i 

1 




It will also be noticed that the values obtained by the New Type of C.F. are 
in pairs less and greater than I x (u, v). 

The following convergents are above the true value: 2, 3, 6, 7,10, 11, 14, 15, 
18, 19, 22, 23, etc. 


The other convergents are below the true value. This is a necessary con¬ 
sequence of the form of the continued fraction when the even 6's 

1 + 1 + 1 + 

are negative and less than unity. As we do not integrate beyond the mode of the 

H 1 , 00 U mmm 1 

distribution -^ , it follows that the maximum value of t or ~ =- T . 

14 + v — 2 y v— 1 


.-. Max. value of \b 2 


0 — 1 X __ (V — 1) (l4 — 1) _ 14 - 1 
?4 4* 1 y (l4 •+* 1) (0 — 1) 14*+1 < 


In all cases |6 a | < 1. 

All even 16*s | < 1. 

It is a great advantage of the New Type that narrow limits, within which I x 
lies, are soon obtained. 


To illustrate the application of the New Type of continued fraction, I have 
chosen the more difficult examples; in several cases I have integrated the distri¬ 
bution as far as the mode; in one case, /*g (55, 91), slightly beyond the mode. 

My attempts to find a value of the remainder after computing n convergents 
have not been successful. 


Turning to the expression (L) it will be noticed that if B nf J5 n+1 , ... = 0 

the continued fraction terminates. The influence of the vanishing of JB n , JS n+x ,..., 
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is felt in the (a + l ) 111 convergent and onward, i.e. in /3 n > 0 n + 1 , but not till we 
reach £ a »-i> ... are these constants actually zero, and the continued fraction 

only terminates after 2n - 1 convergents. Hence if the series has n terms, the New 
Type of continued fraction terminates after 2 n - 1 convergents, though the effect 
after the n th of zero /?-terms is already felt in the (n + l) th convergent. 

The continued fraction terminating after 2 n -1 convergents will exactly 
reproduce the series. In taking n convergents of the continued fraction, exactly 
n terms of the series are reproduced, together with an approximation for the 
further terms, this approximation depending on the form of the terms of the series, 
previous to n. 

In the Equivalent Type, the n fch convergent exactly reproduces n terms and no 
approximation to further terms (supposing them to exist) is obtained. If the 
series has only n terms, v terms of this type of C.F. exactly reproduce the series. 

In terminating series, a point is thus ultimately reached after which the 
Equivalent Type converges more rapidly to the true value than the New Type 
does. Such a point may, however, be so far off that less convergents of the New 
Type may be necessary in order to obtain the required degree of accuracy. 

In the foregoing, it has been assumed that u and v are integral. If v be not 
integral the expansion of I a {u } v ) (by integration by parts, raising u and lowering v) 
ultimately diverges for x > if continued ad infinitum. 

Another expansion, “ raising w,” may be obtained, 


T ( U v )~ r ( t * + *> ^»fl i tt + t, x i (ft + *)( 1 * + t, + 1) J « i l 

' r(«+i)r(«) y 1 w + i + (w+i)(w + 2 ) ^ + -(> 

which converges for all values of x in the range 0 to 1. 

Suppose after a certain number of reductions by “ Parts ” we are left with 
I x {u + 8 , v — 8 ), before negative indices start entering. We are summing along the 
decreasing direction of the expansion, hence 


v — 8 x - U + S 

- --< 1 , or >x t 

u+8 1 —x u+v 


or 


u+v 

U + 8 


x< 1 . 


Put u + 8 s* u* — 1 , v — s = v' + 1 . By “ raising ” u* we obtain 

r(u' + iO 


Also 


put 


+ ^<£+£±1? «■+...»I 

a I v! w'fii' + l) 

= C. S' (say), 


u+v . u+v , u+v , 

- x<\, i.e. , , x< 1, or —x < 1. 

u + s n — 1 u 

u' + v' + w , v' , v' . u' + v' 

—-= 1 + -r~, — < 1 + —, i.e. < - f -; 

u +w u + w u u 

u' + v' 

r = —— x. 
u 

C(l+r + i* + .. ao)> C. S' > 0(1 +<r+< b* + ... oo ), 

J->o.r , «L. 

1 — r 1-ar 


or 
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or I x (u + 8, v — 8) lies between ^ an( * * n va * ue * ^ 18 s i m pte t° estimate 

from tables of log V (,x) and of ordinary logarithms whether I x (u + 8, v — s) may be 
negligible or not, within the accuracy desired for I x ( u , v). 

Hence if v be not an integer, it may be advisable to estimate I»(u +s, v—s), 
t> — s>0 f if v = s + a fraction. 

It will be found in most cases that if u,v > 20, I x (u «f 8, v — s) will prove to be 
negligible, with the proviso that we do not integrate through the mode of the 
distribution. 

If I x (u + 8> v — 8) be not negligible, it is not advisable to use the New Type as 
the remainder has not been found. 

A concluding remark may be made here, the two expansions for evaluating the 
Incomplete B-function due to Wishart*, while good in the neighbourhood of the 
mode or for the tails, do not give very satisfactory results for the range 1‘5 to 3 times 
the standard deviation from the mode, and it is for this range that the new con¬ 
tinued fraction appears to give good results with fairly low convergents. 

* Biometrika , Vol. xix. p. 29, Formula (27) for areas near mode ; p. 23, Formula (26) for areas near 
the tail. 



FURTHER NOTES ON THE x 2 DISTRIBUTION. 


By J. NEYMAN, Ph.D. (Nencki Institute, Warsaw Scientific Society ?and 
E. S. PEARSON, D.Sc. (Galton Laboratory, University^of Londq /. 


In a previous paper* we have discussed certain aspects of the (P, x # ) Tests for 
Goodness of Fit; the following notes form an addition to that paper. They fall 
under three heads: 

(1) Use of the previous sampling results to throw light on the way in which 
the distribution of is modified when certain of the groups used in the process of 
fitting a theoretical distribution to the observations are combined together in 
calculating X i 2 . 

(2) An experimental examination of the adequacy of the x a integral in a case 
of very small samples. 

(3) The correction of an error introduced into the earlier paper in the section 
dealing with the comparison of two samples. 

In the notation previously used it is supposed that a sample of N is classed 
into k groups containing frequencies wi, ... w*, while 7n 1} wa, ... m k are a series 
of frequencies following the law 

7H# = Nj (s , (Xi , ffg, ... G5 r ) (5=1, 2, ... h) . (1), 

whose values depend upon the c constants a 1} a 2 , ... a c ; these are determined by 
fitting (1) to the sample observations. Then 



^ (n* - m 8 ) 2 
/-1 m * 


( 2 ). 


If the method of fitting be such as to make Xl a a minimum, then it may be shown 
that upon certain conditions the sampling distribution of this quantity will follow 
approximately the law 

fc - c ~ 8 

<t> (xi 8 ) “ constant (^i 2 ) 2 e~ ixi ’ dx? .(3). 


Two of these conditions are as follows: 


(a) That none of the expected frequencies m, shall be too small. 

(b) That the number of groups used in the process of fitting shall be the same 
as those used in calculating 


* Biometrika , Vol. xx A . pp, 268—294, “On (he Ubc and Interpretation of Certain Test Criteria for 
purposes of Statistical Inferenoe, Part II.” Dr W. P. Sheppard in a paper of about the same date published 
in the Philosophical Tranaactions of the Royal Society , Vol. 228 A, pp. 116—160 has also discussed very 
fully the validity of the law of equation (8), and the assumptions upon which it is based. 
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It often happens that some of the frequency groups contain very few observa¬ 
tions—as in the tails of many curves—yet for convenience in practice we use the 
full number of observed groups in the fitting. For simplicity this is almost essen¬ 
tial when using the method of moments. We are therefore placed in a dilemma. 
It is true that if we regard our problem as that of testing the hypothesis that the 
observed sample has arisen in random sampling from a population whose group 
proportions are actually the values p a ~m a /N determined by fitting, then no error 
is involved in calculating x 2 from a reduced number of groups, say A', and entering 
the (P, x % ) Tables with w' = &'. But if we look at the problem from the point of 
view of testing the adequacy of the law of equation ( 1 ) then we must decide the 
following point. Is less error involved by taking xi 2 from the full number of 
groups of which some are very small (neglecting condition (a)), and referring it to 
the distribution (3), i.e. entering Elderton’s Tables with n f = k — c ; or by taking a 
X? from a smaller number of clubbed groups, k\ of which none is too small, and 
entering the Tables with ri **Ic' — c (neglecting condition (&)) ? We do not propose 
to enter into the general theoretical problem, but believe as is so often the case 
that a discussion of some experimental results will throw light on the issues 
involved. 

( 1 ) The Effect of combining Groups . 

In section (4) of our previous paper a sampling experiment was described in 
which the population law followed a cubic (c = 3), and the area under the curve 
was broken into 8 groups (k * 8 ). Random samples of 200 were drawn, the expected 
frequencies being 

Group 1 234567 8 Total 

104 12*8 17*0 22-2 27-8 330 37*2 39*6 2000 

A cubic was fitted by the method of moments to each sample, the frequencies 
Wi, m i} ... mg obtained, and the resulting distribution of xi 2 found. Within the 
errors of sampling this agreed satisfactorily with the distribution of equation (3), 
putting k = 8 , c — 3. Suppose now that we use the same values of m obtained by 
fitting to 8 groups, but in calculating ^i 2 club the groups together as follows: 

Case (a); 7, groups, mi + mg, rag, ra 4 , m 5 , m 6 , m?, w 8 . 

Case ( 6 ) ; k r «* 6 , groups, mi 4 m 2 , m 3 4 m 4 , m 5 , m 6 , m 7 , m 8 . 

Case (c); k' = 5, groups, mi 4 mg, m 8 4 m 4 , m 6 4m fl , m 7 , m 8 . 

The resulting xi 2 distributions are shown in Table I, together with the theoretical 
distributions which would hold if we might use equation (3) with k = k\ c —3. 
First consider the mean values of ^i 2 ; if the theory were adequate we should have 

Case (a). Mean ^i a = k' - c — 1 » 3 000; standard error for 208 samples * 0*170. 

Observed mean *= 3*289. 

Case (6). Mean j^ 2 ** A?' — c - 1 =* 2*000 „ „ „ „ „ «0*139. 

Observed mean = 2*311. 

Case (c). Mean xi 2 »V - c — 1 —1*000 „ „ „ „ „ «0*098. 

Observed mean = 1 *471. 
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Further Notes on the x 8 Distribution 

The observed values are significantly and increasingly too great. If we examine 
Table I it is seen that this shows itself mogt clearly in a shortage of very small 
values of xi 2 At the other end of the distributions where a knowledge of the form 
of the curve is the more important in practical testing, the disagreement is not so 
marked. If we level up the most serious discrepancy by combining the first two 
groups and test for goodness of fit with the groups indicated by the bracketings, 
the values of P given at the bottom of the Table are obtained. 


TABLE I. Sampling Experiment; Effect of combining pertain Groups . 



7 Groups 

6 Groups 

5 Groups 

X, 3 

Observation 

Theory 

Observation 

Theory 

Observation 

Theory 

0-1 

f- 2 

>»] 

58 

■77 

41*31 

47*0/ 

88*9 

S-r.} 119 * 

23} •»» 

105*5' 

57*5 

J- 163 

*«}•» 

2—3 

38 


37-6 


30*5 

30*1 

22 


15*4 

8—h 

30 


27*1 


23 


18*3 

10 


7*8 

4—r> 

21 


18*7 


7 


11*1 

4 l 


4-2 1 

5—G 

G —7 

16 

81 

I - 15 

12*5 

8*3\ 

13-7 

r>1 

8J 

5 1 


«} 10 * 

!} 

13 

n « 

7—8 

7. 

5-4 J 


2*5 1 

5j 


1*7*J 

8—0 

5 


3*5 ) 


i 

• 9 

1*5 > 6*3 




9 — JO 

3 


2-2 


3. 


2*3*J 




10—11 

2 

n 

1-4 

-9*5 







11—12 

0 


*9 








12—13 

ij 


1-5*J 








Goodness 

x a 

3*52 



6*77 


6-60 

of 

n' 

7 




6 



4 


Fit 

P 

•740 



*241 


*136 


These discrepancies are of course of the type we should expect to meet. An 
essential condition for entering the x 2 Tables with n' = k - c is that the xi a used 
shall be approximately the minimum value that can be obtained in fitting a distri¬ 
bution of the form of equation (1) to the observed frequencies classed into k groups. 
The observed values of xi 2 shown in Table I may now differ considerably from 
minimum values owing to our reducing the number of groups after the process of 
fitting. It is clear that some danger is involved in this procedure. 

In the paper referred to above Sheppard has specially mentioned this point f, 
and suggested that the value of the constants found from the original tabulation 
may be used as first approximations in obtaining the values corresponding to the 
reduced grouping system. This is the ideal procedure, but it can rarely be followed 
in the course of ordinary work where a rough appreciation of the adequacy of the 
fit is all that is required. It should in fact be remembered that the groups we 
have combined in the illustration contain a large portion of the total frequency; in 
practice it is only the small tail groups of a fitted frequency curve that are usually 

* These frequencies correspond to the remaining tail area of the theoretical curves, 
t Loc. cit. p. 144. 
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clubbed together, and the xi 2 calculated from the resulting k' groups may still 
remain nearly the minimum xi 2 for the new system of grouping. If so, no serious 
error is involved in entering the Tables for Goodness of Fit with this xi 2 an d 
n' *= h* — c. In any case we may be certain on one point—that if this process shows 
a reasonable fit wc may be content, since the true minimum j£i a would show a 
better fit still. 


(2) The Case of very small Samples. 

The manner in which the x 2 integral fails when the group frequencies become 
very small is a problem not yet fully explored. Each worker has no doubt his own 
lower limit—10, 8, 5 ?—for the size he will allow an expected frequency group, but 
he is probably not very clear why he has chosen that limit or what errors will be 
involved if it be exceeded. The following simple example is perhaps therefore of 
interest. 


Suppose that repeated samples of 10 be taken from a population divided into 
3 groups in proportions p x — 0*2, p 2 = 0 5, p a = 0*3. The expected frequencies will 
be = 2, m a = 5, ra 8 = 3. There will be 66 possible types of sample n X} n 2 , ns, and 
for each of these it is easy to calculate 

(a) The chance of occurrence, or 




(4). 


(b) The value of x 2 , or 


2 (n t - (n% - m 2 ) 2 (n 3 - m 3 ) 2 

y —--+ ~ ~ +--- 

* vi\ rn 2 rn 3 


(5). 


(c) The likelihood as previously defined, or 




( 6 ). 


These possible samples may be represented by 66 discrete points in a two- 
dimensioned space, with each of which is associated a value of C. When dealing 
with large samples these points increase in number and become so closely packed, 
that we can represent them and their associated (7s by a continuous density field, 

D~D 0 e~W .( 7 ). 

In this field the contours of x 2 correspond closely to the levels both of con¬ 
stant C and of constant But we may ask how far in the case of samples of 10 
is the x 2 integral of any value ? The position is indicated in Table II. The 66 types 
of sample have been arranged in descending order of C , and for each we give : 

(а) P C} the sum of the values of C lower than that associated with the sample, 
or the chance of drawing a less probable sample. 

(б) P*a, which for three groups is or the value of the x 2 probability 

integral that would ordinarily be obtained from the Tables in the case of larger 
samples. 


Biometrika xxn 


20 







302 Further Notes on tfie x a Distribution 

TABLE II. Measures of Probability in very small Samples . 


n v 

n 2 

ftg 

Pc 

Px* 

i 

Px 


71 o 

Wj, 

Pc 

Px * 

Px 

3 

5 

2 

•915 

1-000 

•915 

7 

2 

1 

•027 

•022 

•053 

2 

6 

2 

f *844 

•766 

•724 

0 

9 

1 

•023 

•035 

•006 

3 

6 

1 

1-844 

•706 

•653 

7 

3 

0 

•020 

•017 

•012 

4 

4 

2 

J *709 

•766 

•795 

0 

5 

5 

•018 

•024 

•010 

4 

5 

1 

1*709 

•659 

•532 

6 

1 

3 

J-015 

•035 x 

•034 

3 

4 

3 

/•589 

•705 

•858 

5 

1 

4 

1*015 

•038 x 

•043 

2 

r > 

3 

\ *589 

•669 

•596 

1 

3 

6 

•Oil 

•006 

•025 

2 

7 

1 

•482 

•442 

•448 

2 

2 

6 

•0090 

*0066 

•0266 

5 

4 

] 

•443 

•362 

•409 

4 

1 

5 

•0073 

•0180 x 

•0229 

4 

3 

3 

•409 

•442 

•498 

7 

1 

2 

•0058 

•0140 X 

•0155 

1 

7 

2 

•376 

*344 

•262 

0 

10 

0 

•0048 

•0067 

•0013 

1 

6 

3 

•344 

•362 

•319 

0 

4 

6 

•0039 

•0037 

•0036 

5 

3 

2 

•313 

•344 

•379 

8 

2 

0 

•0032 

•0023 

•0025 

2 

4 

4 

•285 

•282 

•350 

3 

1 

6 

•0025 

•0037 

•0050 

4 

6 

0 

•258 

•282 

•149 

8 

1 

1 

•0019 

•0024 

•0044 

3 

7 

0 

•233 

•247 

*114 

1 

2 

7 

•0015 

•0004 

•0033 

3 

3 

4 

•211 

•247 

•296 

6 

0 

4 

•0013 

•0067 

•0011 

1 

8 

1 

•189 

•163 

•195 

7 

0 

3 

•0011 

•0044 

•0007 

5 

5 

0 

•170 

•189 

•095 

2 

1 

7 

•0008 8 

•0003 3 

•0023 1 

1 

5 

4 

•151 

•189 

•244 

5 

0 

5 

•0006 8 

•0044 4 

•0008 9 

2 

8 

0 

•136 

•127 

•067 

0 

3 

7 

•0004 9 

•0002 9 

•0004 9 

6 

3 

1 

•120 

•116 

•228 

8 

0 

2 

•0003 7 

•0012 7 

•0002 6 

5 

2 < 

3 

•108 

•163 x 

•216 

4 

0 

6 

•0002 6 

•0012 7 

•0003 8 

4 

2 

4 

•098 

•127 

'185 

9 

1 

0 

•00016 

•00018 

•0001 6 

6 

4 

0 

•088 

•074 

•057 

3 

0 

7 

•0001 2 

•00016 

•0000 9 

6 

2 

2 

•079 

•091 

•140 

9 

0 

1 

•0000 84 

•0001 58 

•0000 49 

2 

3 

5 

•070 

•060 

•176 

1 

1 

8 

•0000 49 

•000013 

•0001 30 

1 

4 

5 

•062 

•049 

•088 

0 

2 

8 

•0000 20 

•000011 

•0000 20 

0 

7 

3 

*055 

*116 x 

•046 

2 

0 

8 

•0000 10 

•0000 09 

•000010 

0 

8 

2 

•048 

•091 x 

•036 

10 

0 

0 

•0000 04 

•0000 09 

•0000 02 

1 

9 

0 

•042 

•038 

•017 

0 

1 

9 

•0000 02 

•0000 002 

•0000 07 

3 

2 

5 

•037 

•043 

•082 

1 

0 

9 

•0000 001 

•0000 002 

•0000 001 

0 

6 

4 

•031 

•074 x 

•028 

0 

0 

10 

nil 

•0000 0000 2 

nil 


(c) P K , the chance of obtaining a sample with a value of \ lower than that 
observed. 


It will be seen that Px* is on the whole a better approximation to P c than to 
P*. In the most important region for tests of significance, namely between 
P »*10 and *01, a x indicates the cases of worst agreement between P c and P*«, 
but throughout the whole range the order of the values of the three P's can hardly 
be said to differ. Whether or no the x* approximation will be considered here as 
satisfactory depends upon the degree of expectation entertained by the reader and 
the faith he has already placed in the test when dealing with very small samples, but 
the present authors must confess themselves pleasantly surprised to find so close 
an agreement in this rather extreme case. 

(3) The Value of Minimum xi a in the Case of two Samples . 

It is necessary to correct an error which was introduced into section (6) of our 
earlier paper. The problem was that of testing the hypothesis that two samples: 
the first of size N with group frequencies n x , n% , ... n ti 
the second of size N' „ „ „ n Xi w*', ... a/, 






TABLE III. Two Sample Test; Comparison of values of and P. 



Totals 
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have been drawn from the same population, and we considered the deduction of 
the usual test from the point of view of the method of likelihood. In the notation 
employed, f1 is the set of all possible pairs of populations with group proportions 
p t and p/ ($ = 1, 2, ... t), while cd is the subset of fl in which the pairs are 
identical, or p 8 — pi —q» (* — 1, 2,... t). Then the likelihood that the samples have 
come from some particular member of is 


\ 


_ V g 

<7(5W) \nj \ nf) 


s 


( 8 ). 


The expression (8) takes a maximum value when 

<1* - (n, + <)/(#+ N') - Q. (s = 1, 2, ... t) .(9). 


If the sample group frequencies, however, are not too small, then the \ of (8) 
becomes approximately 

= __ 


where 


Xi 


■-Af 

l ( 


/, ((», - Nq,f (n„' -N'qJ 


Nq . 


+ 


tf'?. 


.( 10 ), 

.( 11 ). 


The values of </« which make xi 2 a minimum, and therefore the \ of (10) a 
maximum, are not as we stated by an oversight those of (9), but may be easily 
shown to be 


g-(\/§ V r)/l j s/’t+w) 

+ xx'Qt/ {f, (ft \/ 


1 + 






•( 12 ), 


where 




These values lead to 


Minimum 



nf 2 ) 2 

N r 


-N-N' 


(13). 


If the sample group frequencies be not too small, x 8 * will be small compared with 
NN'Q 8 2 y at any rate for deviations lying within the region of significant frequency. 
It follows that Q t (9), and Qi (12), will not differ greatly, and the true minimum 
Xi a of (13) will be almost the same as that ordinarily used in applying this test, 
namely 

.(H), 

which is obtained by taking q t = Q s = ( n 8 + ni)j(N + N’)> the value really maximis¬ 
ing the \ of (8) not that of (10). The difference is of the order of approximation 
necessarily involved in any use of the x a test. The numerical examples given in 
Table III, p. 303, illustrate this point; the difference between the two xf's is 
greatest when there are many groups, but it is clear that no error of importance 
would arise by using one value of P rather than the other. 
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Summary. 

There are several ways by which to approach and to interpret the ^ Tests for 
Goodness of Fit; in all cases the use of the final integral can be considered only as 
an approximation. In our previous paper we discussed the use of the method of 
likelihood and emphasised the difference between testing a simple and testing a 
composite hypothesis. In the first case we obtain an answer to the question, 
" could this sample have come from a certain exactly specified population ? ” In 
the second, to a somewhat different question, “ could it have come from a popula¬ 
tion whose distribution follows a law of a certain type depending on several 
undetermined parameters ? ” In the latter case the Bcheme of the test does not 
allow for the frequency groups being clubbed together after the process of fitting 
has been carried out. We have illustrated the effect of this clubbing on the 
distribution of x 2 on the data of our previous sampling experiment. In general it 
would not be easy to gauge numerically the extent of the error involved, but it 
will probably not be large if, as is customary, the groups which are combined 
contain only a small portion of the total frequency. 

The point at which the x 2 distribution becomes inadequate to express the 
sampling variation when dealing with very small frequency groups has not yet 
been fully investigated. The result of an examination of the position in the case 
of a sample of 10 drawn from a population divided into 3 groups, suggests that the 
approximation is much more satisfactory than might have been expected. 

In a final section we have corrected an earlier misstatement, in connection with 
the test for comparing two samples, and shown in a few numerical examples how 
the difference between minimum x 2 an d the X 2 °f maximum likelihood is not of 
real significance—is in fact of the general order of the approximations. 



TABLE OF THE VALUES OF THE DIFFERENCES 
OF THE POWERS OF ZERO. 

By ETHEL M. ELDERTON, assisted by MARGARET MOUL. 

At the time when the first quarter of this table was originally worked (for 
a special problem during the War) the authors* of it were unaware of Cayley’s 
paperf. Later being informed of it, they checked the original work by reduction 
from Cayley’s numbers, he tabling A m O n /T (m +1), while they had tabled 

A p O p+ “/r(p + s + 1). 

Of the 100 entries six were found in error in the twelfth decimal place, two differed 
by one unit in that place, three differed by two units and one—the last entry in the 
table—by 5J. Cayley takes in our notation A p 0 p+ */T (p +1) from p — 1 to 20 and 
p + s from 1 to 20. Hence by reduction from Cayley’s table E. M. Elderton and 
M. Moul were able to add half as much again to the original table in Biometrika, 
i.e. to take p -11 to 20 as long as pi s did not exceed 20. Then, using Cayley’s 
method, they extended his table and reduced from this extension a complete table 
for p — 1 to 20 and $ = 1 to 20. Thus the table now includes all values of 

A’"0 n /r (m +1) 

from w=0 to 20 and n = 0 to 40, and is probably the most extensive table of the 
differences of the powers of zero yet published. 

Laplace has indicated the importance of the differences of the powers of zero in 
the theory of probability for problems allied to that of De Moivre, and further 
illustrations will be given in the forthcoming Part II of the Book of Tables for 
Statisticians and Biometricians. 

* K. P. and E. M. E., Biometrika , Vol. xvn. p. 200. 
t Trane . Camb , Phil 8oc . Vol. xra, Part I (1881), pp. 1-4. 
t 8*820,886,089,207 instead of the correct value 8*826,880,089,212. 
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Values of the Differences of the Powers of Zero. 


Table of q (p, s) = 


r(p + «+i) 


from p — \ to 20 and a 


0 to 20. 


Values of p. 


s 

l 

2 

8 

4 

5 

0 

1 

g 

3 

4 

5 
o 

8 

o 

10 

1-000,000,000,000 
•500,000,000,000 
•166,666,666,667 
•041,666,666,667 
008,333,333,333 
•001,388,888,889 
•000,198,412,698 
•000,024 801,587 
•000,002,755,732 
•000,000,275,573 
•000,000,025,052 

1 '(XX),000,000,000 
1*000,000,000,000 
•583,333,333,333 
*250,000,000,000 
•086,111,111,111 
•025,000, (XX),000 
•006,299,603,175 
•001,405,423,280 
•000,281,635,802 
•000,051,256,614 
•000,008,546,944 

1*000,000,000,000 
1-500,000,000,000 
1-250,000,000,000 
■750,000,000,000 
•358,333,333,333 
•143,750,000,000 
■050,016,534,392 
•015,426,587,302 
004,284,060,847 
•001,083,829,365 
■000,252,086,841 

1000,000,000,000 

2*000,000,000,000 

2166,666,666,667 

1-666,666,666,667 

1-012,500,000,000 

•513,888,888,889 

•225,562,169,312 

•087,632,275,132 

030,638,778,660 

*009,760,802,469 

•002,860,825,517 

1-000,000,000,000 

2- 500,000,000,000 

3- 333,333,333,333 
3*125,000,000,000 
2-298,611,111,111 
1*406,250,000,000 

•741,732,804,233 

•345,568,783,069 

•144,695,216,049 

•055,162,863,757 

•019,341,229,758 


X 

6 

7 

8 

.9 

10 

0 

1 

2 

2 

4 

r t 

0 

7 

8 

9 

10 

1000,000,000,000 

3- 000,000,000,000 

4- 750,000,000,OfX) 

5- 250,000,000,000 
4-529,166,606,667 
3-237,500,000,000 
1-989,616,402,116 
1-077,777,777,778 

•523,910,997,354 

•231,631,944,444 

*094,114,940,326 

1 -000,000,000,000 
3*500,000,000,000 
6-416,666,666,667 
8-166,666,666,667 
8-079,166,666,667 
6-601,388,888,889 
4-625,925,925,926 
2-851,851,851,852 
1-575,358,796,296 
•790,558,449,074 
•364,277,277,988 

1-000,000,060,000 
4-000,000,000,000 
8-333,333,333,333 

12*000,000,000,000 
13-386,111,111,111 

12 "300,000,000,000 
9*671,957,671,958 
6-679,365,079,365+ 

4 127,361,937,831 
2-314,315,476,190 
1*190,485,668,524 

1-000,000,000,000 

4-500,000,000,000 

10-500,000,000,000 

16*875,000,000,000 

20-050,000,000,000 

21 -375,000,000,000 
18-628,174,603,175- 
14-235,491,071,429 
9-721,510,416,667 
6-017,912,946,429 
3*414,504,607,083 

1-000,000,000,000 

5-000,000,000,000 

12-916,666,666,667 

22*916,666,666,667 

31-333,333,333,333 

35-138,888,888,889 

33-604,414,682,540 

28 141,121,031,746 

21 034,795,249,118 
14-238,267,471,340 
8826,386,039,212 * 


X 

1 

2 

3 

4 

.5 

•006,287,061,463 

•001,907,096,356 

•000,542,762,985+ 

•000,145,593,321 

•000,036,963,700 

•000,008,904,739 

•000,002,043,183 

•000,000,447,648 

•000,000,093,803 

•000,(XX),018,851 

11 

12 

12 

14 

15 
10 

17 

18 
10 
20 

•000,000,002,088 
•000,000,000,161 
000,000,(XX),011 
•000,000,000,001 
•000,000,000,000 
•000,000,000,000 
•000,000,000,000 
•000,000,000,000 
•0(X),000,000,000 
•000,000,000,000 

•000,001,315,236 
*000,000,187,914 
■000,000,025,057 
■000,000,003,132 
•000,000,000,368 
•000,000,000,041 
•000,000,000,004 
•000,000,000,000 
•000,000,000,000 
•000,000,000,000 

*0(X),054,300,445“ 
•000,010,897,672 
•000,002,048,012 
■000,000,361,967 
■000,(XX),060,389 
•(XX),000,009,542 
•000,000,001,432 
•000,000,000,205~ 
•000,(XX),000,028 
■000,000,000,000 

•000,777,360,923 
•000,197,066,149 
•000,046,850,391 
•000,010,491,635“ 
•000,002,221,479 
•000,000,446,204 
•000,000,085,264 
•000,000,015,540 
•000,000,002,707 
•000,000,000,452 


8 

0 

7 

8 

0 

10 

11 

12 

13 

14 

15 
10 

17 

18 

19 

20 

•035,436,000,631 

•012,447,698,996 

•004,102,251,152 

•001,274,353,342 

•000,374,659,155- 

•000,104,608,335“ 

•000,027,822,135- 

•000,007,067,421 

•000,001,718,694 

•000,000,400,972 

•155,444,052,796 

•Q61,854,855,924 

•023,084,987,476 

•008,119,780,273 

•002,702,776,182 

•000,854,421,374 

•000,257,321,024 

•OCX),074,028,765- 

•000,020,393,546 

•000,005,391,171 

•566,707,251,082 

•251,424,842,802 

•104,575,173,440 

•040,979,983,108 

•015,194,003,252 

•005,349,474,876 

•001,794,174,688 

•000,574,831,831 

000,170,363,075~ 

•000,051,929,785- 

1-791,545,336,174 

•875,558,648,133 

■400,963,836,098 

•172,934,537,974 

•070,548,202,960 

•027,323,164,021 

010,079,078,784 

003,551,303,638 

•001,198,178,554 

•000,387,664,657 

5056,157,797,803 

2-696,234,748,153 

1*346,608,080,109 

•633,142,757,534 

•281,476,384,198 

•118,769,057,007 

047,721,531,774 

•018,311,726,897 

•006,727,563,604 

002,371,839,420 


* The table thus far was computed by K. P. and E. M. E. from the formula 
q ^ ^ ^ (p, * - i)+g <p -1. *)} 

and oheoked by the formula 

4r0 M»=pP«*- p (p - +P(P-2)P+1°-... + (- JAj, rl (P -r)»+‘0 +.... 

It was calculated for a special investigation, but it was thought that it might be of value to other 
computers, and was accordingly published in Iiiometrika. 
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Values of the Differences of the Powers of Zero 


Table of the Differences of the Powers of Zero ( continued ). 
Values dp. 


11 

1 g 

13 

H 

15 

1 * 000 , 000 , 000,000 
5 * 500 , 000 , 000,000 
15 * 583 , 333 , 333,333 
30 * 250 , 000 , 000,000 
45 * 161 , 111 , 111,111 
55 * 206 , 250 , 000,000 
57 * 466 , 724 , 206,349 
52 * 315 , 294 , 312,169 
42 * 465 , 841 , 324,956 
31 * 187 , 259 , 837,963 
20 * 959 , 528 , 792,806 
13 * 007 , 843 , 295,304 
7 * 510 , 646 , 020,784 
4 * 059 , 674 , 796,242 
2 * 064 , 795 , 723,662 . 
* 992 , 653 , 584,094 
* 452 , 801 , 816 , 745 - 
* 196 , 634 , 172,633 
* 081 , 531 , 203,270 
* 032 , 361 , 544,187 * 
* 012 , 324 , 749,022 

1 * 000 , 000 , 000,000 

6 * 000 , 000 , 000,000 

18 * 500 , 000 , 000,000 

39 * 000 , 000 * 000,000 
63 * 120 , 833 , 333,333 
83525 , 000 , 000,000 
93 * 993 , 816 , 137,566 
92 * 405 , 753 , 968,254 
80 * 922 , 957 , 175,926 
64 * 062 , 981 , 150,794 
46 * 375 , 914 , 514,691 
30 * 982 , 830 , 161,736 
19 * 246 , 738 , 091,260 
11 * 187 , 080 , 186,001 
6 * 116 , 227 , 342,921 
3 * 159 , 502 , 634,229 
1 * 548 , 130 , 478,989 
* 721 , 971 , 579,981 
* 321 , 401 , 113,301 
* 136 , 940 , 383,544 
* 055 , 974 , 424,712 

1 * 000 , 000 , 000,000 

6 * 500 , 000 , 000,000 

21 * 666 , 666 , 666,667 

49 * 291 , 666 , 666,667 

85 * 962 , 500 , 000,000 

122 * 407 , 638 , 888,889 

148 * 064 , 163 , 439,153 

156 * 305 , 439 , 814 , 815 “ 

146 * 855 , 674 , 327,601 

124 * 633 , 750 , 964,506 

96 * 657 , 637 , 009,981 

69 * 138 , 580 , 384,680 

45 * 960 , 368 , 727,489 

28 * 573 , 699 , 456 , 745 + 

16 * 702 , 557 , 347,988 

9 * 221 , 670 , 706,029 

4 * 827 , 841 , 910 , 525 + 

2 - 404 , 919 , 179,220 

1 * 143 , 295 , 606,541 

* 520 , 095 , 870,972 

* 226 , 936 , 783,148 

1 * 000 , 000 , 000,000 

7 * 000 , 000 , 000,000 

25 * 083 , 333 , 933,333 

61 * 250 , 000 , 000,000 

114 * 498 , 611 , 111,111 

174 * 562 , 500 , 000,000 

225 * 838 , 657 , 407,407 

254 * 762 , 731 , 481,481 

255 * 575 , 349 , 151 , 235 “ 

231 * 431 , 626 , 157,407 

191 * 385 , 403 , 514,310 

145 * 893 , 434 , 343,434 

103 * 305 , 893 , 961,266 

68 * 382 , 011 , 401,932 

42 * 542 , 284 , 374,960 

24 * 989 , 495 , 556,339 

13 * 914 , 757 , 484,537 

7 * 370 , 176 , 557,826 

3 * 724 , 644 , 071,910 

1 * 800 , 798 , 763,647 

* 834 , 949 , 931,033 

1 * 000 , 000 , 000,000 
7 * 500 , 000 , 000,000 
28 * 750 , 000 , 000,000 
75 * 000 , 000 , 000,000 
149 * 604 , 166 , 666,667 
243 * 125 , 000 , 000,000 
334 * 974 , 041 , 005,291 
402 * 093 , 253 , 968,254 
428 * 914 , 306 , 382 , 275 + 
412 * 716 , 207 , 837,302 
362 * 460 , 966 , 810,967 
293 * 281 , 385 , 281 , 385 + 
220 * 326 , 266 , 245,918 
154 * 665 , 148 , 739,919 
102 * 003 , 844 , 714,593 
63 * 496 , 670 , 135,466 
37 * 457 , 142 , 396,776 
21 * 012 , 805 , 759,969 
11 * 244 , 295 , 378,127 
5 * 755 , 188 , 591,959 
2 * 824 , 345 , 081,282 


Id 

17 

18 

19 

20 

1 * 000 , 000 , 000,000 

8 * 000 , 000 , 000,000 

32 * 666 , 666 , 666,067 

90 * 666 , 666 , 666,667 

192 * 216 , 666 , 666,667 

331 * 688 , 888 , 888,889 

484 * 845 , 767 , 195,767 

617001 , 058 , 201,058 

697 * 276 , 909 , 722,222 

710 * 395 , 595 , 238 , 095 + 

660 * 219 , 422 , 799,423 

565 * 037 , 515 , 899,738 

448 * 779 , 304 , 083,232 

332 * 934 , 870 , 523,118 

231 * 967 , 314 , 793,446 

152 * 497 , 540 , 608,471 

94 * 977 , 341 , 502,623 

56 * 237 , 647 , 157,621 

31 * 756 , 208 , 252,117 

17 * 148 , 067 , 128,720 

8 * 876 , 627 , 648,890 

1 * 000 , 000 , 000,000 

8 * 500 , 000 , 000,000 

36 * 833 , 333 , 333,333 

108 - 375 , 000 , 000,000 

243 * 336 , 111 , 111,111 

444 * 337 , 500 , 000,000 

686 * 787 , 632 , 275,132 

923 * 516 , 989 , 087,302 

1102 * 139 , 851 , 190,476 

1185 * 119 , 330 , 357,143 

1161 * 879 , 955 , 691,171 

1048 * 485 , 607 , 751,623 

877 * 707 , 017 , 282,501 

686 * 030 , 403 , 089,851 

503 * 418 , 103 , 355,356 

348 * 455 , 185 , 855,783 

228 * 434 , 938 , 336,149 

142 * 336 , 292 , 746 , 885 - 

84 * 559 , 214 , 770,943 

48 * 028 , 438 , 674,841 

26 * 145 , 571 , 013,606 

1 * 000 , 000 , 000,000 
9 * 000 , 000 , 000,000 
41 * 250 , 000 , 000,000 
128 * 250 , 000 , 000,000 
304 * 025 , 000 , 000,000 
585 * 675 , 000 , ( XX ),000 
954 - 340 , 974 , 206,349 
1352 * 062 , 053 , 571,429 
1699 * 062 , 857 , 142,857 
1022 * 788 , 125 , 000,000 
1983000 , 909 , 015,753 
1881 * 012 , 320 , 752 , 165 “ 
1656 * 591 , 602 , 820,799 
1359 * 051 , 487 , 302,958 
1047 * 970 , 644 , 745,302 
761 * 690 , 089 , 418,773 
524 * 183 , 838 , 223,194 
342 * 781 , 781 , 641 , 755 “ 
213 * 670 , 498 , 206,349 
127 * 312 , 996 , 320,679 
72 * 690 , 900 , 316,193 

1 * 000 , 000 , 000,000 

9 * 500 , 000 , 000,000 
45 - 916 , 660 , 066,067 
150 - 416 , 006 , 606,667 
375 * 408 , 333 , 333,333 
760 * 857 , 638 , 888,889 
1303 * 555 , 505 , 952,381 
1940 - 043 , 601 , 190,476 
2561 * 274 , 915 , 123,457 
3042 * 757 , 062 , 940,917 
3292 * 737 , 981 , 626,784 
3277 * 088 , 524 , 840,001 
3023 * 255 , 502 , 114,684 
2602 * 351 , 060 , 591 , 725 + 
2101 * 703 , 830 , 345,561 
1600 * 131 , 896 , 338,893 
1153 * 199 , 970 , 190,847 
789 * 545 , 924 , 578,318 
515 * 165 , 190 , 078,613 
321 * 239 , 093 , 199,596 
191 * 914 , 612 , 225,641 

1 * 000 , 000 , 000,000 
10 * 000 , 000 , 000,000 
50 * 833 , 333 , 333,333 
175 * 000 , 000 , 000,000 
458 * 673 , 611 , 111,111 
976 - 625 , 000 , 000,000 
1753 * 215 , 773 , 809,524 
2736 * 192 , 129 , 629,630 
3783 * 905 , 031 , 966,490 
4708 * 042 , 824 , 074,074 
5333 * 853 , 870 , 467,239 
5655 * 446 , 706 , 649,832 
5361 * 088 , 917 , 977,822 
4826 * 600 , 896 , 102,756 
4075 * 526 , 309 , 675,481 
3243 * 233 , 260 , 579,640 
2442 * 462 , 905 , 983 , 605 “ 
1747 * 031 , 800 , 303,742 
1190 * 629 , 994 , 938,081 
776 - 317 , 481 , 096 , 246 “ 
483 * 616 , 046 , 660,943 





ON THE RELATION OF THE DURATION OF PREGNANCY 
TO SIZE OF LITTER AND OTHER CHARACTERS IN 
BITCHES*. 

By MARGARET and KARL PEARSON. 

(1) (i) The following data relate to the duration of pregnancy, the age of the 
bitch, the size of litter, the order of the pregnancy, etc. in small dogs bred in the 
Biometric Laboratory, partly pure Pekinese and partly hybrids from the cross 
Pekinese x Pomeranian. The material is more sparse than we had hoped for, since 
about half the whole series of dogs were bred by Dr Usher in Scotland, and we 
found on examining the Scottish schedules that most of the dates of mating had 
not been entered, only the dates of littering; the mating books themselves had 
disappeared during Dr Usher's absence on war-service in Greece. It was therefore 
only possible to use for this enquiry the data for dogs bred in England. 

The data must necessarily be of an approximate nature, because (i) if a bitch 
be lined only once there is less chance of obtaining a litter than if she be served 
twice, and in our experimental work the chief aim is .to obtain a litter. The cost 
of keeping dogs which fail to litter, and there are many slips, is already too heavy for 
a poor institution. And (ii) the date of littering is that of the day when the bitch 
was found to have puppies. With our Pekinese and Pekinese hybrids we have 
noted a marked objection to littering in the presence of anyone; they cry and whine 
and will not attend to business j\ The bitches as a rule litter during the night, most 
probably in the early morning, for this is the time the attendant usually finds that 
the bitch has just littered but has not yet cleaned up, or is just littering. Accord¬ 
ingly the date of littering is in this paper taken to be the day on which she is 
known to have littered, or the day on which she is found with puppies, although 
these might in some cases have been born actually twelve hours earlier. 

As to the date of mating, when it has occurred twice, for the most part the 
mid-date between the two matings has been taken. By duration of pregnancy we 
understand accordingly here the time which has elapsed between this mid-date and 
the day on which the bitch is known to have littered, or has been found to have 
puppies. This is not of course the period of true pregnancy, for we do not know 
the time at which the spermatozoon comes into conjunction with the ovum, nor 
to a few hours the time of the littering, indeed the latter sometimes lasts several 
hours. But it is as close as we can get by aid of experimental work, not intended 
solely for the present investigation, and it is close enough to give results of value 
for practical breeding. 

* Acknowledgment must be made of assistance from the Royal Society Government Grant received on 
several occasions during the course of these experiments. 

f I have sat up in my early days hours with a bitch, but to no purpose. Half-an-hour after I had 
left her in despair, she would have her pups without more fusB1 K. P. 
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The purpose of the experiments being to study hybridisation we had relatively 
few pure-bred dogs, and rarely bred Pekinese with Pekinese, or Pomeranian with 
Pomeranian. The hybrid was termed a “ Pompek,” and for shortness we may speak 
of Poms and Peks. It is possible that Peks in pure breeding and Poms in pure 
breeding have different durations of pregnancy, but our experiments are not 
adequate to determine a slight difference if it exists. 

Pure Pom bitches had an average duration of 601 days of pregnancy, whatever 
the sire. When mated with Pom sires 60"2 days’ duration. Whengnated with Pek 
sires 60*0 days. When mated with Pompeks 610 days. These are all on relatively 
few numbers, and the results do not suggest that the period of pregnancy of a pure 
Pom bitch is influenced by the race of the sire. 

Turning to Peks the pure Pek bitch, whatever the sire, had an average duration 
of 61*4 days. When mated with a pure Pek the duration was 62*6 days, with a pure 
Pom 61*3, and with a Potnpek 59*9 days. It may be asked why the sire should 
affect the period of pregnancy of the bitch ? The answer is that the period of 
pregnancy is influenced by the nature of the litter, e.g. the larger the litter (and 
the heavier probably) the shorter is the pregnancy. It may be that the number of 
the litter depends entirely on the bitch, but it is not impossible that it depends in 
part also on the sire*. Hence it by no means follows that the duration of pregnancy 
will be the'same with a cross and with a pure mating. Our results do not indicate 
any such relation in the averages for pure Pom bitches. More might be read into 
the case of the pure Pek bitches, but when we see that the duration of pregnancy 
can vary from 55 to 68 days, we are not inclined to lay any stress on differences 
such as the above, which have in fact probable errors of the order of one day. We 
shall see that the mean duration of pregnancy for all available material is 60*76 
days, and we are not able on the basis of our material to lay any stress on the 
difference involved in a Pom 60*4 and a Pek 61*4 days’ duration. It seems probable 
that the age of the bitch, the order of the pregnancy and the size of the litter have 
more to do with the duration of pregnancy than the race of bitch or dog in those 
small dogs. 

(ii) One grave difficulty in our breeding work has been the lengthy period which 
in certain cases has elapsed before the bitch showed the smallest sign of heat. In 
one case 4^ years, and in seven cases three or more years out of a total of 54 first 
litters for which data were available. It will be observed how very much it adds 
to the cost of experiments of this nature, if a mating which is desired has to be 
postponed for two or even more years. As a rule after the first pregnancy the bitch 
comes into season twice a year, but by no means at fixed intervals; to what extent 
these are varied by (i) the absence of matingf, (ii) the length of suckling, (iii) the 
failure to have a litter after mating, or (iv) the age of the bitch, has not been 
adequately determined. The period of suckling, 4 to 6 weeks, depends largely on 
the size of the litter and the age of the bitch, but also on the condition at littering 

# There is some evidence to indicate that in man twinning may arise from the Father’s aide. 

t In some cases it was thought desirable owing to the youth of the bitch, or her non-reoovery after 
the previous litter to full health and strength, to allow the heat to pass without mating. 
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and the food she will consent to take*. As a rule, however, there is a season at 
the end of spring and another at the beginning of winter. The following is a 
typical example: 

Setie : born Oct. 8,1928. 1st heat, Oct. 1924; 2nd, June 1925; 3rd, Dec. 1925; 
4th, July 1926; 5th, March 1927; 6th, Oct. 1927; 7th, June 1928; 8th, Nov. 1928; 
9th, July 1929. She was mated on all nine occasions and gave birth to 29 puppies. 
She was parted with after the 9th litter. 

Here is another illustration: 

Meg bhan : bom May 3,1913. 1st heat, Feb. 1914; 2nd, Aug. 1914 (no litter); 
3rd, March 1915; 4th, April 1916; 5th, Nov. 1916; 6th, June 1917; 7th, Nov. 
1918; 8th, Feb. 1920; 9th, Oct. 1921. She had to be destroyed in 1922, having 
also given birth to 29 puppies. The occurrence of heat is here more irregular, but 
may reasonably be associated with difficulties as to food during the War. 

One last case: 

Siri: born July 28, 1915. 1st heat, Aug. 1916 (no litter); 2nd, March 1917; 
3rd, Oct. 1917; 4th, May 1918; 5th, Nov. 1919; 6th, May 1920; 7th, June 1921. 
Total number of puppies born 23. 

Irregularities chiefly occur when the bitch is very young or old, but a general 
discussion of the intervals between heats would require more data, especially with 
regard to suckling period and food, than our records provide. 

(2) We will deal in the first place with the first litter, which usually, but not 
invariably, corresponds with the first heat and the first mating. We have only 

TABLE I. Age at First Littering and Duration of Pregnancy. 


Age of Bitch at First Littering (Central Values in Months). 



* Pekinese and Pekinese hybrids will often both before and after littering refuse cows’ milk, or can 
only be induced to take it, if sponge oake be soaked with it I 
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TABLE II. Age at First Littering and Size of Litter. 


Age of Bitch at First Littering (Central Values in Months) 
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37 cases in which the duration of pregnancy is provided for the age of mother at 
first litter. We have 54 cases in which the number of puppies is known for age of 
mother at first litter (see Tables I and II). 

The average age of the mother at first litter is 20*33 months* in the first table 
and 19 95 in the second table. The average duration of first pregnancy is 60 86 days, 
while the average duration of all pregnancies is 60’76 days. There is nothing very 
different in the first pregnancy as far as its average duration is concerned from the 
average duration of later pregnancies. 

The number of puppies in the first litter averages 3*37, while the average 
number for all litters is 3*22. This does not, of course, prove that the first litter 
is the most numerous, but only that it has somewhat more than the average 
number of puppies. We shall return to this point later. 

The constants of the two tables are as follows: 

Table /. Mean age of Mother at first litter 20*33 months 
Standard Deviation* 9*166 months 
Mean Length of Pregnancy 60*86 days 
Standard Deviation = 3*112 days 

Table II. Mean age of Mother at first litter 19*95 months 
Standard Deviation = 9*567 months 
Mean number of Puppies 3*37 

f Standard Deviation = 1*365 puppies 

The latter correlation is significant, the former cannot be said to be. The general 
meaning if both were significant would be that: 

The older the bitch at first pregnancy the fewer puppies she will have, and the 
longer the pregnancy. 


Correlation 
*143 ± *109 


Correlation 
-*347 ± 081 


By a “ month ” in this paper is to be understood an.average calendar month of 80*4 days. 
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That the pregnancy is longer may merely arise from the fact that the litter is 
smaller, the fertility of the bitch depending upon her age. The following results 
are suggestive: 


Age of Bitch in 
Months 

Mean Length of 

1st Pregnancy 

Mean Number 
of Puppies 

8—13 

60*76 

3*38 

14—19 

60*80 

3*57 

20-26 

60*56 

3*56 

Above 25 

62*40 

2*81 


The average age at first litter being almost exactly twenty months, and the 
duration of first pregnancy almost exactly two months, we conclude that in these 
bitches the first heat occurred on the average at 18 months with a variability of 
9*4 months, the distribution of this onset of puberty being very skew. 

(3) After the above consideration of the first pregnancy, based admittedly on 
very slender data, we turn to the general relations between the four variates: Age 
of Mother (a), Size of Litter (£), Order of Pregnancy (o>), and Duration of Preg¬ 
nancy (d). Our data are arranged in the six correlation tables, Tables III—VIII, 
to be found on this and the following pages. 


TABLE III. Order of Pregnancy and Size of Litter . 


Order of Pregnancy. 



Table III provides the relation between the order of pregnancy and the size of 
the litter. Matings not followed by pregnancy are omitted; one first pregnancy 
which was a miscarriage, and one second pregnancy in which the total number of 
puppies bom was not recorded, have been disregarded. Table III contains 179 
pregnancies leading to 577 puppies. The following are the constants of the table: 
r« Mean No. of Puppies = 3 22 ±071, 
ci * Standard Deviation of No. of Puppies «1*4084 ± *050, 

Mean No. of Pregnancies * 2*77 ± *093, 

<r„ « Standard Deviation of No. of Pregnancies »1*8402 ± *066, 

ru i * Correlation of Order of Pregnancy and Size of Litter = — *0509 ± *0503. 
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Accordingly if we could trust to the regression being linear, there would appear 
to be no significant relation between the order of the pregnancy and the size of 
the litter. We must accordingly investigate the means of each array. We have: 


Order of Pregnancy 

I 

II 

III 

IV 

V 

VI—IX 

Mean all Pregnancies 

Size of Litter ... j 

3*39 

3*10 

316 

325 

3*00 

3-22 

3*22 


Although this appears to make the litter at first pregnancy the largest, the actual 
value in this case is 3*387 ± *126, which does not indicate any significant difference 
from the general mean 3*223. 

This result appears to contradict the ordinary impression, which we ourselves 
have shared, that the litters of the first and of the last one or two pregnancies are 
smaller than the average. The source of this apparent paradox may lie in the fact 
that we are not dealing with nine successive pregnancies of the same bitches; we 
are clubbing bitches of varied degrees of fertility together, and the horizontal 
margin shows that many bitches drop out after the first two or three matings. 
It was only those of the greater experimental interest that could be preserved to 
the last stages of their reproductive powers, and this was peculiarly the case during 
the War years, when, owing to the scarcity and cost of food, the sole aim was to 
keep enough dogs alive to continue the work when peace came *. 

We pass next to the duration of the pregnancy and the size of the litter. We 
have already drawn attention to the fact that the dates of mating have not always 
been recorded. Further, there were not always two matings, and if there were, they 
might be on successive days, or there might be an intervening day. We have 
the following results according as we measure the pregnancy from the day of the 
first mating, from the day of the second mating or from the midday between: 



1st Mating 

Midday 

2nd Mating 

Mean Duration of Pregnancy 
Standard Deviation 

61*41 

3*0846 

60*76 

3*1825 

59*74 

3*1969 


all in days. 

It is clear that there was an interval of about 1*7 days between the two matings. 
The midday is not midway between the first and second matings, because the first 
mating includes all those cases in which there was only a single mating. Examining 
the standard deviations, it will be seen that the duration of pregnancy varies least 
about the mean duration from first mating to littering. It seems probable therefore 
that in most cases the first mating is successful For practical purposes therefore 
we may say that a bitch of these breeds will litter after an interval of 61*41 ± 2*14 
days from first mating, or that a bitch is very unlikely to have a litter at all if it 

* Even at present the size of oar Animal House and the extent of our funds do not permit of more 
than 15 to 20 adult dogs being kept at one time. 
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does not occur between the 55th and 68th* days from first mating, the 61st to 62nd 
days being the most probable days for littering. If there has been a double mating 
then the bitch will litter most probably 60 76 ± 2*15 days from the midday between 
the two matings. If a bitch does not litter between the 54th and 67th days from 
the midday of mating, she is very unlikely to have a litter f. Our actual experience 
has been one bitch littering on the 55th day and two on the 68th day. 


TABLE IV. Duration of Pregnancy and Size of Litter. 
. Duration of Pregnancy in Days. 



In Table IV the length of pregnancy is measured from the first mating and the 
constants of the table are as follows: 

l = Mean Size of Litter = 3*300, 

<ri = Standard Deviation = 1*3655, 
d * Mean Duration of Pregnancy = 61*409, 
a d = Standard Deviation *■ 3*0846, 
r w = Correlation of Size of Litter and Duration of 
Pregnancy =» — *4479 ± 0514. 

There is thus a significant and quite considerable negative correlation between 
size of litter and duration of pregnancy. This correlation may be illustrated by the 
following mean values: 


Size of Litter 

Mean Duration of Pregnancy 
in days 

1 

63*13 

2 

62*96 

3 

' 61 *97 

4 

59*47 

5 

60*27 

6 

59*29 

7 

58*00 


* This is based on plus and minus three times the probable error from the mean, 
t In some oases a bitch after mating makes up her mind that she will litter, she develops, and 
sometimes shows signs of milk, and finally may even prepare her lair, without having any puppies. 
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The corresponding prediction formulae are : 

probable duration of pregnancy for given size of litter l *» 64*75 — 1*012 1 , 
or pregnancy is delayed about one day for each decrease of one in the litter. 
l d = probable litter for given duration of pregnancy d = 15*48 — *198 d, 

or five days' delay in littering would on the average denote a reduction of two in 
the litter. 

We now turn to Table V, which gives the relation between* the duration and 
order of pregnancy. 


TABLE V. Duration of Pregnancy and Order of Pregnancy . 



The constants of the table are as follows: 

c3E = Mean Duration of Pregnancy m 61*409 ± *198, 
or d **= Standard Deviation of d = 3*0849 ± *1403, 
w = Mean Order of Pregnancy = 2*6546 ± *1187, 

<r w =» Standard Deviation of to = 1*8461 ± *0839, 
r dti = Correlation of Duration with Order of 
Pregnancy — *1780 ± *0623. 

There is thus a positive correlation between the order of pregnancy and its dura¬ 
tion ; it is rather small but is probably significant. As the regression is unlikely 
to be linear we determined the correlation ratio of duration of pregnancy on order 
of pregnancy and found 

V<Lto *3785, 

indicating an association more than double that determined for the correlation 
coefficient. 

Our data are too scant to give a close approximation to the manner in which 
the duration changes with the order of pregnancy, but the following series of mean 
durations: 
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Order of Pregnancy 

Mean Duration 

I 

60*86 

II 

61'76 

III 

61*47 

IV 

61*40 

V 

59*17 

VI 

60-75 

VII—IX 

64*71 

. All Pregnancies 

61*41 


suggest that the first pregnancy has a duration rather below the mean; the dura¬ 
tion rises above the mean in the second and third pregnancies, sinks below the 
mean again in the fourth and fifth to become very protracted in the extreme 
pregnancies. This is only a suggestion , but it seems not out of accord with probable 
physiological changes. 

The partial correlations r m i, d and are not without some interest, 

although they will not bear much stressing. Thus 

r^i = *1780, but rw.|=s’1738, 

and we see that the observed relation between the order and duration of pregnancy 
is little influenced by the fact that the duration depends upon the size of the litter. 
Again, 

- - *0509, but r wi . d = -f *0323; 

accordingly such little relation as there exists between the order of the pregnancy 
and the size of the litter is reversed, or is practically zero, when we take a constant 
duration of pregnancy. 

Finally, 

r id = ~ ‘4479, but = - -4465; 

thus -the association of a long duration of pregnancy with a small litter is practically 
independent of the order of pregnancy. These are all points concerning which it 
would be desirable to collect more ample data. 

(4) We will now consider what effect the age of the bitch has on the size of 
the litter and the duration of pregnancy; it will clearly bo of necessity fairly highly 
correlated with the order of pregnancy. Now the age of the bitch may be con¬ 
sidered with relation to the mating or the littering. Table VI A (see p. 317) provides 
the relation of the size of the litter (J) to the age of the bitch (a) at mating, and 
Table VI B that of the size of the litter with the age of the mother at littering (a!). 
The constants of these two tables are given below : 

Table VI A . Table VI* 

a » 34*205 ± 1*241 months, a! = 37*115 +1*040 months, 


<r a — 19'4772 ± ’8778 months, 

ov -19 2670 ± 

•7462 months, 

!= 8-277 ± -088, 

r- 3-160 ± 

074, 

o,« 1-3772 ± 0620, 

01- 1*87581 

•0526, 

r„-—-1722± -0618. 

r a'i “ — *14681 

•0628, 
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TABLE VP. Age of Bitch at Date of Mating and Size of Litter. 
Age of Bitch at Date of Mating (Central Values in Months). 
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The relation between the age at mating and the size of the litter, the number 
of puppies being smaller the older the bitch, is probably significant, but is not very 
considerable; it is larger than the correlation between order of pregnancy and size 
of the litter (-*0509). It is probably reduced in experimental breeding because 
when the bitch's fertility is reduced, i.e. when she, although mated, produces no 
litter or only one or two puppies, she is discarded for stud purposes*. The difference 
between the bitches' ages at mating and pregnancy = of ~ a =* 2*910 months » 88*5 
days. This is not the average duration of pregnancy because the second series of 
dogs is not identical with the first, there are 44 additional entries principally due 
to the records of C. H. Usher, which provide dates of littering but not those of 
mating. Even allowing for an average period of 60*8 days for pregnancy, it will be 
seen that the Aberdeen dogs were on the whole mated to greater ages than the London 
dogs. As to the remainder of the constants there is no difference of practical 
importance between them. Accordingly, as the only advantage of taking age of 
bitch at litter over age at mating lies in the increase of entries, and as this involves 
a risk of heterogeneity (as Usher introduced new Pom blood while Pearson, after 
the first cross of Pekinese with Porapcks, continued to inbreed), we shall for the 
remainder of this paper confine our attention to Age of Mother at Mating. 

Table VII (p. 320) shows the relationship between Age of Bitch at mating and 
Order of Pregnancy. The very appearance of the table indicates how considerable 
the correlation is, a result which it was easy to predict. 

The constants of Table VII are as follows: 

it » Mean Age at Mating = 34*289 ± 1*237 months, 
cr a = Standard Deviation of Age = 19*5756 ± *8744 months, 
co = Mean Order of Pregnancy = 2*632 ± *1167, 

= Standard Deviation of Order = 1*8461 ± *0825, 

Tv,*, = Correlation of Age and Order = *7967 ± *0231. 

The following table shows the average age at each pregnancy: 


Order of Pregnancy 

Observed Age 

Smoothed Values from 
Iiegression Line 

I 

17*76 months 

20*50 month* 

11 

29*36 „ 

28*95 „ 

III 

40*65 „ 

37*40 „ 

IV 

51*33 „ 

45*85 „ 

V 

53*50 

54*29 

VI 

57*60 

62*74 „ 

VII 

64*80 

71*10 

VIII and IX 

68*00 „ 

83*86 


That the observed ages at later pregnancies fall so much below those calculated 
from the correlation formula is no doubt due to the fact that the more fecund 
bitches had litters earlier and rarely missed a mating. There are, however, only 

* Matings leading to no litterB have been excluded from these tables. It is not possible in such oases 
to determine whether the dog or bitch is at fault. 
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TABLE VII. Age of Bitch at Date of Mating and Order of Pregnancy . 
Age of Bitch at Date of Mating (Central Values in Months). 
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three bitches who reached the VIII and IX pregnancies, and these count very 
little in the determination of the correlation. The correlation-ratio of a> on a does 
not differ sensibly from r*,. 

The average interval between pregnancies is 8*45 months. The physiological 
interval is about 6 months, and the observed increase is due to matings which 
were omitted or failed when the bitch was in season. It has been observed also 
that an aged bitch may occasionally omit one or more heats. 

The regression equation giving the probable age (#) at a given pregnancy o> is 

<S = 12*054 + *8*448o>. 

The other constants of Table VII, considering how the total numbers vary from 
table to table owing to one or another omission in the record, are in reasonable 
accordance with those of Tables III and V. 

We now turn to Table VIII, associating the Age of the Bitch at mating with 
the Duration of Pregnancy. 

The constants of this table are as follows: 

d = Mean Age of Bitch at Mating = 33*56 ± 1*272 months, 

<r 0 = Standard Deviation of Age ~ 19*5119 ± *8997 months, 
d = Duration of Pregnancy * 60*66 ± *198 days, 
a d = Standard Deviation of Duration = 3*0434 ± *1403 days, 
v a d = Correlation between Age at Mating and Duration of 
Pregnancy = *1547 ± *0636. 

The first four constants arc within their probable errors of the like characters 
previously determined. The correlation is small but probably just significant. It is 
noteworthy that while the correlations of duration of pregnancy with age and with 
order of pregnancy are both small and positive the latter appears to be somewhat 
the larger. 

The difficulty, however, with practical breeding lies in the economic factor, that 
matings in the case of such expensive animals as dogs will no longer be made 
(unless the bitch is of especial value or interest) after the fecundity has begun 
seriously to diminish. 

The regression equation of Duration of Pregnancy on Age at Mating is 

<£= -02413a+ 59-85. 

Hence if we take the lowest age of the first heat at 9 months and the highest age 
of last pregnancy at 84 months = 7 years *, we have for the corresponding durations 
60*07 and 61*88 days, or age would have a maximum range of influence of 2 days 
only on period of pregnancy. 

If we take the correlation of Age and Duration of Pregnancy for constant Order, 
and the correlation of Order and Duration of Pregnancy for constant Age, we have 

r«u--0111, 
r„d.a 888 *0918, 

* Our experience seems to show that these dogs have on the average a life of nine years or even less, 
and that few bitches are of use for breeding purposes beyond six or seven yean. 
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and these seem to indicate, taken at their face values, that the number of the 
pregnancy is more important than the age of the bitch for the duration. But the 
data are too slender, and the artificial selection of bitches for stud purposes too 
great, for any stress—other than that of suggestion—to be placed on this result. 

(5) Conclusions . It seems worth while publishing these results. It is true that 
the disappearance during the War of the mating books of the Scottish bred dogs, 
before the dates of mating had been recorded on the schedules, has much reduced 
the available material. Further, the experiments were not mad^ directly to deter¬ 
mine problems regarding gestation in dogs; their primary purpose was to investigate 
as economically as possible the inheritance of certain characters in dogs. 

Thus the bitches were not retained in the kennels long after their period of 
maximum fecundity was passed. Again, in London kennels with only yard exercise, 
general fitness is far less than can be maintained in the country, or even in a London 
home with daily walks. However, the general results seem suggestive enough to 
make further research worth while. The principal correlations are: 

— + T780, 

r id * — *4479, r iui = — *0509, r ia = - T722, 

To** ** 4* *7967, rad — -f’1547. 

Thus the three factors, increasing duration of pregnancy, increasing number of 
pregnancies, increasing age, all tend to decrease the size of the litter. In the first 
case it is probable that it is the size of the litter which is the causal factor and 
hastens the end of gestation. This gives the most marked correlation, and it would 
be of interest to determine—size of litter being associated with weight—whether 
in other mammals the average period of gestation is less for male than for female 
offspring, and less for twins than for single births. We have seen that the correla¬ 
tion coefficient between the duration and order of pregnancy is small, because the 
relationship is not linear. It is hardly possible to account for the small coefficient 
of age and size of litter on similar grounds*, but it may be possible to do so on the 
ground of artificial selection. Probably the fertility of the bitch is not diminished 
until she is over five years of age. Further, we cannot attribute the small relation¬ 
ship between age and duration of pregnancy to markedly curved regression f. The 

* The relationship is as follows: 


Age in months 

6—22 

28—40 

41-38 

59—82 

Size of Litter 

8*42 

8*80 

8*64 

2*41 


t There is a fairly continuous increase thus: 


Age in months 

6—16 

17—28 

— 

29—46 

47—64 

65 and over 

Duration of Pregnancy 

60*06 

60*68 

60*69 

61*08 

61*20 
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multiple-regression equation of Duration of Pregnancy on Order of Pregnancy and 
Age at start of Pregnancy is 

= *14,99 + 0353 a ~-^ ( 

<Td 0"a 

which indicates that with equally likely deviations from the mean order of preg¬ 
nancy and mean age, the former, the order of the pregnancy, will be more than four 
times as influential as the age * 

The fact remains that none of the factors we have taken into consideration 
suffices to provide a causal explanation for the duration of pregnancy varying from 
55 to 68 days. Can it be that this duration is individual and possibly an inherited 
character? If so it would be of evolutionary importance. The evidence as to this 
possibility must be discussed on another occasion. 

No one can recognise more clearly than the writers the paucity of their data, but 
this field of investigation is of considerable interest. It is possible that an appeal 
to large breeders of dogs might produce more ample data as the variates we are 
dealing with must have been recorded in many cases. We shall be content if the 
present paper leads others to collect and reduce material on a wider basis, dealing 
if possible with small dogs of a single species ; for comparative purposes Pekinese 
or Pomeranians would be most serviceable. 

* The actual numerical equation to determine the probable duration of pregnancy <f, in days, for 
a bitch in her uth pregnancy and of age a months is 

60-557 + ‘2605w + *005,581*. 

Thus a bitch iu her fifth pregnancy and four years old—i.e. w=5 and a=48—would have a probable 
duration of pregnancy given by 

i = 60*567 +1*2525 + *2679 = 62 *08 days. 



ON THE ASYMMETRY OF THE HUMAN SKULL. 


By T. L. WOO, Ph.D. Lond., Research Fellow of the China Foundation 
for the Promotion of Education and Culture. s 

(1) Much has been written about the quantitative asymmetry of the brain, on 
the assumption that differentiated functioning of the right and left hemispheres 
might (or must) be manifested by differentiated size . On such a hypothesis the bony 
skull developing so as to fit the growing brain should exhibit significant evidence 
of this asymmetry. Reasoning in this way there is nothing in the least absurd in 
the fundamental conceptions of phrenology. What has been the misfortune of that 
science was the premature localisation of certain mental and sensory activities 
before any adequate statistical evidence was forthcoming (or had at least been 
published) for each such local assignment. Since in the case of a sensory or mental 
activity we might on the above hypothesis anticipate an exaggerated or at least 
a marked development of the brain and a correlated development of the skull, the 
question of the asymmetry of the latter becomes one of great importance. If it be 
possible to demonstrate that some well-used mental or sensory activity is controlled 
generally from a centre on one side of the brain and there is no correlated increase 
in skull size in that region, i.e. that there is no resulting asymmetry, we shall have 
a strong argument—it may not necessarily be a conclusive one—that this emphasised 
local brain activity is not highly correlated with size. To the same extent we woaken 
the standpoint of the phrenologist that a cranial “ bump ” which to a large extent 
connotes asymmetry * marks the special development of a local centre of brain 
activity. 

(2) Most measurements of the skull have hitherto been taken in the service of 
anthropology, i.e. with a view to finding the differentiated characteristics of various 
races. Racial differences were first approached from the standpoint of appearance, 
in other words from the conception of portraiture. Anthropometricians endeavoured 
to give quantitative value to the differences that were obvious to them at first sight. 
They observed the roundness of the head, the breadth of the forehead, the height 
of the face, the ellipticity of the orbit and so forth. Such measurements are usually 
composite, covering more than one bone of the skull, and are generally far from 
suitable for testing the asymmetry of the skull. Indeed they often cover both the 
homologous bones the difference in the sizes of which leads to the asymmetry, or 
again are worthless for our purpose because the measurements are taken in the 
median sagittal plane. 

* Always supposing that the homologous region—i.e. from the phrenologist’s standpoint an 
independent mental or emotional trait—does not ohanoe to he equally developed. 
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However valuable the present measures of the anthropologists may be for the 
purpose for which they were devised, it is clear that they can give no final answer 
to many important problems, and one of these is the asymmetry of the skull For 
this purpose we need measurements on the individual bones of the skull, taken in 
homologous pairs. A special advantage of taking measurements on the individual 
bones of the skull is that we thus get some idea of the size and shape of relatively 
small regions, not indeed coinciding with the phrenological areas, but giving us 
a better appreciation of local asymmetries than the run of anthropometric measure¬ 
ments can. I think it might be useful to distinguish the two types of measurements 
as ethnometric and morphometric, for both are actually anthropometric. The 
division really refers to the purposes which they are to serve; for while some few 
ethnometric characters have morphometric value, the bulk of the latter could be 
used for ethnometric distinctions, and will undoubtedly be more and more so used 
in the future developments of anthropometry, i.e. we shall gradually come to the 
study of the ethnic differences of the individual bones of the skull, rather than 
those of its composite characters—just as a study of the individual long bones has 
greater ethnic value than a study merely of stature. 

(3) Having need for one of the important morphometric problems to which 
I have referred to study the characters of the individual cranial bones, I took 
a number of measurements of each of these. I did this on the long series of 
Egyptian skulls, 26th to 30fch dynasties (Series E), in the Biometric Laboratory, 
confining my attention to those classed as male, amounting to about 800 in 
number*. On the separate bones I took 63 measurements, partly chordal and 
partly arcual. Of these 63 measurements, 50 were corresponding measurements 
on homologous bones, and accordingly of value for determining the degree of 
asymmetry in the two sides of the skull, and for measuring what regions were in 
excess on the right or on the left side with the amount of that excess. 

The following are the 25 measurements which were taken bilaterally (Figs. 1 
and 2): 

(a) Frontal Bone . F\ = minimum arc from a point on the coronal suture 
equidistant from the bregma and stephanion to the upper border of the orbit 
immediately outside the supra-orbital notch. The line of the coronal suture is 
marked in pencil to indicate its general direction, so no account is taken of a local 
indentation in determining the terminal of this measurement. The point equidistant 
from the bregma and stephanion can be found with the aid of coordinate callipers, 
or with small dividers. Although the supra-orbital notch is very variable in form, 
there is no difficulty in making the steel-tape pass immediately outside it. 

Ft = arc from ophryon to stephanion. The ophryon is defined, for this purpose, 
to be the intersection of the minimum arc from nasion to bregma and the 
minimum arc (marked in pencil) between the temporal lines. 

* Some 53,400 measurements were taken, and as each skull took over an hour to measure, it 
required a year's work to complete the series. 
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(b) Parietal Bone P t = arc from bregma to sphenion* along the line of the 
coronal suture. 

minimum arc from bregma to asterion. 

minimum arc from sphonion to lambda, avoiding the temporal squama so 
that the arc falls entirely on the parietal bonef. Thi^ measurement is generally 
close to, but not identical with, the geodesic line. 

(c) Occipital Bone . 0 7 « arc from lambda to asterion along the line of the 
lambdoid suture. This may diverge appreciably from the geodesic line between 
the points. 

ASTiutcfiwv. 

AliR*AuricuUr point 

(nttriirtfc porUm) 
/M bregma. 
K«krot*f»hl0M, 

A« lambda, 
o-ophryon. 
PTI-popt-molary pokii 
>N>^uyortor napal point 
^PHrfifphtniott. 
pbphMlon. 

ZTT* jygomaxilUre. 


..area. 

— chord*. 


0 8 = arc from the median line of the occipital bone to the asterion. The median 
line is defined, for this purpose, by the minimum arc from opisthion to lambda, and 
the join of this line with the geodesic between the asteria gives the terminal. The 
measurement is then taken along that geodesic. The opisthion is here defined to 
be the point where the extension of the external occipital crest meets the border 
of the foramen magnum . 

# If there be an epipterio bone at the pterion in contact with the frontal bone, the ephenion is 
supposed indeterminate. 

t If there be an ossicle of the bregma, that “ point” is accepted as the intersection of the lines (traced 
in pencil) marking the general direction of the coronal and sagittal sutures. The lambda and asterion 
are defined in a similar way, if supernumerary bones are present, though less exactly since each is 
defined to be the join of three sutural lines and, if it is necessary to continue them, they may not meet 
in a unique point. If the sutures round the lambda are very complex it may be neoessary to use the 
same method. 
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0 9 — chord from bftsion to asterion. 

(<J) Temporal Bone . T x ® maximum chord from the asterion to the anterior 
border of the temporal bone. When the anterior border—i.e. the spheno-squamous 
suture—is deeply dentated, but not otherwise, the anterior terminal is taken on 
the pencil line which marks its general direction. The point appears to be 
invariably above the zygomatic arch and it may be close to the pterion. 



A£T«**lerioyv. 

AURwIeulir point, 
(mkrtlrtfe porior) 

PTT-iso^-moUr^ point 

Zrr- ;$y 


- .. AVC,p. 

— — — —chords 


T 2 = chord from the auricular point to the point where the minimum arc from 
the auricular point to the bregtna meets the upper border of the temporal squama. 
In doubtful cases only (as when the margin is slightly broken, or when there is 
a clear spinous process) the squamous border is marked in pencil to indicate its 
general direction. The auricular point is defined to be the point on the upper 
margin of the auricular passage which lies in the plane bisecting the orifice 
transversely*. It can generally be found in practice by continuing forward the 
curve of the thin lip of bone which terminates posteriorly in a well-marked notch 
on the upper part of the posterior wall of the passage. 


This point is Martin's * * porion. 
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T z » maximum chord from the point where the backward extension of the 
temporal ridge meets the parietal bone to the anterior border of the squama* This 
measurement is not entirely satisfactory, but it would be difficult to devise a better 
measure of the antero-posterior length of the temporal squama. The temporal ridge 
is generally blunt, and in continuing it as a pencil line to meet the parieto-squamous 
suture considerable differences might be made by different workers*. When the 
spheno-squamous suture is deeply dentated, but not otherwise, the anterior terminal 
is taken on the pencil line which marks its general direction. ^ 

Tt « minimum arc from asterion, above the auricular passage, along the upper 
border of the zygomatic ridge to the suture with tV.i malar bone. This passes 
through the point on the temporal ridge, at the rooV of the zygomatic process, 
which is in the plane bisecting the auricular orifice transversely, i.e. the “auricular©” 
of Martin, the “point sus-auriculairc” of the French. 

chord from the asterion to the auricular point. 

Tz ** maximum chord from a point on the suture with the parietal bone, 
equidistant from the asterion and the point where the temporal ridge meets the 
parietal bone, to the tip of the mastoid process. The suture in question is made up 
of parieto-squamous and parieto-mastoid portions and it is often irregular. The 
terminal is a point on the pencil line which indicates its general direction without 
regard to local indentations. Its position is somewhat uncertain owing to the fact 
that the point where the temporal ridge meets the parietal bone in some cases 
cannot be found precisely (see the definition of T a ). 

T 7 ~ maximum chord from Martin’s “ auriculare ” (see the definition of T 4 ) to 
the most remote part of the mastoid process. The mastoid terminals of the 
measurements Tz and T 7 are not coincident. 

(e ) Maarilla. Mx x = chord from the point where the frontal, nasal and maxillary 
bones meet (the superior nasal point) to the lowest point on the alveolar process 
between the central incisors. If the alveolar processes of the two maxillae are 
completely fused the lower terminal will coincide with the alveolar point, but 
if they are slightly separated at the tips, as is often found, the two points will 
bo distinct. 

Mxz = chord from the lowest point on the alveolar process between the central 
incisors (as for Mx x ) to the “ postreme point ” on the alveolar process behind the 
last molar—the “ post-moiary point.” The last molar is normally the third, but 
fully adult specimens for which no third molars have erupted are measured. The 
measurement cannot be taken, however, if the third molar was lost before death, 
or if the alveolar process was appreciably deformed by the loss of other teeth. 

Mx 3 = chord from the lowest point on tho malar-maxillary suture (Martin's 
“ zygomaxillare ”) to the mid-point of the alveolar margin of the second premolar. 

* For the purpose of the present study male skulls only were dealt with and the point in question 
would oertainly be more difficult to determine on female specimens. 
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chord from the lowest point on the malar-maxillary suture to the post- 
molary point. 

(/) Malar Bone . Ml x — minimum arc from the point where the malar-maxillary 
suture crosses the lower border of the orbit to the lowest point on the zygomatic 
suture which is still on the lateral surface of the arch. 

Ml % = minimum arc from the point where the malar ridge meets the fronto-malar 
suture to the lowest point on the malar-maxillary suture. 

( g) Sphenoid Bone . $2 = chord from the point where the frontal, sphenoid and 
temporal bones meet (Martin s “ krotaphion ”) to the point in the median sagittal 
plane on the union of the basi-occipital and sphenoid bones (Martin’s “spheno- 
basion.”) The synchondrised basal suture can be marked by a pencil line with 
a close approach to accuracy in most cases. 

/S 3 = chord from the most posterior point of the sphenoid exposed on the base 
of the skull to the spheno-basion. The point is on the spina angularis which 
occupies the angle between the petrous and squamous portions of the temporal 
bone. This process is extremely variable in form, but the most posterior point on 
it can almost invariably be found without ambiguity. 

$5 — chord from the postreme point of the sphenoid exposed on the base of the 
skull to the krotaphion. 

$ 6 *= chord from the spheno-basion to the lowest point on the suture between 
the medial pterygoid plate and the palate bone. 

By a minimum arc a geodesic is to be understood. By a “suture” when much 
indented is to be understood a smooth line drawn midwise across the indentations. 
Arcs were measured to the nearest half millimetre and chords to the nearest ^th 
millimetre. 


( 4 ) Having reduced my measurements I computed the means, standard 
deviations and coefficients of variation of each of the 50 measurements with their 
probable errors; also the coefficients of correlation of each of the 25 pairs 
of homologous measurements. The latter I obtained in two different ways as 
a check on my results, namely (i) by the usual product moment method for which 
the 25 correlation tables arc given below, and (ii) by the well-known formula: 


r xy — 




*-v 


2 <T X <T S 




which involves a knowledge of the standard deviation of the difference of the two 
characters. The two methods should give identical results if we do not group 
a?, y and but doing so and correcting for grouping we get slight differences 
in our results for r^. The two methods, however, give results sufficiently close to 
check the arithmetic. 


Table I (p. 330) contains the values of the constants thus determined, the units 
being millimetres. In Table II (p. 333), I have arranged in order of significance 
those measurements in which the right and the left sides respectively are dominant. 
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TABLE I. Constants of the Distributions and 
Measurements in millimetres. 


Bone 


* The upper of the two correlations is found by the direct product moment method, the lower by the 
formula based on the three standard deviations. 


Constants of the Distributions 


Measure- 

No. 

Means 

Standard 

Coefficients of 

Correlation 

ment 

Deviations 

Variation 

Coefficients* 

F, 

fR 

885 

08*4381 ±-1156 

6-0986 ±-0817 

5 *1797 ±*0833 


f-9069± -0041 


u 

08 *0426 ±*1146 

5 *0567 ±*0811 

5 *1677 ± 0829 


1*9043 ± *0041 

r 

F t 

(R 

887 

88 *0070 ± *1083 

4-7796 ± -0766 

6 *4309 ± *0872 

| -9384 ±-0027 1 

u 

87 4366 ±1127 

4-9760+-0707 

5 *6910 ±*0914 

-1)366 ± -0028/ 

n 

fR 

764 

112’5780± *1467 

6 *0322 ±*1030 

6*2694 ±*0918 


(*6738 ±*01341 

1 a 

1 L 

111 *2487 ±1400 

5 *7017 ±*0090 

5*1251+ *0893 


L *6726 ±*0134/ 

n 

)r 

873 

165*3960 ±*1351 

5*9180+*0955 

3-6781 ± 0678 


[*7112± *01131 

1 3 

\L 

163*1612± *1380 

6-0431 + -0976 

3*7038 ± 0599 


L *7100 ±*0113/ 


fR 

738 

177*0305± *1451 

5*8437+ *1026 

3*3010 ±*0680 


(*7909 ±*00931 

* 4 

\L 

175*6199±1480 

5*9608 ±*1047 

3*3942 ±*0597 


t *7897 ± *0093J 

T\ 

(R 

m 

86*0167 ±*0802 

3*8921 ± *0631 

4 *4780 ±*0727 


(*8133 ±*0078 

1 

XL 

86*0242 ±*0879 

3*8341 + *0622 

4-4670 ± -0724 


[*8105 +*0079 

\ 

T t 

[R 

860 

46-6202 ± -0872 

3*7813 ±*0616 

8*1098+*1331 


•8146+-0078 

1 

\L 

46 *7956 ±*0855 

3-7090± -0606 

7 *9260 ±*1300 


(/8116 ± *0079 j 


rn 

fR 

871 

66-2204 ±'0976 

4 *2700 ±*0690 

6*4482 ±*1046 


*8603 ±*0064 

l 

* 3 

\L 

65*7371 ±*0972 

4*2637 ±*0687 

6*4709 + *1050 


[*8480+*0064J 

r 

.T t 

fR 

726 

99*7293 ±*1075 

4*2959 ± 0760 

4*3076 ±*0764 

I 

*8061 + *0088 

l 

\L 

99-4290±-ll21 

4-4767 ±-0792 

4*5024 + *0799 

1 

L *8039 ± *0089J 


T„ 

J R 

876 

46 *9612 ±*0627 

2*7499 ±*0443 

5*9831+ *0967 

J 

[*6729 ±*0126 

1 

\L 

46*0000+*0630 

2-7664+ -0446 

6*0096 ±*0972 


j/6716 ± *0125J 

■ 

n 

Jr 

827 

45*5266 ±*0889 

3*7915+ *0629 

8*3281 ± *1391 

I 

•7748 ±-0094 

L 

\l 

45*8761 ± *0886 

3*7788 ±*0627 

8*2370± *1376 


[*7718 ± *0096J 


t 7 

fit 

840 

36*1369± *0684 

*2*9405 ± *0484 

8*1374 ±*1348 


*7937 ±*0086 

L 

u 

351)714± -06(»5 

2-8605 +-0470 

7 *9410 ± *1316 

\*7925±*0087J 



fR 

710 

75 *0542 ± 0863 

3*4328 ±*0611 

4*5738 ± *0816 


*8315 ±*00781 

I 

»2 

\ L 

74*7774 ±*0881 

3*5017 ±*0623 

4 *6828 ± *0835 


[ *8280 ± *0079! 


c* 

fR 

866 

36*2992 ±*0443 

1*9344 ±*0314 

5*3289+ *0866 

\ *7771 ±*0091 

1 


1 L 

36 *5860 ±*0462 

2*0146 ±*0327 

5 *5065+*0895 

1 -7733 ± -0092j 

■ 

&C> 

fR 

722 

56*6454+ *0864 

3 *4406 ±*0611 

6*0739 ±*1082 

) -7962 ±-0092) 

1 

\L 

56*3102+*0865 

3*4481 ±*0612 

6*1234 ±*1091 

^*7926 ±*0093 

r 

A 

1 R 

808 

1 35 *5364 ± *0569 

2 *3965 ±*0402 

6*7438 + *1137 

f*8776 ±*00561 


U 

35 *5016 ± 0579 

2 *4399 ±*0409 

6*8727 ±*1159 

\ *8750 ± *0056 j 

r 

Ml x 

(tt 

817 

49 *3853 ±*0734 

3*1118 ± *0519 

6*3011 ±*1056 

(*9219 ±*0035 \ 

XL 

49 *9642 ±*0757 

3*2068 ±*0535 

6*4182 ± *1076' 

1 *9177 ± *0037 ( 

Ml* 

/A 

718 

59*4213 +*1102 

4 *3794 ±*0780 

7*3701 ±*1319 

f 

*9399 ±*0029| 


\L 

59*5829+ *1146 

4*6542 ±*0811 

7*6435 ±*1368 

1 

*9378 ± *0030J 


Mx x 

(It 

602 

06*5954± *1007 

3 *9276 ± *0712 

5*8978+ *1073 

J-9706 ±-0012) 


XL 

66*3685 ±*1001 

3*9045 ±*0708 

5*8830 ± *1070 

1-9738 ±-0013] 


Mx<i 

IR 

517 

55 *6924 ± *0851 

2*8695 ±*0602 

5*1524 ±*1084 

| *9278 ± *0041 \ 

U 

55 *9226 ± *0867 

2 *8899 ±*0606 

5*1677 ±*1087 

1 *9228 ±*0043 f 

Mx z 

(R 

451 

40*8182 ± *0997 

3*1396 ± *0705 

7*6917 ±*1738 

| -9134 ±-00631 


XL 

40*8803 ±*1031 

3 *2453 ±*0729 

7*9385 ±1794 

j -9093 ± -0066J 


M,% ' 4 

<R 

545 

38*3780 ± *0740 

2 *5924 ±*0530 

6*7549± *1386 

J *8616 ± *00741 


XL 

38*3541 ± *0796 

2 *6823 ±*0548 

0*9936 ±*1436 

\ *8556 ± *0076J 


<h 

(R 

864 

07*3113 ±*1226 

5*3384 + *0866 

5 *4859 ±*0893 

( 

•7964 ±-00841 

\L 

98*6551 ±*1271 

5 *5363 ±*0899 

5*6118 ±*0914 

i 

•7940 ± *0085J 


o» 

S It 

858 

63 *7943 ± 0849 

3*6869 ±*0600 

5*7793± *0944 

J 

*5379 ±*01641 


U 

63*3409 ±*0758 

3*2930 ±*0536 

5*1988 ±*0849 

1 

*5345 ± *01661 


0. 

JR 

868 

74*7284 ±*0791 

3*4344 ±*0559 

4*5959 ±*0760 

J 

*7928 ± *0086\ 

U 

74* 4242 ±*0760 

3 *2980 ±*0537 

4*4313 ±*0723 

1 

.*7892 ±*0087/ 












Differences of Homologous Bones of the Human Skull. 


Measurements in millimetres. 


Constants of the Differences of Means 

Constants of the Differences 
of Absolute Variabilities 

Constants of the Differences 
of Relative Variabilities 

Mean Pifferenoes 

Standard 
Deviations <r A 

Ratio 

A/( p.e.of A) 

A 

ff R ~ *h 

Standard 
Deviation 
of ax - <s h 

Ratio 

A/(p.e. of A) 

K 

Vh-Vl 

Standard 
Deviation 
of V R -V L 

Ratio 

A/(p.e. of A) 

4- ‘3955 + *06036 

2*22161*03661 

+ 7*85 



+0*86 


•073,669 

+ 0-44 

+ *5704±*03959 

1*74781-02798 

, +14-41 



-5-13 


-1164,928 

-5*94 

+ 1*3302±‘U572 

4-7177 ±-08204 

+ 11-49 

+ •2305 

•15662 

+2*18 

+ *1443 

•140,115 

+ 1-53 

+ 2*2348+ 10402 

4 56621*07354 

+ 21*49 

- *1251 

•14230 

-1-30 

- -1267 


-2*16 

+ 1-4106± -09608 

3-8292 + -06724 

+ 14-84 

-*1171 

•13300 

-1*31 

- *0932 

•075,484 

-1*83 

+ *89161-05453 

2-3791 +-03858 

+ 16-35 

+ •0580 

•07641 

+ 1-13 

+ *0210 

•088,438 

+0*35 

- *1694 + -05302 

2*24891-03666 

- 3-20 

+ •0723 

•07425 

+ 1-44 

+ *1838 

•169,601 

+ 1*71 

+ -4833+-05369 

2-3762+-03838 

+ 9-00 

+ -0163 

•07600 

+ 0-32 

- *0227 

•115,443 

-0*29 

+ -3003+-06889 

2-7524 ±-04872 

+ 4-36 

-•1808 

•09643 

-2-78 

-*1948 

•096,973 

-2*98 

- *03881-05095 

2*23261*03597 

- 0-76 

- -0165 

•06891 

-0-36 

- -0266 

•150,184 

-0-26 

- -3495 ±'06996 

2-5570± -04240 

- 5-83 

+ *0127 

■08320 

+ 0-23 

+ •0911 

•182,488 

+0*74 

+ '1046 +-04349 

1*8690+-03076 

+ 3-78 

+ •0840 

•06088 

+ 2-05 

+ •1964 

•169,394 

+ 1*72 

+ *27681*05117 

2-0345 ±-03619 

+ 5*41 

-•0689 

•07186 

-1*42 

-•1090 

*096,031 

-1*68 

- -2868+-03062 

1-3317 ±-02159 

- 9*40 


•04227 

-2-81 

- -1775 

•116,113 

-2*27 

+ -3352+-05568 

2-2183 ±-03937 

+ 6*02 




- -0495 

-137,625 

-0*53 

+ *03491*02871 

1-2098 ±-02030 

+ 1-22 



-1*58 

- -1289 

-115,154 

-1*66 

- -5789+-03033 

1-2851 ±-02145 

-19-09 

-•0950 

•04289 

-3-28 

-•1171 

*086,439 

-2-01 

- -16161*03989 

1-6497 ±-02938 

- 4-05 

-*1748 

•05710 

-4*54 

-•2734 

•096,210 

-4*21 

+ *22691 *02298 

*89611*01625 

+ 9-87 

HH 

-03202 

+ 1*07 


•048,190 

+0-46 

- *23021*03358 

1-13201*02375 

- 6-86 






-0*27 

- *06211*04331 

1*36371-03063 

- 1-43 


•06129 

-2*56 

-•2468 


-2*43 

+ *02391*04103 

1*30061*02443 

+ 0-58 


•05741 

-2-32 

-•2387 


-2*36 

•1*34381*08022 

3-4955 +-05673 

-16-75 

-*1979 

-11223 

-2*61 

- -1259 

-114,654 

-1-63 

+ *45341*07796 

3-3850+-05511 

+ 5*82 

+ *3939 


+5*80 


•158,784 

+5*42 

+ *30421*05043 

2-1807±-03565 

+ 6-03 

+ *1364 


+ 2-89 

+ •1646 


+2*59 
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On the Asymmetry of the Human Skull 

It will be seen that of the 25 characters we can only say of four that no definite 
asymmetry is indicated. Further, of these four measurements none is of first-class 
importance so far as the brain is concerned, that of most interest being the chord 
from asterion to auricular point. A noteworthy fact is that none of the measure¬ 
ments gives us differences of right and left measurements lying between two and 
three times their probable errors—the region in which significance is doubtful. No 
less than 14 of the measurements fall into the markedly significant group, while 
another seven are with high probability significant. We conclude therefore that 
the human skull from its very nature (like the internal organs of the human body) 
is asymmetrical \ it is not a question of asymmetry in the individual, but of 
asymmetry in the type. The sculptor who desires to form not a portrait, but 
a typical representative of man (or of a god in the image of man) must model the 
head asymmetrically *. The leading feature of this asymmetry is the predominance 
of the rigfU-hand side. Examining Table II we find that the right side bones 
are predominant in 16 of the 25 measurements, as against nine on the left 
side. The table indicates further that the average measure of significance is 
8‘66 on the right as against 7*49 only on the left. Of the eight most significant 
differences, six are on the right side, only two on the left. All the measurements 
of the frontal and parietal bones show marked excess on the right side. They thus 
confirm the conclusion already reached in this journalf that the right cerebral 
hemisphere is the larger. Even with the sphenoid bone three out of the four 
measurements are predominant on the right, but the fourth measurement, the 
distance from the postreme point of the sphenoid to the spheno-basion, is 
markedly significant, and predominant on the left. The malar bone, so far as we 
can judge from two measurements, is predominant on the left side. The marked 
right predominance of the fundamental vertical measurement (Mx x ) of the maxillary 
bone possibly accounts for the nasal wryness which is so common, i.e. the slight 
drawing up of the nasal ala or even the mouth on the left. On the other hand, the 
horizontal Mx 2 is larger on the left, indicating that the left upper jaw is larger than 
the right. It is therefore possible that a correlated predominance of the left side 
of the mandible exists, and this point would be worth investigating. 

Of the seven measurements of the temporal bone, one difference is practically of 
no significance, the distance from asterion to auricular point, I* being practically 
symmetrical. 

Of the remaining six measurements four are predominant on the right side and 
two of these very markedly so. The two measurements predominant on the left— 
both vertical measurements—are significant but neither very markedly so. On the 
whole the temporal bone while not entirely dominant on the right side must be 
considered as part of that system of frontal and parietal bones which gives pre¬ 
eminence to the right side. 

* Quite recently an obtuse writer laboriously measured the heads of Greek statues, and accused the 
sculptors of the Periolean age of making their gods asymmetrical! 

f Headley and Pearson: 44 On Measurement of the Internal Diameters of the Skull.” Biomtrika> 
Vol. xxi. pp. 85—128. 
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TABLE II. Dominance of Right and Left Cranial Bones f estimated by Average Size . 


■ 

Bight Dominance 

Left Dominance 

■ 

mm 

Length 

&B-L 

Bone 

Length 

&R-L ! 

H 

p.e. of Ajj-t 

e mem 


Parietal 

•fs 

+ 21-49 





— 


— 

Malar 

ML 

-19*09 


— 

— 

— 

Occipital 

0, 

-16-76 

1 

Temporal 

T x 

+ 16-35 

— 


— 

Parietal 

Pi 

+ 14-84 

— 

— 


1 

Frontal 


+ 14-41 

— 

— 

_ 

•s? 

Parietal 

Pi 

+ 11-49 

— 

— 

_ 


Maxillary 

Mx\ 

+ 9-87 

— 

— 

— 


— 

— 

— 

Sphenoid 

S 3 

-9-40 

1 

Temporal 

r, 

+ 9-00 

— 

— 

— 

<1 

Frontal 

F x 

+ 7-85 

— 

— 



— 


— 

Maxillary 


-6-86 


Occipital 

O 0 

+ 6-03 

— 

— 


Sphenoid 

St 

+ 6-02 

— 

— 

— 

1 



_ 

Temporal 

T* 

— 5*83 

0 

ep 

Occipital 

0 8 

+ 5*82 

— 

— 

— 

0 

Sphenoid 

% 

+ 5-41 

— 

— 

— 

ho 

m 

Temi>oral 

+ 4-36 

— 


— 

% 8 




Malar 

Ml % 

-4-05 


Temporal 

t 7 

< + 3-78 

— 

— 

— 

<§.!> 
^ OQ 

— 


— 

Temporal 

t 2 \ 

- 3*20 

-M 

a 

dj 

_ 

_ 

_ 

Maxillary 1 

Mxt 

-1-43 

Sphenoid 

Maxillary 

Si 

+ 1*22 

— 

— 

— 

o?5 

P 

Mx 4 

+ 0-58 

1 — 

— 

— 

. 5 ° 

’S 3 

— 

— 

— 

Temporal 

T t 

-0*76 



Mean Right +8*66 


Mean Left —7*49 


Now it is somewhat difficult to realise how predominance of one side can 
arise without a counterbalancing predominance somewhere else on the other. 
We might possibly anticipate a greater predominance of the left side on the 
cerebellar and basal portions of the skull. The occipital arc, from lambda to 
asterion, O 7 , is very significantly greater on the left, but not so the lower arc, 0 8 , 
nor the chord from basion to asterion, 0 9 . S 9 is again, however, greater on the left. 
It is clear that we cannot state any rule as to left predominance compensating for 
right predominance owing to their balancing on the skull. The asymmetries of the 
cranial bones do not equalise each other, so as to produce a symmetrical total head 
form, rather they tend to give a distorted form to the skull as a whole. 

We can examine the problem from another standpoint, that of the percentage 
of cases on either side in which the right or left measurement is in excess. The 
Biometrika xxn . 32 
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two methods, that of predominance of mean size, and that of predominance in 
number of individuals, need not necessarily lead to the same results. The reduoed 
data will be found in Table III. It is needful, however, to consider first what 
is the probable error of the difference of two percentages in a population. Let 
the numbers corresponding to the two percentages p, and pt be n, and n« in 
a population of size N] then if p^t be the percentage difference 

p, = 100 n,/N, p t —100 n t /N, 



100 , X , - 

p*-t 9 (fyr — ftt) fcttd p M = 

100 .. 

N <*•- 

thus 

3p,_e - ^ (Bn, - Sn t ), 



* *“ o*nt~~ 2o’ ll# o- n< r n# « l ). 

But 

ff*n, = n, (l = n t 1 


and 

n g n t 

°"nt 1*nj, ng ** jjT 

> 


i 


where nt are the reduced parent population values which for want of better 
information we put equal to the sample values. Thus 


{10Q\* („ ^ m 

100 /. , . 1 

~- F \p^-ioo 


{n» - n t f\ 

N ) 
(p«-£«)*)• 


Probable error of 


67449 

fN 



approximately, substituting the observed values. 

We can now form Table IV (p. 336), corresponding to Table II, and arranged 
according to the significance of percentage differences. There is not much change in 
the order or magnitude of the significance of the several cranial lengths, whether we 
judge dominance by average size or relative percentage of excess. The tendency when 
using percentage excess of size is to somewhat reduce the position of the measure¬ 
ments. Taking, however, the “ significant ” and “ markedly significant ” differences 
17 out of 18 remain in the same group; only the sphenoidal length 8% has dropped 
out of the “ significant " into the “ probably significant ’’ category. Mx% has passed 
from “ non-significant " dominance on the left to the same category on the right; 
no other measurement has changed its dominance. In other words, whether we 
judge by percentage of excess in size, or by mean size, the bones on the right side 
of the skull possess a dominance in the ratio of about 12 to 5 in the classes where 
significance may be taken to be certain. Why the antero-posterior lengths of 
malar and occipital bones should be so markedly greater on the left, I am unable 
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TABLE III. Percentages and Significance of their Differences . 



* These are (be percentages of the oharaoters equal, not to the unit of measurement, but to the unit 
of grouping used in the correlation tables. The grouping unit was 1 mm. in 21 oases, 0*0 mm. in 2 eases 
(8 t and 8 *) and 0*5 mm. in 2 oases (T % and 2?}. 


22—2 
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TABLE IV. Dominance of Right and Left Cranial Bones, 
estimated by Percentage Excess. 



Bight Percentage Excess 

Left Percentage Excess 


Bone 

Length 

*Pn ~Pl 
p.e. of A 

Bone 

Length 

A Ph-Pl 
p.e. of A 


Parietal 

p 

+ 19-38 

_ 

f 

_ 


_ 


— 

Malar 


-17*29 

a 

se 

Temporal 

Ti 

+ 15-64 

— 

— 

— 

ep 

Frontal 

Pi 

+ 16-16 

— 

— 

— 

1 

— 


— 

Occipital 

Or 

-14*66 

*53 

Parietal 

P t 

+ 13*40 

— 

— 

— 


Parietal 

P* 

+ 11-28 

— 

— 

— 


Maxillary 

Mx x 

+ 9*01 

— 

— 

— 

i 

Temporal 

$ 

+ 8-46 

— 

— 

— 

c8 

Frontal 

Pi 

+ 7-71 

— 

— 

— 


_ 


— 

Sphenoid 

$3 

- 7*61 



— 

— 

Maxillary 

Mx z 

- 6-06 


Sphenoid 

S, 

+ 5*70 


_ 

_ 

g 

— 

— 

— 

Temporal 

T t 

— 5*55 

9 

Occipital 

^8 

+ 4*79 

— 

— 

— 

*| 

Occipital 

o e 

+ 4*76 

— 

— 

— 

m 

Temporal 

T* 

+ 4-43 



“ 

*1 

Sphenoid 

S* 

+ 3*97 

_ 


_ 

*2 ° 

$ «n 

— 

— 

— 

Temporal 

Tt 

- 3-75 

o d 

— 

— 

— 

Malar 


- 2*80 

s-i 

Temporal 

T, 

+ 2*65 

— 

— 


,1 

Maxillary 

Mx 4 

+ 1*23 

_ 

_ 

_ 

q 5 

O <J3 

— 

— 

— 

Torni>oral 

T 6 

- 0-59 

5*5 a 

Maxillary 

Mx 3 

+ 0-36 

— 

— 

— 

bC 

'S3 


s* 

+ 0*20 

— 




Mean Dominance Bight 

+ 7*64 

Mean Dominance Left 

, - 7*29 


to say. The value of Mix + T t + 0 7 , which is very nearly the whole arc from sub¬ 
orbital point to lambda, via the asterion, is 1/62 mm. greater on the left than on 
the right side, while the parietal arc, P 4 , from lambda to sphenion, is greater by 
1 '41 mm. on the right; this would seem to indicate that the dominance on the 
left side, if due at all to brain growth, is cerebellar, as the malar length can be less 
influenced by such growth. 

It is one thing for homologous lengths to differ in mean size, another for 
homologous lengths to be highly correlated, which signifies that their deviations 
from their respective means are closely related. It will be now of interest to 
arrange the twenty-five pairs of homologous lengths in their order of correlation. 
This is done in Table V. 
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The main feature of this table is that the fecial lengths are those most highly 
correlated, while those of the temporal, occipital and parietal regions are less 
closely associated. Suppose a type skull formed with the average asymmetries we 
have shown to exist, then if any individual skull deviated from these type 
asymmetries on the right side, there would be a correlated deviation in the same 
sense on the left side, and these deviations would be in closer accordance on tie 
anterior or facial portion of the cranium than on parts posterior to the corona] 
suture. 


TABLE V. Ooi'relations of Homologous Lengths in order of Intensity . 


Length 

Correlation 

Length 

Correlation 

Length 

Correlation 

Ma\ 

•9766 

T s 

•8503 

Ft 

•7909 

Ml. t 

•9399 

a. 

•8315 

S 3 

*7771 

F, 

•9384 

t 2 

•8145 

r B 

•7748 

Mx, 

•9278 

T x 

•8133 

p 3 

•7112 

Ml, 

•9219 

Ta 

•8061 

p* 

•6738 

ifx 3 

•9134 

$r. 

•7962 

Ts 

•6729 

Ft 

•9059 

0, 

•7954 

On 

•5379 

s t 

•8776 

t 7 

•7937 


— 

Mx^ 

•8616 

0 Q 

•7928 

— 



(5) Variation. 

If the right side of the cranium is on the whole significantly dominant in size, 
it remains to consider the distribution of the variability, absolute and relative, of 
the skull. Is the right or the left side the more subject to limitation in its 
variation; is either by reason of its functions more stringently bound to type than 
its opposite? Or, shall we find equality of variability in homologous lengths 
notwithstanding their divergence in size ? 

The data for answering this problem are provided by the last six columns of 
Table I. In the first three of these columns absolute variabilities are dealt with. 
We have the difference of the standard deviations on the right and the left, then 
the standard error of this difference, which is provided by the formula* 

1 __ 

a *R-°L - ^ v<r* a 4* <t l * - SrjuVaCT*, 

and in the third column we have the ratio of the difference of the standard 
deviations to its probable error (i.e. *67449 x standard error). In the last three 
columns relative variabilities are dealt with. In the first we have the difference 
of the coefficients of variation for the right and left homologous lengths; in the 
second of these three columns we have the standard error of the difference of these 
coefficients provided by the formula* 

- 2)j V « v t + (iJ^a ( + V S- 2rV *'. 

# Here r is the correlation of the right and left homologous lengths. Of course these formulae are 
only approximations suitable to large samples, such as they are in our case. 
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and the last column gives the ratio of the difference of the coefficients of variation 
to the probable error of that difference. 

From the ratio columns, Table VI has been drawn up. We can draw at once 
certain conclusions from Table VL It will be seen that the cases of* marked 
significance, which were so noteworthy when we considered dominance of size, do 
not occur at all. In other words, laterality is not a marked feature of variability 
either relative or absolute. Again, while the size dominance was on the right in 
the proportion of 16 to 9, the dominance of variability is on the left in the 


TABLE VI. Significance of the differences of Relative and Absolute Variability 

on the two sides of the skull . 



Absolute Variability 

Relative Variability 




Ratio 


Length 

Ratio 


Bone 

Length 

Right 

Left 

Bone 

Right 

Left 





in excess 

in exoess 



in excess 

in exoees 

-^j 

Occipital 

Os 

+ 5-80 


Frontal 

F t 


-6*94 

£1 

Frontal 

Ft 

— 

-6*13 

Oocipital 

Os 

+ 5*42 

— 

8) 

in 

Malar 

Ml a 

— 

-4*54 

Malar 

Ml* 

— 

— 4*21 


Malar 



-3*28 

Temporal 

T t 


-2*98 


Oocipital 

o t 

+ 2*89 

— 

Occipital 

Ot 

+2*59 

— 

it 

Ph -g* 

Sphenoid 

Temporal 

S a 

T t 

— 
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proportion of 15 to 10 . Out of those cases for which dominance is either 
significant or possibly significant the ratio in favour of the left side is 7 to 2 for 
absolute and 8 to 2 for relative variability, giving a 15 to 4 proportion instead of 
15 to 10 . There seems little doubt therefore that the left side is somewhat less 
limited to type than the right side of the skull *. Confining our attention to the 
really significant group we remark that the chance of equalling or exceeding 
±4*21 times the probable error in one trial is only about and therefore the 
probability that in 60 trials we should get six such values is exceedingly small. 

We see that the undoubtedly significant group consists solely of three lengths, 
one from the occipital with right dominance, two with left dominance from the 
frontal and malar bones. With one exception, 2a, the lengths with dominance for 
absolute variability have the same laterality for relative variability, so that we 
need not distinguish between the two. Of the 25 characters the dominances in 
size and absolute variability have the same laterality in 15 cases, the opposite 
laterality in 10 cases* Of these 10 cases (judged by variability) the difference is 
markedly significant in one, F 2f possibly significant in two, T 4 and Mx if and non¬ 
significant in seven. In Mx A the size difference is non-significant, but it is significant 
in F 2 and 2V Of the 15 cases in which the dominance in size and in variability 
has the same laterality, 0 8 has significance for both, the malar bone measurement, 
Ml 2 , has significance for both, Mix has marked significance for size, and doubtful 
significance for variability; of the six quantities which are possibly or just possibly 
significant for variability, P 2 , S 2t 0 7 and 0 9 are markedly significant for size, 27 is 
probably significant for size and Mx 2 is non-significant for size. There are six cases 
in which the variability dominance has no significance. Thus in the case where the 
dominances are of unlike sense there are only two measurements, F 2 and T 4 , in which 
it is almost certainly significant for both size and variability. In the case where the 
dominance is of like sense, the lengths 0 8 and Ml 2 have adequate significance for 
both size and variability; 0 7 , 0 ®, S 2 and Mix have doubtful significance for one or 
other character, and P 2t T 7 have extremely doubtful significance for variability. 
Accordingly we have left four lengths distributed over four bones, F 2j T a , Ml 2 and 
0 8 , two of which have unlike and two like dominance in size and variability. Thus 
it seems idle to argue from these as to any correlation, positive or negative, 
existing between dominance in size and in variability f. It is clear that laterality 
has far less influence on variability than it has on size, and less on relative 
variability than on absolute variability. 

( 6 ) The conclusions of this paper are of the following kind: 

(i) The human skull is definitely and markedly asymmetrical. It is not 
a question of the bones of individual crania differing from a symmetrical type, 
but the type cranium is itself asymmetrical. 

# The odds against suoh an excess of dominance on the left are about 29 to 1. 

t The ratios of significance for size and for absolute variability were correlated and gave the result 
0*2989 ±*1282. Thus significant greater variability was associated with significant greater size, and not, 
as one might a priori suppose, a stringent predominance of size with a lesser variability. But the 
correlation is under 2*5 tames its probable error, and it is too doubtful in itself for one to say more than 
that there is not sufficient evidence to indicate a relation between dominance in size and variability. 
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(ii) Some dimensions of the cranial bones have dominance on the right side, 
some on the left, but on the whole the right side for size has dominance over the 
left. This is especially true for the frontal and parietal bones; the malar bone is 
the only case in which the left side has dominance for all measurements taken, 
and this bone has less relation to brain development. 

(iii) The anterior homologous lengths, particularly those of the face and 
forehead, are those most highly correlated, right and left. 

(iv) The order of absolute variability is much the same as that of relative 
variability. There are no cases of markedly significant differences in variability of 
right and left bones. There are only three cases of definitely significant differences 
of variability, one on the right and two on the left. No relation of any importance 
was discovered between dominance in size and dominance in variability. 

(v) Whatever causes, associated with brain growth, or otherwise, lead to 
dominance in size of certain lateral portions of the skull, these do not appear to 
restrict the variability of those portions in any sensible degree. That is to say, 
type is differentiated laterally, but not deviations from type. 
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TABLE VII. 


Frontal Arc Measurement F t 
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Frontal Arc Measurement F t . 

















































































































TABLliX. 

Parietal Are Measurement P t . 


Parietal Bond, P t . (Central Value*.) Bight. 
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TABLE XI. 


Parietal Are Measurement P t . 

Parietal Bone, P 4 . (Central Values.) Eight 
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Temporal Chord Measurement T v 
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TABLE XV. 

Temporal Arc Measurement T t . 

Temporal Bone, T t . (Central Values.) Right. 
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Temporal Chord Measurement T % . 
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TABLE XVH. 


Temporal Chord Measurement T t . 


Temporal Bone, T t . (Central Values.) Bight. 
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Temporal Chord Measurement 5P,, 

Temporal Bone, T v (Central Values.) Eight. 
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TABLE XIX. 

Sphenoidal Chord Measurement S t , 

Sphenoid Bone, 8 t . (Central Values.)- Right. 
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Sphnoidd Chord Measurement S z . 

Sphenoid Bono, 8 t . (Central Values.) Right. 
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TABLE XXL 


Sphenoidal Chard Measurement S y 

Sphenoid Bono, S 6 . (Central Value*) Right. 
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Sphenoidal Chord Measurement 8 t . 

Sphenoid Bone, S t . (Control Values.) Right. 
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Maxillary Chord Measurement Mx K 

Maxillary Bone, Mx it (Central Values.) Right. 
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TABLE XXX. 
Occipital Arc Measurement 0 t . 

Occipital Rone, 0,. (Central Valuee.) Right. 
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THE MEAN AND SECOND MOMENT COEFFICIENT OF 
THE MULTIPLE CORRELATION COEFFICIENT, IN 
SAMPLES FROM A NORMAL POPULATION, 

By J. WISHABT, M.A, D.Sc. 

(Statistical Department, Rothamsted Experimental Station.) 

Our knowledge regarding the sampling distribution of the multiple correlation 
coefficient has been very greatly increased in recent years. It has been known 
since 1924 that, for the special case of zero correlation in the universe, the distri¬ 
bution of R for samples from a normal population is given by* 

df -- vy-'dw .a), 

where a is put, for convenience, for one-half the number of degrees of freedom due 
to the regression function (i.e. the number of independent variates), and b for one- 
half the number of degrees of freedom due to deviations from the regression 
function (i.e. the total number in the sample less the total number of variates). 
Tables exist for determining the probability of occurrence of a given R from this 
distribution, and extend to six independent variates and for a size of sample of 
about 100 f. More recently the general distribution of R has been reached by 
Dr R, A. Fisher and a table, appropriate for large samples, has been furnished 
whereby the experimenter may, by suitable transformations, determine approxi¬ 
mately the significance of an observed R in relation to a given multiple correlation 
in the universe, exact account being taken of the positive bias of small observed 
multiple correlations. It is an interesting mathematical exercise, not altogether 
devoid of practical interest, to use Fisher's distribution to determine the exact 
nature of this bias, i.e. the amount by which the mean value of R (or J8 1 , which as 
we shall see is the more amenable to analysis) is in excess of the true correlation 
p (or p*) existing in the universe. The purpose of the first section of this paper is 
to determine the mean value of i?. Later, the analysis is extended to the deriva¬ 
tion of the seoond moment coefficient, or variance, of 2J 1 , although the utility of 
this quantity, for a distribution which is far from normal, is not so great as would 
at first sight appear. In both cases the results are compared with Hall's large 
sample approximations §. 

* B. A. Fisher, Phil . Trant. B, Vol. 218,1924, pp. 89—142. 
t J/ Wishart, Quart . Joum. Roy , Met, Soc. Vol uv. 1928, pp, 258 — 259. 
t ft A. Fifcher, Pfoc . Roy. Soc. A, Vol. 121,1928, pp. 654-078. 

8 P. Hall, Biometrika , Vol. six. 1927, pp. 100-109. 
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Fisher’s general distribution is 

df = JWZT Tt (! - P') a+b • F(a + 6, a + 6, a, p*22*) . (22*)- 1 (1 --® 1 ) 6-1 *(&) 

' .( 2 ), 

and he notes that, when 26 is even, we may use the Euler transformation of the 
hypergeometric function to obtain the distribution in the form 

if- .-r^fe- n ki n- b,-h,a, 1 -Bfr'iW 


(o-l)!(6-l)!(l-p*22*)<»+»- 


•( 3 ), 


giving a terminating senes. 

The fact that, for 26 even, he has given the probability integral enables us 
without a great deal of difficulty to determine for the special cases 6 = 1,2 and 3 
the first and second moments of the distribution (3), and thence to infer the 
general result for any 6, which is probably true without any restrictions as to 
whether 26 is even or odd. 

A. Determination of Mean Value of 22*. 

We may conveniently put 22*p* = x. 

Case 1. 6 = 1. The distribution is 


df- 


(1 — p*) a+1 (a + x) of 1 - 1 


dx 


.(4). 


(p*)“ (l-®)«+* 

We now multiply by 22*, i.e. by <r/p*, and integrate with respect to x from 0 to p*. 
Noting that the indefinite integral of (4) is 

(1 - p*) 0+1 afl 
(p*)° (1 —x) a+1> 

we have 

on integrating by parts. Leaving the result in this form meantime we shall con¬ 
sider other cases. 

Case 2. 2. The distribution is 

{o(a + l) + 4(a + l)® + 2<r*} op- 1 (1 — «/p*) 

df ~ (p»)» * (1 -x)*+* . 

and the indefinite integral 

(1 l (a + 2)(l-<r/p») _ 1-2<r/p« l 

\p'Y | (i-®)«+* (l-*)«+*) ’ 

which may be written 

(1 -p*) 0 -* f(o +1 +®)(1 -«/p*) ®/p* 1 - 

(p*)° \ (!-«)“+» + (1-«)«^J 
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We have, then, 

g> _(l-p«)^ rp* f(q +1 + s) (1 — s/p *)afl ) 

* IF Jo Xd {-(I^T 5 - + (NiH 

_ (1 -p*)« + * p* (q +1 + s) (1 — s/p*) s° , /I - pV+* p* , 

w +r_ Jo (i-*) o+ * Joa-^ 4 * * 

on integrating by parts, 

. (l-p*)°+* /■/>*., . ,, , f a?* 1 ) /l-p*\«+* fp* s 041 , 

’ 1 - -5#- J, <‘ 1(1^*} - ty-) J. (i^r i<ta ' 

from the integral of (4) on replacing a by a +1, 

. 

on further integrating by parts. 

Case 3. b « 3. The distribution is 

7 2 (p*)° 

x {a(« + l)(q + 2) + 9(q + l)(q + 2)s+18(q + 2)s* + 6s 8 } x a-i( l _ x j pV p ^ ^ 

(1 — s) 0+ ® ’ 

and the indefinite integral 

(1 - p') a +* f(q + 3)(a+ 4)(1 — s/p*)* 2<q + 3)(2-3s/p*)(l-s/p*) 

2 (p*)° ( (i—«)“+* .. 

2j L -8.;^/ £ gi 

(1 — s)® 4 * j 

This may be written 

(1 - p*)** 3 H(q +1) (q + 2) + 4 (a + 2)« + 2s*} (1 - s/p*)* 

2(p*)» L ' ' (1-«)•+* 

2s/p* (q + 2 + s) (1 - s/p*) 2s*/p 4 ] 

+ (l-s)«* + (T^r*J ^ 

For the mean value of iJ* we have, on integrating by parts, 

B* = 1 _<1-^ f P ’ {(a + l)(« + 2) + 4(q + 2)s + 2s*}s°( l-s/p»)» iir 
= 2(p*)°* 1 Jo (i-sj®+“ 

(l-p*)®+*/ - o , (q+2 + s)s°+ 1 (l-s/p*) j_ /I — p*\°+* f^ s 04 * j_ 

" (p*) 04 * Jo "(I-*** \ 7~J Jo(l-^ 

Now utilising the integral of (6) and replacing a by a +1, we may write the first of 
these integrals in the form 

(1 - p*)»+* p* , , a . , [(q + 2 + s) (1 - s/p*) s°+i s«+*/p* 1 

-pjjsi-+ (T rjyS>) 

(1 — p*) 043 f' , ‘(q + 2 + s) (1 — s/p*) s® 41 , 1 /I — pP\*** s°+* , 

" _ 2<?r r J.-<r=i?*-J. 

on integrating by parts. It follows that 

*-> - i ( -yr j; <- ** * -1 
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The reduced integral may be simplified by using the integral of (4), in which a is 
now replaced by a + 2, and is 

2 TPr*- J . ( ~‘ lp) |(T=^s»} ’ 2 r/y J„ a 

on integrating by parts. Finally we have 


. 


53 ^(l. 1. o + 5+l, p*) 


It is evident from (5), (7) and (9) that the general result for any integral b is 

- ... <io) - 

Now when x is less than unity the denominator may be expanded in a con¬ 
vergent series, which when integrated term by term yields the result 
rpi t (j * + bl { a + bf (a + b + l)' . . 

Jo (1— x) a +* |a + M "»+&+l + 2 ! (a + 6 + l)(a + 6 + 2) j Jo 

(0*)°+* 

= a ^ ( a + 6, a + b, a + 6 -f 1, p*) 

1. <•+»+!. o*).(”)• 

using the Euler transformation of the hypergeometric series. The series in (11) is 
absolutely convergent even for p**l, since a + 6-1 is always positive*. We 
therefore have 

n> - 1 - (1 _ pi)F(1> h a+b +1( pt) . (12) 

as our final form. Since x (or p % ) may take the value unity in the limiting case, 
some consideration is necessary as to the validity of the solution we have reached 
for the integral in (10), where the integrand may become infinite. In this case the 
important part of the integral is the denominator, and we have 

, (\ — [i* const, dx (l -pV +d f 1 l pt A at 

Hit) J. L(T=«55saJ # —°~p*—2- 

Equation (12) therefore gives the mean value of U 1 valid over the whole range of 
p* from 0 to 1. We note tfiat for p =* 0 we have 


" ^+ 6 ’ 

agreeing with Fisher’s result f from the simplified distribution (1). Also for p*— 1 
we have 1. 

For comparison with our exact result (12) we have Hairs approximate value J, 
which in our notation is 

.(13). 

d 4* 6 + J d + b + jf 

* See Whittaker and Watson, Modem Analysis, p. 26. 
f R. A. Fisher, Phil Trane . B, VoL 218, 1024, p. 92. 

X P. Hall, loe. oil 
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Now (12) can be written 

oT6 + o+S+T p ’^ 1, *’ “+ l + 2 . f 11 ) 

a b _ « L_1_ # _ lf2 _ 4 ) ± 

a + 6 aH-6 + l^t a+6+2^ + (a + 6-f2)(a-t-6 + 3)^ *'**} '* 

It is evident that the approximation in (13) consists in supposing that for large N 
(which is equal to 2 (a + b + J) in our notation) a + 6 and a + b + 1 may be safely 
replaced by a + 6 + J, while b is replaced by 6-J and bj(a + 6 + 2) is replaced by 
unity, and terms of higher order are neglected. To give a numerical example, 
suppose there are 6 independent variates and the sample is of size 101. Then 
a®3, 6®47. If we take p 1 -0, 08 and 1, we find S a —0*0594, 0*5248 and 1 
respectively from (13), and 0*00 (the correct result), 0*5252 (correct result 0*5253) 
and 0*9993 from the first three terms only of (14). (We would naturally, however, 
use (12) for preference for p* nearly equal to 1; for p % = 1 exactly we get the correct 
result from (12), or by using the well-known Formula for the sum of the hyper¬ 
geometric in (14).) It would appear, therefore, to be desirable to improve the 
approximate formula (13), as it gives an underestimate of the correct mean 
value, and we would suggest the use of the first three terms of (14), except when 
fp is large, when formula (12), using the first two or three terms of the hyper¬ 
geometric series, should be used, e.g. for p a ® 0*9 formula (13) gives S*® 0*90416, 
while two terms of the hypergeometric in (12) give 0*90434 and three terms 
0*90428, which is correct to the last place shown. 

It may be mentioned that the value derived for R 2 by Fisher in 1924* by 
averaging the numerator and denominator of the expression for R 2 , and which 
may be written 

differs from the exact value (12) by a term involving (F— 1), of the order of 1/N. 


B. Determination of Second Moment of IP. 

This involves a repetition of the procedure we have gone through for deter¬ 
mining the mean value. The second moment about zero is obtained by multiplying 
the distribution by R\ i.e. by a?/p\ and integrating for x from 0 to p*. 


Case 1. 6-1. 
We have 


fOrf ( \ _ , _ 2d- p 8 ) 0 * 1 t* ^ +1 , 

Jo * d V(1 - wT +1 ) ‘ 1 (P s )“ + * Jo (1- 


on integrating by parts. For comparison with the other cases we shall leave this 
result meantime in the form 

+£=*!£ 5*.(is). 


i+ 


e-/n 


o (1-*)"• 


* B. A. Fisher, loc. eit, p. 93. 
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Case 2. 6 = 2. 
From A, Case 2, 


- - * 

—•CitfW**®*...<*> 


Case 3. 6 = 3. 

From A, Case 3, we have 




»«-*(« + 2 + »)(!-*/>») . &>■♦* 


p*(i-*)•♦* 


p*(l — g)° 


(1 - p*)* + » f o* {(a +1) (a + 2) + 4 (a + 2) g + 2a?} g“ +1 (1 - g/p*) 8 

(p*) o+i Jo (i-«r* 


(i-*)° 


1 _ (jjV)!l 8 f * rt _ i jv d f (a + 2 + g) (1 - g/p 8 ) a?-*- 1 «*V ) 

(p 8 )“ +8 Jo ' lp) ( (l-g)“ +4 + (1 - g)“ + »j 

„ /I -pY +8 K(a+ 2 +g)g“+*(l-g/p«) „(l-p*)“+»ro‘ g»+ 8 

-2 v p* 7 Jo (1-^r 4 (p*r 4 J 0 (l-*) a+ » 

, . (1- P*) a+ * f (a + 2 + <c) g« +1 (1 - g/p 8 ) (1 - 4g/p 8 ) ^ 

+ (p*)“ +i Jo (l-g) a+ ‘ “* 


ia -.wo -^<{{^4 

, /!_-pY + *f g a+ *(l — 4g/p*) 

v p* J Jo a-»r* 

'-CvTT^^^.<"> 


(i-g)“ 


From (15), (16) and (17) it appears that the general result for any integral 6 is 

(i^n; <» ( - iffi» ■«» 

Now we already have 


.'w-hi (^p; <* ( - iffi» 

Ay have 

( l -^)T o^F * -''■£?* <1* 1' • +1+ *• <* 
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while by a similar expansion of the denominator and integration term by term we 
have 

!.«+» + *./) .-W 

The same considerations as were examined in the deduction of (11) show that this 
integration is valid even when p*-*-1, and the hypergeometric series in (18) is also 
absolutely convergent even for p**l. We then have, for the second moment of 
B* about zero, 

*'(#) = ! + l -^^(l-^)F(l,l,a + b + l,p*) 


For p % = 0 this becomes 


a + 6 v 
6(6 + 1 ) 
a + 6 + 1 


1, a + 6 + 2, p 1 ) 


„ V7?*\- a(a + l) 

(a + 6) (a- + 6 + 1) * 


which may be derived directly from the distribution (1), while for p # = 1 we have 

/*'(£>) = 1. 

The second moment about the mean, or variance, of JS*, may now be obtained, 
for, since 

we have 

= (*!*)-(£*)* 

= 6(6 + l)(l-p*)| a ^J’(l,l,a + 6 + l,p^-^^F(2,1, a +1> + 2, p*)| 
and this, on reduction, is equal to 

+ 1. “ + »+!. P’J-W- 

An alternative form for this expression is 

.< 21 >> 

where F stands for the hypergeometric series F(l,l,a + 6 + l,p a ), i.e. the same 
series which occurs in the expression (12) for the mean value of i?*. This series is 
the only part of our results (12) and (21) which is at all difficult to calculate, 
although for values of p % up to 0*5 and a reasonably large N a very few terms of 
the series should suffice. A table of the series F for values of a + 6 +1 proceeding 
by half-integers, and for a number of values of p\ with, possibly, a table of its 
derivative, would be useful in this connection. 

The only result known hitherto for the variance of jft* is the approximate one 
of P. Hall (loo. tit): 

<r« ji . = V(l-p*)*/iV = 2 / ,*(l- / ,*)«/(o + 6 + J) . 


(22). 
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This result is correct to terms of the order of 1/N, but its weakness lies in the fact 
that for p , -*-0it gives <rV -*■ 0, whereas in fact we know from the distribution (1) 
directly*, or from (20) on putting /9*“0, that 

For^-O, «*^- ( TfWT6+T )■ 

This result is of the order of 1/N*, which explains wherein the approximation (22) 
is insufficient f. The terms in 1/N involve p*, and when this is equal to zero the 
terms all vanish, while the part that does not vanish with p* is not given, being of 
the order of l/N\ An exact formula is always to be preferred to an approximate 
one, proceeding in powers of 1/N. If N is not really large the first term or two 
will not be adequate to give precision enough; while a more serious objection, 
illustrated in the case before us, is that in particular cases the early terms of a 
series may vanish, and the first term of importance may be a term neglected. 

The nature of the approximation in (22) may be seen from (20) on expanding 
the hypergeometric series as far as the terms in p*. The parts outside involving a 
and b are nearly unity for large N. If we count them as unity and replace the 
o + 6 + 2 and a + b + 1 of the hypergeometric series by £iV we find, approximately, 


***■==( 1 


i + r IP 2 ' 


as in (22). 




As a numerical example let a = 3, b = 47, and p 2 » 0*5. From (22) we have 
<r ®jp 0*00495. The correct result, from (20), is 0*0047241. A much better approxi¬ 
mation is obtained by retaining the exact values of the parts outside the hyper¬ 
geometric series in (20) and calculating the series up to terms in p 4 . This yields 
0*00470. We have chosen the case of N = 101 for the purposes of illustration, and 
even here the approximate forms (13) and (22) are not good enough. For smaller 
samples the discrepancy will be even wider, and it is obvious that the exact forms 
(12) and (20) must be used in such cases to secure reliable results. 


C. Mean and Second Moment of R, 

We have dealt so far with i? g , as having a rather simpler sampling distribution 
than R . We know that the mean value of i2, for the special case of no correlation 
in the population, is of the formj: 

R 

where x\ is written for the factorial function, or r(®-f 1), even when x is not an 
integer. It is hardly to be expected, therefore, that the more general form for any p 
should be simple. A similar method of attack to that in A does, in fact, lead to a 
solution for the special caseB b «* 1, 2 and 3, and it is seen that the mean value will 
in the general case involve a number of hypergeometric series equal in number to 6, 


(a-*)!(a + &-1)! 
(a-1)! (a+ &-*)! 


* J. Withart, Mem. Roy . Met, Soc . Vol. xi. No. 18, 1928, p. 84. 
t Indicated on other grounds bj P. Hall, loe . cit, p. 108. 
t J. Wiehart, loe . cit, p. 84; P. Hall, loe. eit. p. 109. 
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bat it does not appear that the expressions are capable of any veiy great degree 
of simplification. The first three results are 


6 - 1 . £«1 - 1 p * 




In view of this difficulty, and also bearing in mind that 22* is calculated first before 
extracting the square root, it would seem desirable to apply the usual tests of 
significance to 22 a , and not to 22. The second moment of 22 about zero is, of course, 
identical with the mean value of 22 a , i.e. our formula (12), and we therefore have 

*** = !- -~ b (1 - p*) F (1,1, o + b + 1, p*) - (B)« .(24). 


Further than this it is hardly practicable to proceed. What we have done in this 
section will illustrate the difficulties experienced by other authors* in obtaining 
approximate expressions for the mean value of 22. 


L. IsBorlis, Phil. Mag . Vol. xxxiv. 1917, pp. 205—220; P. Hall, loc. cit. pp. 108—109. 




APPENDIX TO A PAPER BY Dr WISHART. 


Tables of ike Mem Value and Squared Standard Deviation 
of the Square of a Multiple Correlation Coefficient. 

Editorial. 

Dr Wishart has provided in his paper the formulae giving the Mean Value, 
R*, and the Squared Standard Deviation <rV of the square of a multiple correlation 
coefficient R. Let us suppose N— size of sample and n = total number of variates*, 
then Dr Wishart’s formulae may be expressed as follows: 

E* -1 - (1 - f*) F (1.1,1(JT +1), p*).(1), 

«v ~ 2 ' x^+3)./>■)-<!-»)■...(ii>, 

where F is the hypergeometrical function. We may write these as follows: 

. (i)bi8, 

. (N-n)(N-n + 2) 75-,, ...... 

— (jbvfN —-ys-O-b*)*.00 

The only parts of these formulae which involve n, the total number of variates, are 
the coefficients of 71 and 7 *; these change with the order n — 1 of the multiple 
correlation coefficient. 

Now 71 =/it— 1 and 74 =f pi — 2pi + 1, of the paper in Biometrika, Vol. xi. 
pp. 334—335, and although the numerical values of pi and pi are not given in the 
Tables attached to it, they exist in the Archives of the Laboratory on the working 
sheets from which the pt and p t of the frequency distributions of r were obtained. 
It is therefore only a matter of picking out of those sheets the values of pi and pi 
and so finding 71 and 7 *. This has been done and Tables I and II below provide 
their values. 

For samples of 3f to 25, there is no need of interpolation for N ; we require 
only to interpolate for p. For most practical purposes central difference interpolation 
to 8 * will suffice. Beyond 25, the two adjacent values of 71 and 71 are so close that 
linear interpolation for N will as a rule be adequate. 

Illustration (i). Let us take Dr Wishart’s example N= 101, a— 7, and 5 , 
or p =■ ’7071 nearly. This lies between p =* '7 and - 8 . 

* Wishart pats as} (number of independent variate*) (FUher’a n,) =4 (our (n - 1 )) and 
6 = 4 (aiae of sample - total number of variates) = } (Fisher’s n,) = J (our If - »). 
t For N—t, we eaa only take »= 8 , i.e. ordinary correlation and then J5 J =1 and 
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First to find 71 using Everett’s Central Difference formula we have for 100, 
0- -071,$. *929, 

*o“ -509,8429, z x = -360,9965, and 5*s 0 «- -020,5732, S 2 *x =- 020,9530. 
Hence: 

z, - *929 x -509,8429 + -071 x -360,9965 

-£(‘929 x -071) {1-929(- *020,5732) + 1071 (--020,9580)} 

= -499,2748 + 010,993 x 062,1264 
= -499,9578 - 71 for N = 100. 

Similarly for N — 200 , 

= *929 x -509,9355 + '071 x -360,5013 

- -010,993 {1-929 x (- 020,2884) +1071 x (- -020,4733)} 

= -499,9970 - 7 ! for N- 200. 

Clearly linear interpolation for N —101 will suffice and we have 
7 ! = -499,9582 for JV-101. 

Thus R a =1 = x-499,9582 

= -525,2922, 

agreeing completely with Dr Wishart’s 

S*=-5253. 

We turn now to Table II to find 7 *. We have for N = 100 , 
z a = -265,0540, z x = 133,7050, 

B i z 0 = + -016,6294, S 2 ^ - + -035,4198. 

The values of 0 and tf> are as before. Hence 
z t = -929 x -265,0540 + 071 x -133,7050 

- 010,993 {1-929 x -016,6294 + 1071 x -035,4198} 

= -254,9586 = 7 . for W= 100. 

Similarly 

z, = -929 x -262,5877 + *071 x -131,6374 

- -010,993 {1-929 x *017,8219 + 1071 x 036,2360} 

= -252,4857 = 7 , for N =200. 

Interpolating linearly for 2\T— 101 

7 , = -254,9586 - ^ (‘254,9586 - -252,4857) 

-•254,9586- 000,0247 

- -254,9339. 

Thus o**. = U x ^ x -254,9339 - (-474,7078)* 

- -2300,7556 - 2253,4750 
= -0047,2806, 

and accordingly <rg* = -0688. 
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Tablet for Use with Multiple Correlation, 
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TABLE II. Values of 7*. 
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3992 *9177265+ *825 4397 *704 3143 *562 4842 *410 4906 j *2613463 *1306148 













866 Tables for Use with Multiple Correlation 

Illustration (ii). Let p «=■ *3, N"* 315, n = 5. We require to find J3* and <?&• 
This is about as unfavourable an example as we can take for the Tables. It is 
easier to expand Dr Wishart’s Hypergeometrical 

R' = \- (1 - A F( 1,1, i(W+1), A 

which gives S 1 = *10108, in the present case. We will, however, compute JR 1 by aid 
of Table I. The value JV — 315 occurs in a part of that table, where the argument 
does not run by equal intervals but logarithmically, i.e. 

log 25 «* log 25 + 0 x log 2, 
log 50 *» log 25 *4-1 x log 2, * 
log 100 «= log 25 + 2 x log 2, 
log 200 — log 25 + 3 x log 2, 
log 400 =» log 25 + 4 x log 2; 

and we need log 315 = log 25 + log 2 

« log 26 + 3*655,3516 log 2. 

Hence Jar equal argument intervals we shall need to interpolate at a distance 
4 - 3*655,3516 = *344,6484 « 0 

from the 400 value. Write down the terms in reverse order and difference them: 

A A 3 A 3 A 4 

*908,1271, 

-906,2394, -*001,8877, 

*902,4191, - 003,8203, - *001,9326, 

*894,5964, - 007,8227, - *004,0024, - 002,0698, 

*878,1999, - *016,3965, - *008,5738, - *004,5714, - *002,5016. 

The differences are thus slightly diverging, but the forward difference formula 
will suffice. Accordingly: 

z 9 *= *908,1271 - *344,6484 x *001,8877 + *112,9329 x *001,9326 
- *062,3146 x *002,0698 + *041,3668 x *002,5016 
« *908,1271 - *000,6506 + *000,2183 - *000,1290 + *000,1035. 

Clearly the required value is greater than *907,5658 and less than *907,6693. 
Taking it as the mean of these we have 

7l *=*907,6175, 

S* * 1 - x *907,6175 -1 - *898,9183 
** *101,0817, 

in excellent agreement with Dr Wishart’s result *10108. 

Calculated from the formula 

A*- (1 _ A F (2, 2, i(N +3), A - (I - Ry, 

we find o-jj* — -08124, 

again the quicker method. 
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But it is of interest to see how closely by aid of a logarithmic formula we can 
get comparable results from a table with apparently absurd stretches of argument. 
Our differences from Table II are: 

A A» A* A 4 

•825,4397. 

•822,7588, -*002,6809, 

•817,3368, -*005,4220, --002,7411, 

•806,2600, --011,0768, -005,6548, --002,9137, 

•783,2410, -023,0190, -011,9422, -006,2874, --003,3737. 

Accordingly: 

z, = -825,4397 - -344,6484 x 002,6809 + -112,9329 x 002,7411 
- 062,3146 x 002,9137 + 041,3668 x -003,3737 
= -825,4397 - 000,9240 + -000,3096 - 000,1816 + 000,1396. 

Thus yi lies between *824,7833 and -824,6437. 

Taking as before the mean of these values we have 

7 , = -824,7135. 

Using the Equation (ii) bis, we have 

<rV» x flf x -824,7135 - (-898,9183)* 

= •000,97566, 

or = -03124, 

agreeing with the directly computed value. 

These results are interesting as showing that by the use of a logarithmic inter¬ 
polation we may cover by three properly chosen intermediate values the range 
from 25 to 400, with sufficient accuracy for most statistical purposes. 
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Table of Normal Curve Functions to each Permille of Frequency. 
Computed by T. Kondo, Ph.D., Lond., and revised by Ethel M. Elderton. 
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•365 

•16365 84862* 

•39363 52408 

1*43533 89672* 

1*10508 39836 

•696699541a 

•90490 83995 

*435 

•566 

•1661994402 

*39347 03119 

1*43848 20985+ 

1*10300 57080* 

•69517 72295+ 

•90661 36219 

*434 

*567 

•16874 14676 

*39330 28416 

I'44t63 71815* 

1-1009328035 

•69365 58052 

•90832 06502* 

•433 

*368 

•1712845859 

•39313 28286 

I-44480 42968 

1-09886 52398 

•69213526X7 

•9x002 96959 

•432 

S69 

•17382 88125+ 

•39296 02720 

1-44798 352J3 

1-09680 29867 

•69061 55923 

•91174 07703 1 

•431 

*370 

•1763741648 

•39278 51706 

I-45II7 4949I 

1-0947460143 

•68909 67906 

•9134s 3885* 

*430 

*571 

•17892 06603 

•39260 75233 

1-45437 86507 

1-0926942927 

•68757 88499 

*9151690320 

•429 

*572 

•1814683166 

•39242 73289 

1*45759 47133 

1*09064 77921 

•68606 17638 

•9x688 62825+ 

•428 

•573 

•18401 71512 

•3922445863 

1-46082 322II 

1-0886064842 

•68454 55*38 

•91860 55885"“ 

•4*7 

•574 

•1865671819 

•39205 92942 

I*46406 42588 

1*0865703384 

•68303 01293 

•92032 69817 

*426 

•575 

•18911 84263 

•3918714315 

1*4673I 79120 

1-0843393263 

•6815155678* 

•92205 04741* 

*425 

•576 

•19167 09023 

•39168 10569* 

1-47058 42669 

1*08251 34187 

•68000 18350“ 

•92377 60777 

•424 

•577 

•19422 46276 

•3914881093 

I-47386 34107 

1 08049 25870 

•67848 89242* 

•9*550 38045- 

•423 

•57« 

•19677 96203 

•39129 26073 

1-47715 54311* 

1-07847 68027 

•67697 68292 

•92723 36665+ 

*422 

*579 

•19933 58981 

•3910945496 

1*4804604169* 

1-07646 60372 

■67546 55434 

•92896 56761 

•421 

•580 

•20189 34792 

•39089 39350 

1-48377 84575* 

1-07446 02624 

•67395 50604 

•93069 98453 

•420 

•581 

•20445 238l6 

•39069 07622 

1-4871096432 

1-07245 94501 

•67244 53739 

•93*43 61867 

•419 

•58a 

*20701 26234 

•39048 50298 

1-49045 40649 

1*07046 35724 

•67093 64774 

•93417 47125 

•418 

•583 

■20957 42230 

*3902767365 

1-4938118147 

1*0684726016 

•66942 83645+ 

•93591 54353 

•417 

•584 

•2I2I3 71984 

•39006 58809 

1-4971829851 

1-06648 65099* 

•66792 10290 

•93765 83676 

•416 

•585 

•2147015680* 

♦38985 24617 

1-5005676699 

1-0645052701 

•66641 44644 

*93940 35221 

•415 

•586 

•21726 73504 

•38963 64773 

1*50396 59634 

1-06252 88547 

•66490 86644 

•9411509114 

•414 

•587 

•21983 45638* 

•38941 79265 

1.5073779610 

1 06055 72366 

■66340 36226* 

•9429005484 

•413 

•588 

•22240 32270 

•3891968077 

1-5108037588 

1-0585903888 

■66x89 93328 

•94465 24459 

•412 

•589 

•22497 33584 

•3889731195 

1-51424 34539 

1-05662 82845“ 

•66039 57887 

•94640 66169 

•411 

■590 

*22754 49767 

•38874 68605“ 

I-5I769 71442 

1-05467 08968 

•65889 29839 

•94816 30744 

*410 

•59i 

•23011 81007 

•38851 80291 

1-5211649287 

1-05271 81994 

•65739 09122 

•94992 18315 

•409 

•592 

•2326927492 

•38828 66238 

1-5246469070 

105077 01657 

•65588 95672 

•95168 29014 

•408 

•593 

•2352689411* 

•38805 26431 

1*52814 31800 

1-04882 67694 

•65438 89428 

*95344 62975“ 

•407 

*594 

•23784 66954 

•38781 60854 

1-53I65 38493 

1 04688 79845+ 

•65288 90326 

•95521 20330 

•406 

•595 

•24042 60312 

•3875769492 

i-535i7 90i75“ 

1-04495 37850* 

•65138 98305+ 

•9569801214 

•405 

•596 

•24300 69674 

•38733 52328 

1-53871 87881 

1-0430241450“ 

•64989 13302 

•95873 03762 

•404 

*597 

•2455895234 

■3870909347 

1-54227 32658 

1-04109 90387 

•64839 35254 

•96052 34m 

•403 

•598 

•2481737185“ 

•3868440532 

1-54584 25561 

1-0391784407 

•64689 64100 

•96229 86398 

•402 

*599 

•25075 95719 

•3865945867 

1-54942 67655“ 

1-03726 23254® 

•64539 99778 

•96407 62760 

•4OI 

•600 

•25334 71031 

•38634 25335“ 

1*55302 60015“ 

1'03535 06677 

■64390 42225“ 

•96585 63337 

•4OO 

•601 

•25593 63317* 

•38608 78919 

1*55664 03728 

1-03344 34421* 

•64240 91380 

•96763 88269 

*399 

*602 

•25852 72773 

■38383 06603 

1-5602699889 

1-0315406239 

•64091 47180 

■96942 37695“ 

*398 

•603 

•2611199595* 

•3855708368 

1-56391 49605+ 

1-02964 21879 

•63942 00565 

•9712111758 

*397 

•604 

•2637143982 

•38530 84198 

X’56757 53994 

1-02774 81096 

•63792 78473 

•97300 10600 

•396 

•605 

•2663106132 

•38504 34074 

1*57125 14183 6 

1-02585 83640 

*63643 53841 

*97479 34364® 

*395 

•606 

•26890 86244 

•38477 57979 

1'57494 313I2 

1-02397 29269 

•63494 35609* 

•9763883196 

•394 

•607 

•27150 84520 

•38450 55895 + 

1-57865 06529* 

102209 17737 

•63345 237X6 

•97838 57240 

*393 

•608 

•2741101160* 

■38423 27804 

I-58237 40997* 

x-02021 48801 

•63196 18099 

•98018 56643 

*392 

■609 

•27671 36367* 

•38395 73687 

1*58611 35888 

1*01834 22220 

•63047 18698 

•98198 8155a 

•39X 

•610 

•2793190345“ 

•38367 93525+ 

1-58986 92385- 

1-01647 37754 

•6289825451 

•98379 32x16 

*390 

•611 

•2819263296 

*38339 87300 

1*5936411683 

1-01460 95163 

•62749 38298 

•98560 08483 

•389 

•612 

•28453 55427 

•3831154992 

1*59742 94991 

1-01274 94210 

•62600 57177 

•9874110804* 

•388 

•613 

•28714 66943 

•3828296583 

1*6012343526 

1-01089 34657 

•62451 82027 

♦98922 39231* 

•387 

•614 

•28975 98052* 

•38254 12052 

z-60505 58520 

1-00904 16268 

•62303 12788 

•99103 939X6 

•386 

•615 

•2923748962* 

•38225 01380 

1*6088941216 

1-00719 38810 

•62154 49398 

•99285 75013 

•383 

•616 

•29499 19882 

•38195 64547 

1*6127492870 

1-00535 02049 

•62005 91797 

•99467 82675 

•384 

•617 

•29/6X 11022* 

•381660x533 

1-61662 14749 

1-00351 05752 

*6x857 39924 

•99650 17058 

•383 

■6l8 

•30023 22594 

•3813612318 

1-62051 08135 

z-00167 49688 

•61708 937*9 

•99832 78320 

•382 

•619 

•30285 54809 

• 38x05 96881 

1-62441 74319 

0-99984 33628 

*61560 53120 

rooQi 5 666x8 

•381 

*620 

’3054807881 

•38075 55202 

1-62834 14610 

0*99801 37342 

‘614x2 16067 

Z‘00i98 82110 

•380 
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Normal Curve Functions 


1(1+0.) 



i (i+o») 

*(*-«.) 

X 

X 

W-a.) 

X 

X 

X 

X 

i (i+a*.) 

n^i 

*620 

•3054807881 

•38075 35202 

1-6283414610 

0-99801 57342 

•61412 18067 

1*00198 82110 

•380 

•621 

•30810 82025“ 

•38044 87*58* 

1*63228 30326* 
1-63624 22801 

•99619 20602 

•61263 88500 

1*00382 24956* 

•379 

•378 

*622 

*3X073 77455 

•3801393031 

•99*3733182 

■6111564358 

1*00565 95319 

*623 

•31336 94389 

•37982 72496 

1*64021 93381 

•99»55 64855- 

+60967 45580 

1-00749 93359 

•377 

•624 

•31600 33044 

•37951 25634* 

1*6442143425 

*99074 45397 

•60819 32107 

1*0093419241 

.376 

•625 

•31863 93640 

•37919 52423 

1*64822 74308 

•9889364585- 

•60671 23877 

1*0111873128 

*375 

•626 

•3212776396 

•37887 52840 

1*65225 87417 

•987X322195 

•60523 20830* 

I'01303 3SI«7 
1-01488 65384 

•374 

•627 

•32391 81533 

•37855 26863 

1*65630 84155 

•98533 I8OO6 

•60373 22907 

•373 

•628 

•3265609274 

•37822 74469 

1-6603765938 

•98353 51798 

•60227 30046 

1*01674 04487 

*372 

•629 

•3*920 59843 

•3778995637 

1-66446 34x96 

•98174 23349 

*6007942189 

1*01859 72066* 

•371 

.630 

•33185 33464 

•377369034a 

1-6685690374 

•97995 3J443 
•97816 78860 

•59531 {9*73 
•59783 B1339 

x 02045 68492 

•370 

•631 

*33450 30364 

•37723 58562 

1-67269 33937 

10223193935 

1-0241848569 

.369 

.632 

•337I5 50769 1 

•37690 00273 

1-67683 78357 

•976386*385+ 
•97460 82802 

•59636 08028 
•59488 39578 

•368 

•633 

*33980 94910 

•3765615453 

x*68ioo 01x26* 

1*02605 32568 

•367 

•634 

•34246 63014 

•37622 04076“ 

1-68518 23752 

•97283 39894 

•39340 758*9 

1-02792 46108 

•366 

•635 

•34512 55314 

•37587 66118* 

1-6893841755 

•97106 33450“ 

•59193 16722 

1*02979 89366 

•365 

•636 

•34778 72042 

•37553 01557 
■37jifi 10366 

1-69360 56675 

•96929 63254 

•59045 62196 

1*03167 62519 

•364 

•637 

•35043 1343* 

1-69784 70067 

•96753 29096 

•58898 I2I92 

1-03335 65747 

•363 

•638 

•353II 797X9 

•37482 92522 

1-70210 83501* 

•96577 30764 

•58750 66648 

1*03543 99231 

•362 

•639 

•35578 71140 

•3744747998 

1*70638 98566 

•96401 68047 

•58603 25506 

103732 63153* 

•361 

•640 

•35845 87930 

•37411 76771 

1-71069 16865 

■96226 40737 

•58455 88705- 

1-03921 57697 

.360 

Mi 

*36113 30335“ 

•3638098589 

•37375 78814 

1-7x501 40021 

•9605148623 

•58308 56l84 

1*0411083047 

•359 

•642 

•37339 54102 

1*71935 69672 

•9587691499 

■58l6l 27884 

1*04300 39390 

*358 

•643 

•36648 92938 

‘37303 02608 

17237207475” 

•95702 69158 

•58014 03745 

1*04490 26914 

•357 

•644 

•3691713624 

•37266 24307 

1-7281055103 

•9552881392* 

•57866 83707 

1-0468045806 

•356 

•645 

•37185 60893 

•37229 19172 

I73251 14250 

*95355 27998 

•57719 67709 

1*04870 96259 

*355 

•646 

•37454 34991 

•37191 87176 

173693 86626 

•95182 08770 

•57572 55691 

1-05061 78464 

•354 

•647 

•37723 36166 

•37154 28393 

1-74138 73959 
1-74585 77998 

•95009 23505“ 

•574*5 47594 

1-05252 92615“ 

•353 

*648 

•37992 64669 

•371x642495“ 

•94836 71999 

•57278 43356 

1-05444 38906 

*352 

•649 

•38262 20750 

•37078 29755“ 

1*7503500510 

•94664 54051 

•57I3M2919 

1-05636 17534 

*351 

•650 

•38532 04663 

•37039 90044 

1-7548643280* 

•94492 69459 

•56984 46222 

1*05828 28698 

•350 

•651 

•38802 16661 

•37001 23336 

1-75940 08115+ 

•94321 18022 

•56837 53204 

1-06020 72596 

‘349 

•652 

•39072 57000 

*36962 29601* 

176395 96841 

•94149 99541 

•56690 63806 

1-06213 49429® 

•348 

*633 

•39343 *5939* 

*36923 08812 

176854 11302 

*93979 13816 

•56543 77967 

1-06406 59402 

•347 

*654 

•39614*3737 

•36883 60940 

1773I4 53365* 

•93808 60649 

•56396 95627 

1-06600 02717 

•346 

"655 

•39885 50655“ 

•36843 85955+ 

17777724917 

•93638 39842 

•56250 I6725* 

1-06793 79580 

•345 

•656 

•4015706954* 

•36803 83829 

178242 27866 

•9346851198 

•5610341203 

1-0698790200 

•344 

•637 

•40428 92901 

•36763 54531 

1-78709 64141 

■93298 94521 

•55956 68998 

1-07182 34785* 

*343 

•658 

•40701 08761 

•36722 98033 

I79I79 35692 

•93129 69615+ 

•55810 00050+ 

1*07377 13547 

•342 

•659 

•40973 54801 

•36682 14304 

1-7965144493 

•92960 76285* 

•55663 34300 

1*07572 26697* 

*341 

•660 

•41246 31293 

•3664103313 

1-80125 92538 

•92792 14338 

•55516 71687 

1-07767 74451 

•340 

•661 

•41519 38506 

•36599 65031 

1-80602 81844 

•92623 83578 

•5537012150“ 

1*07963 57024 

•339 

*662 

•41792 76715“ 

•36357 99426 

1-8x082 14452 

•92455 83814 

•55223 55628 

1*08159 74633 

•338 

•663 

•42066 46X95“ 

•36516 06467 

1-81563 92425+ 

•92288 14853 

•55077 02062 

1*08356 27499 

*337 

•664 

*42340 47222 

•36473 86123 

1*82048 17850+ 

•92120 76502* 

•54930 51390 

1*08553 15842* 

•336 

•665 

•426X4 80077 

•36431 38362 
•36388 63152 

1*82534 92838 

•91953 68572* 
•9178690872 

•54784 03552 

1-08750 39887 

•335 

•666 

*42889 45039 

1*83024 19523 

•546375»487 

1-08947 99857 

•334 

•667 

•4316442392 

•36345 60461 

1-83516 00060 

•9162043211* 

•54491 16134 

1*09145 95979* 

•333 

•668 

*43439 72421* 

•36302 30256* 

1-8401036651 
1*84507 31486* 

*91454 25401 
•91288 37253 

•54344 76432 

1*09344 28483 

•332 

•669 

•43715 35413 

•36258 72505+ 

•54198 39320 

1*09542 97599 

*331 

•670 

•43991 31655* 

•36214 87173“ 

1*85006 86809 

•91122 78578 

•5405204738 

1-09742 03559 

*330 

•671 1 

•44267 61441 
•44544 25062 

•36170 74231 

1*85509 04880 

•90957 49189 

•53905 72624 

1-09941 46598 

•320 

•328 

•672 

•36126 33640 

1-86013 87987 

•90792 48898* 

•5375942917 

1*10141 26952 

*673 

*44821 228x3* 

•3608165369 

1-86521 38445“ 

•90627 77521 

•5361315556 

1*10341 44860 

*327 

•67* 

•45098 54993 

•36036 69383 

1*87031 58595+ 

•90463 34869 1 

•53466 90480 

1*10342 00362 

•326 

•675 

•45376 2X901 

•3599145648 

1*87544 50808 

•90299 20759 

•53320 67626 

1-10742 94301 

•325 

’676 

•4563423838 

•35945 94128 

1 *8806017480 

*90135 35005+ 
89I08 77 y\ al 

•53174 46934* 
•5302828343 

1*10944 26320 

1 *11145 96868 

•324 

•677 

•45932 61108 

•33900 14788 
*3585407594 
•35807 72508 

1*8857861038 

•323 

•678 

•4621X 34017 

1*8909983936 
1*89623 88659 

•32882 11790 

1*1134806191 

•322 

*679 

•4649042874* 

•8964546038 

•52735 97214 

1*11530 54543 

•32t 

•680 

•46769 87991 

•3576109496 

1*90150 77721 

•8948271869 

*5258984553 

I*H753 42174 

•320 
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*(x+«».) 



i (i+a.) 

1(1-0.) 

g 

* 



% 

t 

g 

*<!+«.) 

i (i-fl.) 

•680 

•681 

*682 

’683 

*684 

•46769 87991 
•47049 69679 
‘47339 88254 
•47610 44034* 
*47891 37341 

•3576109496 
•35714 18520 
•35666 99544 
•35619 5253X 
•35571 77443* 

1*90150 77721^ 
I*90680 53665+ 
1*91213 19667 
I-9X748 76533 

I*92287 28700 

•89482 71869 
•89320 25x38 
•89158 05665“ 
•88996 13266 
•88834 47762 

•52589 84553 
'52443 73744* 
•5229764727 
•52151 57439 
•52005 51818 

X-XI753 42X74 
1*11956 69342 
1-12160 36302 
x 1236443316 
1*12568 90644 

•320 

'■III 

•3X7 

•316 

•685 

•686 

•687 

•688 

•689 

•48172 68495* 
•48454 37824 
•48736 45654* 
•49018 92317 
•49301 78145 

'355*3 74*44 
•35475 4*894^ 
•35426 83355+ 
•35377 95589* 
•353*8 79558 

1*92828 78239 
1-93373 *78jo + 

1*93920 80271 
x-94471 38270 
1-95025 04650+ 

•88673 08971 
•885x196713 
‘8835110808 
•881905x076 
■8803017338* 

•51859 47801 
•51713453*6 

•5156744331 
•514*14475* 
•51*75 465*8 

i'i*773 78552 
1*12979 07305* 
X'13184 77X73 
x-13390 88428 
i 13597 41343 

'315 

*3X4 

•313 

•312 

•3U 

•690 

•691 

•69a 

‘693 

•694 

•49585 03473 

•49868 60641 
•50152 73993 
•50437 19864 
•50722 06606 

•35279 35220 
•35229 62538 

•35I796I469 

•33129 3X975* 
•35078 74016 

1*95581 82250*" 
x-96141 73938 
1*96704 82640 
1-97271 11280 
1-97840 62849 

•87870 09417 
•87710 27130 
*87550 70308 
•8739138763 
•8743* 323*3 

•51129 49594 
■50983 53090 

•50837 59348 
•5069165910 
•50545 73510 

1*13804 36194 
1*140x1 73262* 
1*142x9 52821* 
1-14427 75x64* 
1-14636 40575+ 

•3x0 

'309 

•308 

•307 

.306 

•695 

•696 

•697 

•698 

•699 

•51007 34570 
•51293 04106 
•51579 15570 
•51865 69321 
•52152 65718 

•35027 87549 
•34976 72533 
•34923 28927 

•34873 56688 
•3482155774 

1-9841340370 
1-98989 46898 

1- 99568 85530 

2- 00151 59402* 
2-00737 71692 

•87073 508x0 

•86914 94047 
•86756 61859 
•86598 54068 
•86440 70500“ 

•50399 82085“ 
•50253 91570 
•501080x903 
•49062 13020 
•49816 24855+ 

1-14843 49341 
1-15053 01753 
I-I5264 98XO8 

I-I5475 38701 
1-15686 *3833 

'305 

'304 

•303 

•302 

•301 

•700 

•701 

•702 

•703 

•704 

•52440 05127 
•5272787914 

•53016 14450+ 
•5330485x09 
*53594 00266 

•3476926142 
•34716 67749 
•34663 80552 
•34610 64506 
*34557 19567 

2-01327 25614 6 
2*01920 24429 
2-02516 71435“ 
2-03116 69975+ 
2-03720 23436 

•86283 10978 
•86125 75327 
•85968 63373 
•85811 74940 
•85655 09854 

•49670 37346 
•49524 50427 
•49378 64034 
•49232 78102 
•49086 92566 

1-15897 53807 
1-16109 28927 
1-1632149502 
1-1653413844^ 

1-16747 28265+ 

•300 

•299 

•298 

•297 

*296 

■705 

•706 

.707 

•708 

.709 

•5388360303 
•54173 65601 
•54464 16548 
*54755 13533 
•55046 56950+ 

•34503 45690 
•34449 42831 

•34395 10944 

■34340 49982 
•34285 59901 

2-0432735248 

2-04938 08886 

2-0555247871 

2-0617055769 
2-06792 36194 

•85498 67941 
•85342 49026 
•8518652936* 
•85030 79498 

■84875 28537 

•4894107362 
•48795 22423^ 
•48649 37685+ 
•48503 53082* 
•48357 68549 

1-16960 87085“ 
1-17174 92622 

I-X7389 45200 

1-17604 45145+ 
1-1781992787 

*295 

*294 

•293 

•292 

•291 

•710 

•711 

•712 

•713 

.714 

•55338 47196 
•55630 84670 
•55923 69776 
•5621702922* 
•5651084520 

•34230 40653 
•34174 92191 

•34119 14468 

•3406307435+ 

•34006 7x046 

2-07417 92809 
2*08047 29324* 
2-08680 49500 
2-0931757146 
2-0995856124 

•84719 99880 
•84564 93354 
*844x008786 
•84235 46004 
•84101 04834 

•48211 84018 
•48065 99425“ 
*4792014702 
•47774 29783 
•47628 44602 

1*1803588458 
1*18252 32494 
1*18469 25235* 
1-1868667022 
1-18904 58202 

•290 

•289 

•288 

•287 

•286 

•715 

•716 

•7*7 

•718 

•719 

•56805 14983 
•57099 94731 
*57395 24186 

•57691 03773 
•57987 33924 

*33950 05250® 
•3389309999 
•33835 85244 
•33778 30934 

•33720 47020 

2-10603 50348 6 
2-11252 43786 
2-1190540456 
2-12562 44436 
2-13223 59855+ 

•8394685104 
•83792 86641 
•83639 09273* 
•83485 52829 
•83332 I7I34 

•47482 59091 
•47336 73183 
•47190 86812 
•47044 99908 
•46899 12406 

1-19122 99123 
1*19341 90138 
i*X 956 i 31604 
I‘I 978 i 23880 
1*20001 67329 

•285 

•384 

•283 

•282 

*281 

•720 

•721 

•722 

•723 

•724 

•58284 15073 
•58581 47657 
•5887932119 

•59x77 68906 
•59476 58468 

•33662 33449 
•3360390172 
*33545 X7I37 
•33486 14291 
•334268x581 

2-13888 90902 8 
2-1455841823 
2-15232 16921 
2-159x0 20561 
2-16592 57168 

•83179 02018 
■8302607307 
•82873 32831 
•82720 78417 
•82568 43093 

•46753 *4*35+ 
•46607 35329 
•4646X 45619 
•463X5 55035+ 
•46X69 63510 

1*20222 62319 
1*20444 09220 
1-20666 08406 
1-20888 60255™ 
I'2IXIX 65x50 

■280 

•279 

•278 

•277 

•276 

*725 

•726 

•727 

.728 

•729 

•59776 01260 
•60075 97742* 
•60376 48378 
•60677 53635+ 
*60979 13987 

•3336718956 
•3330726361 
•33247 03742 
*33186 51046 

•3312568217 

2-172793x227 
2-1797047290 
2-18666 09970 
2-1936623945“ 
2-20070 93961 

•82416 29086 
•82264 33826 
•82112 57939 
•819610x254 
•8x809 63599 

•46023 70974 
•45877 77357 

•45731 82589 
•45585 86602 
•45439 89323 

1-2X335 23476 
I-2I559 35624 
1*2178401987 
1*22009 22963 
1-22234 98955“ 

'275 

'274 

*273 

•272 

*271 

.730 

•731 

•732 

•733 

*734 

•6128X 299x0 
•6x58401887 
•6x887 30405+ 
•62191 15956 
•62495 59035“ 

•3306455199* 

•33003 11938 
•32941 38377. 
•32879 34458* 
•3281700125+ 

2-20780 24832 
2-21494 21439 
2-22212 88733 
2*229363x739 
2-23664 55558 

•81658 44801 
•81507 44688 
•8x35663088 
•8x205 99829 
•81055 54739 

•45293 90684 
•45147 90613 
•45001 89039 
•44855 85891* 
•44709 81097 

1*2246130368 
1*22688 17614 
1-22915 6xio8 
1*2314361268 
1-23372 18515+ 

•270 
•269 
•268 
•26 7 
•266 

•735 

•736 

•737 

•738 

•739 

•62800 60144 
•63x06 19790* 
•63412 38485+ 
•63719 16745* 
•64026 53092 

•32754 35321 
•32691 39986 
•32628 14062 
•32564 57489 
‘32500 70208 

2-24397 65343 
2-25135 66356 
2-25878 63913 
2-26626 63414* 
2*27379 70340 

•80905 27641 
•80735 X8367 
•80605 26742 
•80455 52594 
'80305 95749* 

•44563 74586* 
•44417 66285+ 
•4427156122 

•44125 44023 
'43979 29916* 

1*23601 33287 

1- 23831 06007* 
1*24061 37117 

2- 24292 27058 
1*2452376277 

•265 

*264 

•263 

*262 

•261 

•740 

•64334 54054 

•3243652159 

2-28137 90252 

•80156 56034* 

•4383313728 

1*24755 83226 

•260 











Normal , Curve Functions 


iU'Hs) 


*<*+«•) 


i (*-0.) 


•740 •64334.54034 

741 *6464314x63 

*743 *64933 35958. 

•743 *6526219983* 

*744 *65573 66788 

*745 '65883 76927 

746 *66195 50963 

747 *66507 89462 

•748 *66820 93997 

749 *67134 62149 

•6744897502 

•67763 99649 
•68079 69188 
•68396 06724 
■68713 12868 


*3243652x59 2*3813790252 *80x5656034* 

•33372 03280 2*28901 28792 *80007 33275* 

•3230723510 2*2966901689 *7985827299 
•32242 13787 3*30443 84756 *79709 37930 

•3217671049 2*3122313893 7956064996 

•3211098232 3*3200785092 *7941208320 

•32044 94274 2*32798 01433 79263 67729 

•31978 59 X 09 2*33593 78089 7911343047 

•31911 92673 2*34395 12327 *78967 34099 

•3x84494901 2*33302 X35XI 1 788x940709 


•69349 33463 
•69668 49171 
•69988 36002 
•70308 94604 

*70630 25629 
•70932 39739 
7127507602 ® 
7159859896 
•71922 87303"“ 

72247 90519 

72573 7024X 
•72900 27178 
•73227 62048 
73555 75574 

•73884 68492 
•74214 41544 
•7454495482 
•74876 31066 
•75208 49067 


75541 50264^ 
75875 35445 * 

777 7621003410 

778 76545 60967 

779 76882 03935“ 

780 7721932142 

• 78 i 7755749428 

•782 77896 55644 

•783 7823651649^ 

784 78577 3*3X5+ 

785 78919 X6527 

786 7926187177 

•787 79605 51173 

•788 7995009431 

•789 *80293 62883 

790 *80642 X2470 

791 ‘80989 59J77 

792 •8x33803882 

•793 -8168747653"“ 

794 -82037 9 I 459 1 

793 -82389 36303 

•796 *8274183207 

797 *83095 33203® 

798 *8344987348 

799 *83805 46698® 

•800 '8416212335® 


•3177765727 
•3x710 05084 _ 
•31642 13905' 
•31573 89123 
•3X505 33669 

•3x43646474 
•31367 27469 
•31297 76583® 
*3X227 93747 
•3X157 78888 

•31087 3 X 033 * 
•31016 53812 
•30945 4 X 449 * 
•30873 97772 
•30802 21705“ 

•30730 13x72 
•30657 72098 
•3058498406 
•3051X 920x8 
■30438 52859 

•30364 8084 x 
•3029075892 
•30216 37930 
•30x41 66874 
•30066 62640* 

•29991 25148 
•29915543x2 
•29839 50049 
•2976312273 

•29686 40898 

•29609 35838 
• 2953 X 97004 
•29454 24309 
•2937617663 

•29297 76976 

•29219 02*56 
•29x39 93112 
•29060 49750* 
•28980 7x978 
•28900 59700 

•2882012820 
•28739 3 X 243 
•2865014869 
•28576 6360a 
•28494 7734X 

•284x2 5598 
*28329 99434 

•2824707584* 

*28x63 80333 
•28080 17575“ 

•27996 19204 


2*3601488104 
2*3683312667 
2*37657 83864 
2*38488 18461 
2*39324 53332 

2*40x6695461 

2*4x015 5X936 
2*41870 29962 

2*42731 36859 

2*43598 80062 

3-44472 67125+ 
2*45353 05727 
2*46240 03667 
2-47X3368874 
2*48034 09403+ 

2*48941 33450“ 
2 49855 49332 
2*30776 65515"" 
2 * 5 X 704 90599 * 
2*52640 33306 

2*5358302605® 

2*54533 0746 i® 
2*55490 57096 
2*56455 60860 
2*5742828263 

2*58408 68980 
2*59396 92801 
2*60393 09886® 
2 * 6 X 397 30268 
3*62409 64360 

2-63430 22705“ 
2-64459 16031* 
2*65496 55259 

2*6654251499 
2*67597 16064 

2*68660 60467 
2*69732 96430 
2*70814 35886 
2 * 7 x 9049098 7^ 
2*73004 74105+ 

2 * 74 XX 3 9784 l 
2*75332 75037 
37636X 18733® 
2*77499 42277 
2*78647 59220 

2*79805 83380 
2*80974 28839 
2*82153 90045 ® 
3*83342 4x3x9 

2*84342 37865 * 
2*85753 X 4772 


•78671 62701 
78523 99899 
7837652 x 35 
•78229 19303 
78082 00954 

77934 97302 

77788 07768 
77641 32471 
77494 7 X 134 
77348 23577 

77201 89619 
*77055 69078* 
76909 61775+ 
•76763 67527 
76617 86151 

76472 17465 

763266x284 

7618117425“ 
•76035 85702 
75890 65921 

75745 57921 
7560061490 
*75455 76448 
•75311 02607 
75x66 39777 

75021 87769* 
74877 46390 
74733 X 545 o~ 
•74588 04755 * 
74444 84112 

7430083327 
74 x 5692203 * 
74013 10545 **’ 
73869 38155“ 
*73725 74834 

*73582 20383 
73438 746 oo 
73295 37286 

73 x 5208235 ® 

•73008 87345 - 

•72865 74x09* 
72723 68623 

72579 70576® 
72436 79762 
72393 95969 

7215118985“ 
73008 48597 
•71865 84591^ 
71723 26750+ 
715807485 7 


' 438 j 3 237;8 

•43686 95384 

•43540 748 X 1 

•43394 5 X 934 
•43248 36679 

•43101 98970 
•43955 6 S 732 
•42809 35889 
•42663 00365+ 
•42516 62084 

•43370 20969 
•42223 76942* 
*42077 29927 
•41930 79844 
•41784 266x6* 

•4x637 70x64 
•4x491 W409 

•41344 47270 
•41197 80669 
•4105110524 

•40904 36755 “* 
•40757 59280 
•40610 780x8 
•40463 92886 
•4031703802 

•4017010682* 
•40023 13444 
•39876 12002* 
•39729 06273 

•39581 96175 + 

•39434816H 
•39287 62506 
•30140 38770 
•38993 103X5+ 
•38845 77055 - 

•38698 389OO 
•38550 95763 
■38403 47553 

•38255 94i8i 

•38108 35556 

•37960 71587 
•3781302x82 
•37665 27250“ 
•37517 46696 
•37369 60428 

•37221 68352 
•37073 70371 

•36925 66392 
•36777 56317 
*3662940051 

•36481 17494 . 

•36332 88549® 

• 36 x 84 53 X 18 . 
•36036 1 X 099 * 
*3588762394 

•3573906900 

•35590 445 X 5 + 
• 3544 X 75137 
•35292 98663 
•35144 X 4987 


•24735 85226 
•24988 54362 
• 2532 X 84147 
•25455 75047 

• 2569027535 ® 

•25925 42088 
•26l6l X9X88 
*26397 593*4 
•2663462989 
•26872 30682 

•27110 62907 
*27349 60176 

•27589 *3004 
•2782951914 

*28070 47434 
•28312 X0098 

•2855440446 
•28797 39027 
•29041 06392 
•29285 43102 

•29530 49723 
•29776 26828 
•3002274998 
•3026994818 
•3051786884 

•30766 5179& 
•3101590163 
•31266 02600 
•3151689732 
•31768 52202 

•32020 90609* 

•3227405641 
•32527 97939 
•32782 68166 
•33038 16993 

•33294 45 IOI 
•33552 53178* 
•3360941922 
•34068 12039 
•34327 64244 

•34587 99262 
•34849 17828 
•35m 20684 
•35374 08586 

•33637 82295® 

*35902 42586 
•3616790242 
•36434 26059 
•3670150840 
•36969 65402* 

•37238 70373 
•3750867190 
•37779 56103 

•3803X 38X73 
*38324 14275 + 

•3859785294 
•3887252128 
•39148 15687 
•39424 76896 

•39702 36690 


•7143838693 1*3499524005+ 1*3998096021 
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*(«+«.) 



Hl+O.) 

*<!-«*) 

« 

f 

rss | 


M 

M 

1 

*(*+«,) 


*800 

•8416212333 5 

*2799619304 

2*85753 14772 

•71438 28693 

•3499524005+ 

•34846236X1 

1*39980 9602X 

•200 

•8ox 

Haim 

•27911 851x4 

2*86974 87526 

•7**95 88037 

X*4026O 53836 # 

*190 

♦80a 

•27827 15*97 

2*88207 7X913 
2*89451 84029 
2-90707 40288 

7II33 52667 

•34697 >969? 

x *40541 17x58 
1*40822 80934 
1*41105 48x86 

*198 

•803 

*804 

■85338 37979 
•85399 59835" 

•37743 09344 
•27636 67444 

•7I0II 22338 
•70868 96886 

•3454s ge*37 

•34398 84881 

•X97 

•196 

•805 

•83961 73642 

•2737089387 

*•91974 574*7 

•70726 76023 

•3424953760 
•34x00 18684 

1*138919933* 

*195 

*806 

♦86323 00516 

•37484 75039 
•37398 34348 

2-93253 523X7 

•7058439339 

1*4X673 972X3 

•194 

‘807 

♦86689 41666 

2-94544 42969 

•70442 47203 

•33950 7354* 
*33801 20220 

1*4x9598x077 

*X93 

•808 

♦87054 98302 

•371H 37138 

2-95847 46547 
2-97i6a 81372 

•70300 38783* 

1*42246 72391* 

*192 

•809 

•87421 71648* 

-27324 X3312 

•70158 34044* 

•33651 58606 

1*42534 72840 

*191 

•810 

•87789 62950 

•37136 52755“ 

2-98490 65933 

•700X6 32750 

•3350188586 

1*4282382927 

•X90 

•8ij 

•88138 73470 ' 

•27048 55347 

2-9983119097 

■69874 3466o 

•33352 X0045+ 
•33202 22867 

1-4311403951 

*189 

•812 

•88529 04488 

•26960 20968 

3*01x84 60119 

•6973* 39535* 

1*43403 37063 
I-43697 83407 

•188 

•813 

•88900 57306 

•2687149297 
-26782 40812 

3-02551 08652 

•6959047131* 

*33052 26934 

•X8 7 

•814 

•89373 33343 

3-03930 84753* 

•6944857*03“ 

•32902 22X28 

x-4399144I5X 

•l86 

*815 

•89647 33640 

-26692 94789 

3*05324 08909 

•69306 69507 

•32752 08330 

1-44286 20482 

•185 

•816 

•90022 59857 

*26603 * * 303 

3*0673102020 

*69164 83789 

•32601 85420 

1-4458213603 

•184 

•817 

•90399 13276 

•26512 90227 

3-o8iji 83439* 

•69022 99799 
•68881 17282 

•32451 53277 

1-44879 24738 

•183 

*818 

•90776 95299 

•26422 3*433* 

3-09586 80070* 

•32301 11777 

1*45177 35129 

•182 

♦819 

•9115607351 

•26331 34793 

3*XX036 X088l 

•68739 35982 

•32X30 60797 

1-4547706039 

•l8i 

*820 

•91536 50879 

•2624000x75“ 

3-X2499 979I7 

•6859735640 

•32000 00213 

1-45777 78750- 

*x8o 

•821 

•91918 27352 

•26148 27447 

3-13978 65314* 
3-15472 368l5 + 

•68455 75994 
•6831396780 

•3I849 29899 
•3I698 49727 

I'46079 74364 

*179 

•822 

•92301 38263 
•92685 05128 

•2605616475+ 

I*46382 94806 

-178 

•823 

•35963 67x25+ 

3-I698X 36678 

•68172 17730 

•31547 59569^ 

X'46687 4082X 

*177 

•824 

•93071 69489 

•23870 79239 

3-I8505 89695+ 

•68030 38576 

•31396 59295+ 

I*46993 13974 

*X76 

•825 

•93458 92911 

•35777 52740 
•25683 87427 

3*20046 2X205+ 

•67888 59°43* 

•3X245 48776 

1*47300 X5656 

*175 

•826 

•93847 56984 

3*21602 57109* 

•67746 70858 

-31094 27877 

I 476o8 47280 

•174 

•827 

•9423763326 

•2558983178* 

3-23175 23888 

•6760*97742 

•30942 96467 

I-479I8 10280 

*173 

•828 

•94629 13579* 

*25495 39852 

3-2476448616 

•6746315413 

•3079I544XX ' 

I-48229 06ll7 

•172 

•829 

•95022 09415+ 

•2540057303 

3*2637058979 

*67321 3x587 

*306400X571* 

1-4854X 36274 

•171 

•830 

•95416 52531 

•25305 35384 

3*27993 83292* 

•67179 45976 

•30488 37812 

I-48855 02260 

•170 

•831 

•95812 44654 

•25209 73948 

3-29634 50520 

•67037 58289 

•30336 62994 

I-49I70 05610 

•169 

•832 

•96209 87539 

•2511372844* 

3.3129a 90293 

•66895 68232 

•30X84 76977 

X-49486 47884 
1*49804 3067I* 

•168 

•833 

•96608 82971 

•35017 3*922 

3-32969 32922 

•66753 75508 

•30032 796l8 
•29880 70776 

*167 

•834 

•97009 32766 

•2492051027 

3-3466409431 

•666xi 79815“ 

I-50I33 55383* 

•166 

•835 

•97411 38770 

•24823 30005- 

3-36377 3I367 

•66469 80848* 

•29728 50305“ 

1-50444 2A270 

1-50766 38396 

•165 

’836 

•97815 02862 

•24725 68697 

3-38x0991823“ 

•66327 78300* 

•29576 X8059 

•164 

'837 

•98220 26953 

•24627 66945* 
•24529 24589 

3-39861 63471 

•66185 71859 

•29423 73889 

f5I08999665* 

I *163 

•838 

•98627 12987 

3-41633 00565* 

•66043 61207 

•29271I7648 

•29X1849183 

I*5I4I5 09809 

•162 

•839 

•99035 62942 

•2443041465“ 

3*43424 37985“ 

•65901 46026 

I-5I74X 70589 

| -161 

•840 

•99445 78832 
•99857 62706 

•2433* 17408 

3-452361x450“ 

•65759 25990 

•28965 68343 

I-52069 83799 

•160 

•841 

•24231 52251 

3-47068 57548* 

•6561700773 

•a88l2 74972 
•28659 689I4 

1*32399 3X265+ 

*139 

•842 

1*0027116650+ 

•24131 45826 

3-48922 13705+ 

•65474 70041 

I-52730 74847 

*158 

•843 

1-00686 42788 

•2403097961 

3-50797 18507 

•65332 33459 

•28506 50012 

X-53063 56436 

*157 

•844 

1*0x103 4328 X 

•23930 08482 

3-52694 XII33 

•65189 90683 

•28353 18107 

1*53397 97962 

-156 

•845 

1-01522 2033a 

•23828 772x5+ 

3*5461331983 

•65047 41370 

•28X99 73036 

X-537340I388 

•X55 

•846 

1-01942 76182 

•23727 6398a 
•23624 88602 

3-56355 22410 

•64904 85x67 

•28046 14636 

1-5407168714 

*154 

’847 

1*02365 I3H5+ 

3-5852024816 

•64762 21720 

•27892 42742 

1-3441101976 

*153 

•848 

1-0278933458 

•23522 30895“ 

3-6050882671 

•64619 50667 

•27738 57X87 

1*54732 03255“ 

•132 

•849 

1-032X5 39579 

•23419 30674 

3-62521 40578 

•64476 7x646 

•27584 57802 

1-55094 74659 

•151 

•850 

103643 33895'“ 

•23315 87733 

3-64558 44265+ 

•64333 84282 

•27430 444X5- 
•27276 I6854 

i‘55439 18351 

•150 

•831 

1-04073 18864 

•2321201943 

3-66620 40662 

‘64x9088200 

1*55785 36327 

*149 

•852 

1-04504 96098 
x-04930 70848 

•23x07 73050“ 

3-68707 77943 

•64047830*3 

*27X22 74941 
•26967 X85O2* 
•268X2 47356* 

1-56x33314x9 

*148 

•853 

•23003 00883 

3-7082I93495+ 

•63904 68356 
•63761438x0 

1-56483 03324 

*X47 

•834 

1-0537443022 

•22 897 85242 

3-72960 74067 

1-3683460365“ 

*146 

*835 

1*0581216178 

•22.792 25929* 

3*75X27 35746 

-636x808986 

•26637 6l32X 

X-37X87995X4 

*?43 

•856 

1-0625193023 

•22686 22742 

3-7732144003^ 

•63474 63477 
‘6333106873 
•6318738733 + 

•26502 60213 

x*57543 24599 
1*57900 38288 
i*58a59 43099 
1-586204x608 

*144 

•837 

•838 

*06693 76331 

1 *07137 6889* 
1*0750373609 

*2257975475 
•22472 8392O 

379343 33775+ 

3-817942x493 

•2634743845“ 
•26x92 12028 

*X43 

•142 

•839 

"22365 47867 

3*8407405x29 

•63043 38699 

*26036 64371 

*141 

•860 

1*0803193408 

•22257 67101 

3-86383 64235- 

-62899 66274 

•2588XOX280 

1*58983 36437 

*140 
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Normal Curve Functions 





*(*+«.) 

1 (x-a.) 

X 

M 

*(1-0.) 

X 

M 

X 

I 

*(!+«.) 

i (*-«.) 

*860 

I’0803193408 

*22257 67101 

3-86383 64*33“ 

•62899 66274 

*25881 01280 

X'58983 36437 

X‘5934® 30267* 

•140 

♦861 

1*08482 31279 

*221494X407 

3*88723 60109 

*62755 61040 

•25725 21960 


•862 

1*08934 90279 

•22040 70565~ 

3-91094 55647 

•62611 42551 

•25569 26409 

1-597X3 *583* 

•863 

1-09389 73325"“ 
1*09846 84202 

•«93l S435* 

3*93497 *559* 

*6246710355- 

‘25413 14429 
•2525685813 

I»60084 25927 

•137 

•864 

‘2I82I 92542 

3-9593* 06504 

*62322 63990 

1-60433 33399 

•136 

•865 

1*10306 25561 

•2I7XI84907 

3*98399 96923 

•62178 O2O88 

*25100 40J54 1 
•24943 77844 

Z*60828 5Il60 

•135 

•866 

1*10768 00920 

•21601 31213 

4*0O90l 57241 

•62O33 2687I 

•6l888 35155 

1*61203 82188 

•134 

•867 

1-11232 13671 

•21490 3X226 

4-03437 S9995 + 
4*06008 798I9 

•24786 98069 

l*6l58l 39518 

, *133 

•868 

1.11698 67277 

*21378 847O6 

•61743 27346 

•24630 00813 

X*6l960 96255" 

•132 

•869 

1*12167 65277 

'2I2669I4IO 

4-08615 93548 

•61598 02940 

•*447* 85857 

1*62342 85573 

•131 

•870 

1*1263911289 

•2II54 51092 

4*11259 80324 

•61452 61428 

•^313 52980 
•24158 01955* 

I*62727 00710 

•130 

•871 

1*1311309007 

•2I04I 63503 

4*13941 21638 

•61307 02286 

I*63I13 44986 

*129 

•872 

1*13569 62211 

*20028 28389 
•2O8I445492* 

4*166610x464 

■6ll6l24985* 

•24000 32556 

I*63502 21789 

•128 

•873 

1*14068 74762 

4*1942006320 

•61015 28984 

■*384*44550 

X-63893 34586 
I*64286 869I8 

•127 

•874 

1*14550 506x3 

•20700 14552 

4*2221925411 

•60869 13732 

•23684 37702 

•126 

•875 

1*15034 93802 

•20585 35302 

4*25059 50669* 

•60722 78667 

•2352611774 

I*64682 82416 

■125 

•876 

1*15522 08464 

*20470 07474 

4-27941 76924 

•60576 23218 

*23367 66323 

I*6508l 24789 


•877 

x*i6oii 98829* 

*20354 30793 

4*3086701991 

•60429 46801 

•23209 01702 

1-65482 17829 


•878 

1*1650469221 

•20238 04983 

4-33836*6756 

*60282 48820 

•23050 17065- 

1-65885 65433 


•879 

1*17000 24074 

*20121 29760 

4-36850 55383* 

*60X35 28670® 

•22891 12353" 

I-6629I 71569 


•880 

1*17498 67920 

•20004 04838 

4-39910 95366* 

•59987 85732 

2273X 87316 

1-66700 40317 

•120 

•881 

1-18090,05403 

■I9886 29927 

4-43018 57685+ 

•59840 19370 

•22572 41687 

1-6711175854 

•119 

•882 

1-1850441179 

1-1901180410 

•19768 04728 

4*46l74 57036 

•59692 28946 

•22412 75201 

1*67525 82437 

•118 

‘883 

*19649 28942 

4*49380 Il8ll 

•59544 13796 

•22232 87590 

1*67942 6446I 

•117 

•884 

1*19522 27816 

•19530 02264 

4*52636 444X1* 

*59395 73249 

•22092 78579 

1-68362 26411 

•n6 

•885 

1*20035 88581 

•19410 24382 

4-55944 81355+ 

•5924706617 

•2193247889 

I-68784 72888 

•115 

•886 

1*20552 67961 

•19289 94980 

4-59306 53476 

•59098 13201 

•2177X 95237 

I'692I0 08600 

•114 

•887 

1*21072 71329 

•1916913738 

4*62722 96054 

•58948 92282 

•2X611 20336 

1-69638 3839O 

•113 

•888 

1*21596 04197 

•19047 80328 

4*66x95 49084 

•58799 43128 

•2145022892 

1-7006967215+ 

•1x2 

•889 

1*22122 72221 

•18925 94418 

4*69725 57433 

•58649 64989 

•2x28902607 

I*70504 00163 

•hi 

•890 

I-22632 81200 

•18803 55670 

4*73314 71070 

•38499 57099 

■2112759180 

1-70941 42455 
I-7I38I 99448 

•no 

•891 

I*23l86 37089 

•18680 63740 

4*76964 45309 

■58349 18674 

•20965 92301 

•109 

•892 

1*23723 45993 

•18557 10278 

4*8067641009 

•58198 48911 

•2080401657 

1-7I825 76648 

•108 

•893 

I*24264 I4187 
X'248o840ZX2 

•18433 18928 

4*84452 24882 
4*88293 69721 

•58047 46990 

■20641 86929* 

I-72272 79702 

•107 

•894 

•18308 65328 

•57896 12070 

•20479 47794 

172723 I44I3 

•106 

•895 

I-25356 54386 

•18183 57X08 

4*92202 54712 

•57744 43290 

•2031683919 

I73I76 86740 

•105 

•896 

1-25908 39805+ 

•18057 93893 

4*96180 65699 

*57592 39769 

•20153 94969 

173634 02813 

•104 

•897 

1*26464 11358 

•1793* 75299 

5*00229 95540 

■5744000603 

•19990 80601 

174094 68925* 

•103 

•898 

I*27023 76225+ 

•17805 00939 

5-04352 44402 

•5728724865 

•1982740466 

I*74558 9I556 

•102 

■899 

1-27587 4I794 

•17677 70413 

5*0855020158* 

•57134 XX608* 

•19663 74208 

175026 77359 

•101 

•900 

I*28l55 15658 

•17549 83319 

5*12825 38719 

•56980 59858 

•19499 81465+ 
•19335 6x868 

175498 33188 

•100 

•901 

1-28727 05633 

•17421 39243 

5*1718024462* 

•56826 68615- 

1*75973 66093® 

•099 

•902 

1*29303 19763 
1-29883 66327 

•17292 37766 

5*2161710643* 

•56672 36855” 

•1917115040 

17645283330 

•O98 

.903 

•17X62 78460 

5-26138 39837 

•5651763526 

•19006 40598 

176935 92369 

•097 

•904 

1-30468 53854* 

•17032 60887 

5-30746 64436 

•56362 47551 

•18841 38149 

177423 00902 

•O96 

•905 

1*3105791123 

I-31651 87185* 

•I69OI 84602 

5-35444 47090 

•56206 87816 

•1867607295 

177914 16864 

*095 

•906 

•16770 49152 

5-4023461337 

•5605083x85* 

•18510 47629 

178409 48421 

•094 

•907 

I*32250 51368 

^16638 54072 

3*4511992086 

*55894 32485+ 

*18344 58734 
•18178 40x87 

17890903999 

179412 92278 

•093 

•908 

I-32853 93290 

•16505 98890 

5*50103 36292 
5*55i88o3522 

*55737 34514 

•092 

.909 

X*33462 22868 

•16372 83123 

•55579 88031 

•18011 91554 

I7992I 22228 

•09I 

•910 

1-340*5 30338 

•16239 06278 

5*60377 16730 1 
5*65674 129x6* 

•55421 91764* 

•17845 X2393 

1*80434 03088 

♦090 

•911 

1*34693 86262 

•16104 67852* 

•55263 44401 

•17678 02233 

1-80951 444x0 

•089 

•912 

I-353I74I546 

•I5969 67332* 
•I5834O4X93 

5*71082 43946 

•55104 4459X 

•175x0 60672 

i’8i473 56051® 

•088 

•913 

1*3594627455““ 
1*36580 55627 

3*76605 77398 

•54944 90946 

•17342 87177 

1-82000 48191 

•087 

•914 

*1569777897 

5*82247 97405* 

•54784 82032 

• 1717481287 

1*82532 31356 

*086 

•915 

1*37220 38001 

*15560 87897 

5*8801305635 

•54624 16370* 

•17006 42510 

1*8306916430 

•085 

•916 

1*37865 87286 
1*38517 16082 

•15423 33632 

5*93905 22329 

•54462 92441 

•16837 70340 

1 *836II14665“ 

•084 

•917 

**X52B5 X4529 

5*9992887383* 

6*060886x488 

•5430108673 

«x6668 64263 

1*84158 37698 

•083 

*918 

*•39X74 37794 1 

•I5146 30002 

*54138 63444* 
•53975 35083 

•16499 23749* 
•1632948260 

1-84710 97586 

*082 

•919 

1*3983766208 

•15006 79451 

6*1238927423 

1*85269 06805+ 

•08 X 

.gap 

1*4050715603 

*14866 62263 

6*1883391389 


•16159 37242 

i 

1*85832 78284 

•080 
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*<!+*) 



1 <x+%) 

*(*-«.) 

X 

f 

*(X -«0 


t 

9 

f 

k (!+«■) 


*920 

1*4050713603 

*14866 62263 

6*18835 91389 
6-25433 84457 
6*3218864133 

•538U 8l860 

-16159 37242 

1*85832 78284 

•080 

*921 

1*4118300774 

•14725 77808 

• 536474 X 989 ^ 
• 5348 a 33625 + 

•X59889OX28 

1*86402 25420 

*079 

*922 

1*41865 37061 

•14584 45444 

•1581806339 

1*86977 62104 

•078 

•923 

1*4255440371 

•14442 04512 

639106 16025+ 

•S 33 i 6 54838 

•15646 83278 

*•87559 0 * 747 * 

•077 

*924 

1*4325027208 

• 1439914335 ' 

6-4619* 5J649* 

•5315003711 

•*5475*6337 

X*88Z46 62309 

•076 

•-925 

*•43933 *4708 

•14155 54224 

6-53434 30393 
6*608g8 21635" 

•52982 78140 

•15303 28891 

X-88740 56318 

•075 

*920 

I*44663 2067I 

•I 40 II 23467 

•52814 76027 

• 15 X 30 92297 

1*8934100001 
1*8994.812832 
1*90562 09547 1 

*074 

•927 

I ’45380 63589 

•13866 21337 

6-6853146959 

•52645 95176 

•14938 15897 

•073 

•928 

I*46l05 626OI 
J *46838 37982 

•13720 47087 

6 * 7636 l 62673 

•32476 33311 

•14784 99017 

•072 

•929 

•13573 99953 

6*84396 66452* 

•52305 88071 

*1461140961 

1*9118309192 

*071 

•930 

1*47579 10282 
1*4832801274 

•13426 79144 

6*9a645 00320 

•52134 57013 

•14437 41015 + 

1*9181130629 

*070 

*931 

•X327883859 

7*01115 53337 * 
7*09817 65869* 

•5X962 37573 

•X4262 98452 

1*92446 93607 
1*9309018570 

•069 

*932 

i* 49 o 85 33552 

•13130 13263 

*51789 27123 * 

•14088 125 X 4 

•068 

•933 

1*49851 30679 

*12980 66504 

7*18761 32490* 

•51615 229X2 

•I39I2 82426 

1-9374126921 

»067 

•934 

1*3062617234 

•12830 42705 “ 

7-37957 06377 

•51440 22078 

•1373707393 

1*94400 40980 

*066 

•935 

•936 

1*51410 18877 1 
1*3220362418 

•12679 40964 
•12527 60353 

7*3741603637* 

7 * 47 l 50 08 l 55 + 

•51264 21643 
•51087 18506 

•13560 86502* 
•13384 I 9 i 8 i 

1*95067 84061 
1-95743 8 o 5 I 7 s 
1-96428 55812 

•065 

•O64 

•937 

1*53006 75881 

•12374 99916 

7*57171 76848 

•5090909436 

•1320704286 

•063 

*938 

1*53819 88586 

*12221 58668 

7-67494 45411 
7-78132 34603 

•50729 91061 

•13029 4 I 0 II 

1*97122 36586 

•062 

■939 

J -54643 3 I 223 

•12067 35595 * 

•50549 39862 

•12851 28430 

1*97825 50747 

*06l 

•940 

1-55477 35946 

•11912 29652 

7*89X00 57227 

•50368 12163 

•12672 65587 

1-98538 27531 

*060 

•941 

1*56322 36470 

•1175639738 

8 * 004 I 5 25763 

•50185 44x23 

■1249351497 

1-99260 97598 

•059 

•942 

1*57178 68165+ 

•11599 64802 

8*12093 60702 

*50001 51720 8 

•1231385140 

1*99993 93136 

♦058 

*943 

1*58046 68184 

•II 4 A 2 03633 

8 ' 24 I 53 99938 

■49816 30749 

•I 2 I 33 65464 

2*00737 47942 

•057 

*944 

1*5892675570* 

*1128355063 

8-366I6 08906 

■49629 76799 ^ 

•XX95291380 

201491 97556 

•056 

•945 

1-59819 31399 

•IXI24 I7865 5 

8-49500 9 I 988 

*49441 85248 

•I1771 61762 

2*02257 79372 

•055 

•946 

1*60724 78919 

•IO963 90770 

8-6283I05085+ 

-49252 51242 
•49061 6968I 

•1158975444 

2-03035 32773 

•054 

•947 

1*61643 63711 

•10802 72462 

8*76630 69580 

•H407 31216 

2*03824 99283 

•053 

•948 

1-6257633863 

•IO64061581 

8-90925 87998 

•48869 35207 

•II224 27828 

2*04627 22703 

•052 

•949 

1-6352340154 

*10477 567 I 5 ‘ 

9 05744 61226 

■48675 42173 

•I1040 63978 

2-05442 49323 

•031 

•950 

1*64485 36270 

•I03I3 56404 

9 - 2 I 1 X 708093 

•48479 84636* 
•48282 56323 

•10856 38320 

2*06271 28074 

•050 

•951 

1*65462 79023 

•IOI48 59128 

9*37075 87012 

•10671 49451 

2*07114 10766 

*049 

*952 

1*66456 28611 

•09982 633IO 

9*53656 20484 

•48083 50613 

•10485 95914 

2*07971 52299 

•048 

*953 

1*67466 48890 

•09815 67313 

9-70896 22581 

•47882 60505+ 

•10299 76195 

2-08844 10924 

•047 

*954 

1*6849407677 

•09647 69433 

9 88837 29856 

•47679 78588* 

•101X2 88714 

2*09732 48546 s 

•O46 

•955 

1-69539 77ioo 

•09478 67895“ 

I0-07524 36616 

•47474 97013 

•09925 31827 

2* 10637 30998 

•045 

•956 

1*70604 33967 

•09308 60850" 

I 0 - 27 OO 6 34581 

•47268 07449 

•09737 03818 

2*11559 28409 

*044 

*957 

1-71688 60181* 

•0913746371 

IO*47336 58l3I 

•47O59OIO44 5 

•09548 02895+ 

2*12499 15596 

•043 

•958 

1-72793 43222 

•08965 22444 

10-68573 35964 

•46847 68383* 

•O9358 27186 

2 -I 3457 72476 

•042 

•959 

I- 739 I 9 76650* 

•0879I 86967 

I0*90780 50013 

■46633 99426 

•09167 74731 

2-14435 84571 

*041 

*960 

175068 60710 

•08617 37741 

II-I4028 03288 

I1-38392 97729 

•46417 83470 

•08976 43480 

2*15434 43514 * 

•040 

•961 

1-76241 02977 

•0844I 72460 

•46199 O9O65- 

•08784 31280 

2-16454 47690 

•°39 

•038 

•962 

177438 19102* 

•08264 88710 

11*63060 24344 
II-90823 67514 

*45977 63955 + 

-08591 35873 

2*17497 02893 

•963 

1-78661 33654 

•08086 83956 

•45753 34993 

•08397 54886 
•08202 8582I 

2-18563 23123 s 

•037 

•964 

179911 81067 

•07907 55532 

I 2 -I 9087 26685* 

•45526 08050* 

2*19654 31438 

•036 

*965 

1*8119106729 

•07727 OO634 

12*48866 58227 

I2-80290 42138 

•45295 67915 

•08007 26046 

2-20771 60974 

*035 

*966 

1*82500 68211 

•07545 I6306* 

•45061 98170* 

•07810 72781 

2*21916 56074 

*034 

.967 

1*83842 36691 

•07361 99429 

13*13502 78467 

•44824 81064* 

•07613 23091 

2*23090 73603“ 

•033 

•968 

1*8521798586* 

•07177 46702 

I 3-48665 20044 

•44583 97357 

•07414 73866 

2*24295 84444 

•03a 

• *969 

1*86629 57434 

•06991 54633 

13-85959 49232 

*44339 26136 

•07215 21809 

2*25533 75253 

•031 

•970 

1*88079 36081 

•06804 19514 

14-2559109446 

*44090 44622 

•07014 63417 

2*26806 50475" 

*030 

*971 

1*89569 79240 

•06615 37406 

14*67793 03948 

•43837 27924 

•06812 94960 

2*2811634692 

•020 

*972 

1*91103 56476* 

•06425 041 II 

I5-X2830 78674 

*43579 48768 

•066X0 X2460 

2*29465 75399 

•028 

•973 

1*92683 65733 

•06233I 5 I 49 

I5*6l008 10466 

•4331677166 

•06406 II664 

2*30857 46275“ 

*027 

•974 

1*94313 37511 * 

•06039 65726 

l6*X2674 29263 

•43048 80042 

•06200 88014 

2*32294 51001 

•026 

•975 

1*95996 39846 
1*97736 84283 

•05844 50698 

16-68233 10053 

•42775 20771 

*05994 36613 

2-33780 27919 

•025 

.976 

•O5647 64333 

I7*28l53 84696 
17*92985 38697 

•42495 58640 

•O5786 52185 

2*35318 55534 

*024 

•977 

1*99539 33102 

*05449 01262 
•05248 544 * 5 + 

•42209 48199 

•0557729030 

2-3691359215“ 

*023 

•978 

2*01409 08x2$ 

l 8*63373 82856 

•41916 38469 

*05366 60967 

3-38570I9334 

•022 

*979 

2*0335201492* 

*0504617007 

X9‘40085 22490 

•41615 7x984 

•0515441274 

2*40293 8x298 

•021 

•980 , 

2^05374 89103“ 

•04841 81359 

20 *a 4034 96517 

•4x306 83602 

*04940 626XX 

2*42090 67947 * 

•020 

















m 


Normal Curve Function$ 


*(*+«.) 



id+«.) 

WBBM 
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i <!-«.) 

•980 

-981 

*982 

*983 

-984 

*•05374 89105- 
*•0748547343 

2-09692 74^9> 
2*1200716897 
2-1444106210 

•04841 81359 
•04635 39107 

•0442681043 
•04213 96988 
-04002 75629 

20- 24034 96517 

21- 16326 29328 

22- 1830145166 

23- 3161058315“ 

24- 58306 04688 

•4130683602 
.40988 99039 
•4066133007 
•40332 86868 
•39972 45605“" 

-04940 626XX 
•04735 16929 
•04507 95359 
•04288 88086 
•04067 84176 

2*42090 67947 * 
2+3967 95103 
2-45933 91270 
2*47998 22848 
2 * 50 I 7 a 26833 

•020 

* 0 X 9 

«oi8 

•017 

•ox6 

‘983 

•986 

•987 

-988 

*989 

2*17009 03776* 
2*19728 63766 
2-2262117693 
2-25712 92445* 
2-29036 78779 

•03787 04310 

•03568 68772 
*03347 52823 
•03123 37903 
•02896 02511 

26- 00973 83286 

27- 62920 37219 5 
29-48444 14167 
31*63240 80738 
34-1502563952 

•39608 73857 
•39230 10670* 
■3883463395 
•38419 92877 
•37983 09609 

•0384471380 
•03619 35874 
•03391 61928 
•03161 31481 
•03938 23570 

2 - 5 i !469 5398 s 
2*54906 26562 
2-57502 17 X 57 
2-60281 58617 
2-63275 00991 

•015 

•014 

•013 

•012 

•on 

•990 

•991 

*992 

*993 

*994 

2-32634 78740 
2-3656181268 
2-40891 55459 
2-45726 33903 

2-5121443279 

•02665 21422 
-02430 64606 
•0219195666 
•01948 69510 
•01700 28705+ 

37 -X 4523 I 7976 
40-7710532107 
45-25636 91596 
50-9571704741 

58-4607169201 

•3752043616 
■37027 19362 
•3649707190 
• 3592147385 “ 
•35288 1591X 

•0^692 13558 
•02452 72055- 
•02209 63373 
•0x962 432x2 

•027x055035+ 

2-6652142202 
! 2-7007178486 
2-7399458309 
2-78385 0x399 
2-8338117525“ 

•010 

•OOQ 

•008 

•007 

*006 

*995 

*996 

*997 

•998 

*999 

2*57582 93035+ 
2-65206 98079 
2-74778 13854 

2- 8781617391 

3- 09023 23062 

•01445 97430^ 

•01184 70585+ 

•009149x9x1 
•00634 0x932 
•00336 7090X 

68-81x73 463x0 

81-0715014744 

108-971381780 

157*40845 1465+ 

296-69535 9238 

•34578 76x12 
•337636352X 
■32789 78389^ 
• 3 X 544 77985 + 
•2969923516 

•01433 24051 
•01189 46371 
<00917 67213 
•00635 28990 
•00337 04605+ 

2- 89194 86054 
2*96176 46364* 

3 - 04973 03779 
3-17009 66203 
336709 00771 

*005 

•004 

•003 

•002 

•OOl 


Note. We believe that x and z may be taken as correct to the figures tabled. 
They were worked of oourse to more figures than are shown. The possibility of 
error in the ratio $(1 + a m )/z is greater, and may amount to five units in the tenth 
decimal. It seemed better to leave the last two figures standing with this warning 
rather than destroy the symmetry of the table by cutting them out. We feel com¬ 
pelled however to show only twelve figures in the last three entries of this ratio. 

A more extended system of symbols than heretofore has been adopted in this 
table to indicate the nature of the last figure. 5 + and 5“ signify as usual that the 
real number exceeds 5 and falls short of 5. The symbol 5® denotes that the number 
is exactly 5 to the extent of the calculations , i.e. -63719,16745® denotes that x for 
|(1+ a 9 ) - *738 was found to be -63719,16745,00. It does not neoessarily indicate 
that the value terminated at the tenth or twelfth decimal. Another innovation has 
been made. Consider *60075,97742®; the usual interpretation of this would be that 
the number as actually worked was terminated by 5,50 or 500 as the case might be, 
and the computer was unable to settle whether to enter it as *60075,97742 or 
•60075,97743. In the present table there may be doubt as to the correctness of the 
twelfth figure and the affixed 5 has been used when the final figures are 48, 49, 
50,51 or 52. Thus *60075,97742,48 or -60075,97742,51 would not be printed as usual 
•60075,97742 and *60075,97743, but as -60075,97742®, precisely as -60075,97742,50 
is written *60075,97742®. This seems safer when we cannot be sure of one or two 
units in the twelfth deoimal place, and is more accurate when the 5 is actually put 
on the machine in computing. 

We have to thank most heartily Dr W. F. Sheppard for the original loan to the 
Laboratory of his twelve figure tables of J (1 + a e ) to argument x, and more recently 
for extracts (x — 2*1 to 3*1) from his sixteen figure table of log, J (1 - a*) to argu¬ 
ment x by intervals of *1. We have also to thank Mr Frank Bobbins for determining 
a large number of the values of as. 








THE DURATION OF PLAY. 


By E. a FIELLER, B.A. 


§ 1. The Problem and its Equations. 

Two persons, A and B, play at a game in which their chances of winning are 
respectively p and q, where 

P + ?- 1- 

A starts playing with a counters, B with b counters, and after each game the loser 
gives the winner one counter. The set finishes when one of the players loses his 
last counter. 


These are the conditions of the problem that we propose to discuss. 

Let p mtfi be the chance that after n games B will hold m counters. 

If \ <m<a + b—l, B must either hold (ra + 1) counters after the (w — l)st 
game, and lose the nth, the probability of which is pxp m+lt ^ x , or else hold 
(m—1) counters after the (n —l)st game, and win the nth, the probability of 
which is qxp m - l.n-i* 

If m = 0 or 1, B must hold (m + 1) counters after the (n- l)st game, and lose 
the nth; if + 1) or (a + b), he must hold (m — 1) counters after the 

(n — l)st game, and win the nth. 


Thus 

( 1 ) 


P •pm+\ % n-1 “b q •pin-1, n-1 > 
P»w,n“ ' P • Pm+l,n~l} 


V q • JPtn-1, n-1 • 

Since B starts playing with b counters, 


(1 < fn< a + 6— 1) 
ra=*0, 1 

vi~ a + b — 1, a + b 


(1-D 


Pb % o=L 


In n games B can win or lose only n, or (n - 2), or (n — 4),... counters, and the 
number of counters he holds must always lie between 0 and (a 4- b). Thus 

(1*2) Pb+n~M(+ 1, n 38 0» (t “ 1, 2, 3, ... fl) 

and 

( 1 * 8 ) Pm,n=*0 


unless Max ((6 - n\ 0) < m < Min ((b + n), (a -f 6)). 


(1), (l'l), (1*2), end (1*3) are the equations of the problem. Instead of solving 
them analytically, we may regard them as defining a quantity p Mtn whose values we 
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can set out in a diagram somewhat similar to Pascal’s Arithmetic Triangle, which 
gives the values of the quantity n C T defined by the equations 

n0r = n-iCV + »-iCv-i; <A = 1; »C r - 0 unless 0 <r <«. 

We take a rectangular array of (a + b +1) rows of points, and starting from the 
bottom, number the rows 0,1, 2,... (o4 b), and starting from the left, number the 
columns 0,1, 2, 8,.... Against the point (n, m) common to row m and column n 
we write the value of p m , n . It is not necessary to take more than (a + 6 4-1) rows, 
by virtue of (1*8). 

% 

§ 2. The Solution when a is Infinite. 

(a) The Individual Probabilities. 

For simplicity’s sake we consider first the oase in which A ’s fortune is un¬ 
limited, and so, consequently, is the number of rows. By (1*1) and (1*8), the number 
at (0, b) will be 1, and all other entries in column 0 will be zero. By (1’2) and (l'S), 
the entries in column n will be zero above the ( b + n) th and below the (b — n)th rows, 
and also in the (6 + n — l)st, (b + n — 3)rd,... (b — n + l)st rows. By (1), the entry 
at (n, m) is obtained, for m > 1, by adding p times the entry at (n — 1, m +1) to q 
times the entry at (n — 1, m - 1), and for m = 0,1, by taking p times the entry at 
(n — 1, m + 1). Hence (Figure I*) until n becomes greater than b, the non-vanishing 
terms in column n are, reading upwards, exactly the successive terms of the 
binomial expansion 

(p + q) n . 



For n>b, these binomial terms become modified on account of the modification 
for m «* 0,1 in the rule for forming the entries in row m. The terms in the oolumns 

* The figure is drawn for 6=7; if 6 has not this value the last oolumn will stand, but the upper 
portion of it will not tell on the horizontal rows marked by the left-hand seals, as more rows will occur 
between Sand 6-8. 











E. C. Fikllbb 

immediately succeeding the 6th are easily seen to be those shown in Figure 2, and 
generalising from these we obtain for the entries in column (6 + 2t) the values 
shown in the first column of Figure 3; from this column the next three columns 
are formed in accordance with equation (1). Since the entries in the last two columns 
of Figure 8 differ from those in the first two only by having (t +1) in place of t, 
the correctness of the assumed values follows by induction. 


Thus for (n + m — 6) even, 


(21) 

Pm % n — (nPn+m-b — nPn-m-b) P * Q * • 

2 2 

(n > m + 6 > b) 

(2-2) 

n—m+b n+m-b 

P,n. n ~ n C»+m-bP * q * • 

or n < m + 6 > 6) 

(23) 

is 

n«f6 i»-6 

Po,n ** (n^n-d ~ 2 n-lC»- 6 - 2 )jP ^ Q 8 . 

(n > 6) 


2 2 


Equations (2*1), (2*2), (2*3) give the solution of equations (1), (1*1), (1*2), (1*3)* 

In Figures 2 and 3 the remaining terms of the unmodified binomial are shown 
below row 0 in rows numbered — 1, — 2, — 3, .... It will be seen that, for m > 0, the 
binomial coefficient at (», m) is modified by the subtraction of that at (n, — m ); 
this result we can obtain directly*. 

In any particular sequence of n games, at the end of which B has m counters 
(we suppose (w + m-&) even), B must lose J (n — m -f 6) times and win $ (n + m — 6) 
times, so that the probability that this particular sequence will occur is 

n ~m+b n-)-m—b 

p 2 x q 2 . 

Pm,n is this probability multiplied by the number of permissible sequences, and we 
can find this number by means of an elegant geometrical representation, used by 
Borelf to determine p 0 ,n- Any sequence of n games can be represented by a 
zigzag path of n steps starting at (0,6) and finishing in column n, and going from 
(a, /3) to (a+],$H-l) if B wins the (a-fl)st game, and to (a-hi, — 1) if he 
loses it. For the sequence to last effectively n games, the representative path 
must never cross or touch row 0, except possibly at (n, 0). Without this restriction, 

there are n C n+m ~ b zigzag paths joining (0, 6) and (n, m), for this is the number of 
2 

ways in which we can assign the positions of the J (n + m — 6) upward steps. Now 
consider any path from (0, 6) to (n, m) that comes into contact with row 0. It may 
have several points (vj, 0) in common with row 0; let v = Min(i^). Then if we 
substitute for that portion of the path that lies between (v, 0) and (n, m) its 
reflection in row 0, we get a path joining (0,6) and (n, — m), and conversely. Thus 
the paths joining (0, 6) and (n, m) and intersecting row 0 are in one-to-one corre¬ 
spondence with the paths joining (0, 6) and (n, — m), so that the number of the 

* We have indicated the inductive proof, beoause we believe that it waa by this method—which 
Laplace characterises somewhat contemptuously as “en quelque sort mdoanique”—that De Moivre 
arrived at his results (see f 4). 

t Principtt ct Formvlet Glatsiques du Caleul det Probability, 1925, Oh. v. 
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former is equal to the number of the latter, or n C n -m-b - Hence the number of per¬ 
missible paths is * 

tfin+m-b fl(7»-m-&) 
t 

leading to (2*1), while by (1), 


(2*31) 


P0, 4+*i “ P ■ Pi, 4+tt-l ** (t+«-l0f _ P^ 

b(b + 2i —1)1 


(2*3) and (2*31) are easily seen to be in agreement. s 


7 

• »+t 

• 

6+aC6P k 'V 

• 

6 

At?-'* 

a+aCip 6- *? 4 

• 

a+aCIsP*" 1 ?* 

5 

• 6+i<v~v 

• 


• 

4 


fc+jCsP* -1 ? 3 

• 

(b-nCt-Vftf 

3 

• » + i c*p* _ V 

• 

G+sCa-l)?*? 3 

• 

2 

bC i ff , ~ v q • 

(»+2 <?,-i).pV 

• 

(>+A‘b*A)*+ l * 

1 


• 


• 

0 

ft* • 


• 

(4*4^8-2 4 + 3^,)^+ V 

-1 

p»* * 

• 

4+aCi ***q 

• 

-2 



• 

4 + 4ClP l, + S ? 

— 3 



y> + 3 

• 

— 4 




y,+ 4 


Figure 2. 


(b) B's Chance of Ruin. 


Let JP b be the chance that B will lose his last counter on or before the nth 
game. The chance that he will lose it on the (6 + 2t + l)st game being zero, we 
have, by (2*31), 


( 3 ) 4+K+l Pb 


»+«/*»-P* l + 6.p? + 6 - 2 - 8 Vs* + 


6(6 ± 2i-l)l 
+ »! (6 +1) 1 pq 



It is convenient to transform this result by noting that B, if he has not 
previously lost all his counters, must have, at the end of (b + 2t) games, either 
0, 2, 4,... or (26 + 2i) counters, and at the end of (6 + 2t +1) games, either 
1, 3, 5,... or (26 + 2i + l) counters. Thus 

(3’1) M*-P* + f , *,»+M + P«,W* +'•••+!%+«, “ 1» 

whence 

6+4 i 

(3*11) l+1( JP,+ 1 b+V Ci+rP t+i - r ? +r - S wl^^-1, 

,rmi r*l 

or 

(8*12) m*Pt “ 1st (* +1) terms of (p + qf** + 1st i terms of (^j (q + pf**. 
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Similarly 

(3-2) 

6+*(+l-P»+i5l l »+K+l+iJ3 l »+l«+l+ ••• 1« 

whence 

»+<+! <+l 

(3-21) 6+k+1 P»+ 2. 2 1. 

r»l r«l 

or 


( 8 * 22 ) 

w-K+i-Pfc ** 1st (i 41) terms of (p 4* qf*** 1 + 1st (i 4-1) terms of ^ (q 4 p)*+ 8i +i t 


6 

5 

4 

3 

2 

1 

0 

-1 


-2 


ph + <-3^< + 8^ + 2< (7 i + 3 . 6 + ai (7 < ^ s J • p b + < ' , ^ + 4 (64-«f2^ + 4 , ”6 + 2i + 2^i-2) • 

• P b + < "' , ? < + S (6 + 2( + l^ + 3“'6 + 2< + l^-a) * p b + <~ 1 g^ + 4 (b + « + 3C( + 4~6+2< + 3Q~l) 

p6 + <-t^< + *( 6 + 8< (7 i + 8 _ 6 + 8i (7 < • p 6 + < “' , ? f " , ' 3 (6 + « + sC > < + 3~’h + ai + 2ft-l) • 

• /> 6 + < " 1 g < + *(6 + «+lC< + 9-'6 + 8<+l^(-t) • i> ft + V + 3 (6 + W + 3^t + 3-'6 + 2i + 3C r i) 

pb + 4-lg,{ + l (5 + 2iCi + 1 -*6 + 2 <^i-l) * i^ + < ? i + a (b + 2< + 2^<+2"’6 + 2< + 9^) • 

• y» + <jf*+ 1 ( fc + w + 1 Ci + 1 - & + 8i+ iCy • /> b4 ‘ < + , S' < + *(6 + 2< + 3^i + 2~b + 2» + 3Q + l) 

/ ?ft+ V(6 + 2i^i"“2 6 + a< „ 1 C4_ 1 ) • pb+i+iqi+i ( 6+w + aft+i~2 6+2<+1 C7 < ) • 

• / + <+1 ^6 + 8< + lCi • y , + < + a ^ + l b + 2< + 3 C < + l 

jfi+'+'q'-'b+i&i-i • P^' + Vb + w+a £< • 


-3 

-4 


-5 


-6 


• / + < + V‘” l 6 + « + lC f <~l • J P & + < + 3 ^b + 2< + 3^< 

a • p> +4+ V- 1 *+«**CI-i 

• i? b + i + Y" l 6 + W+l^-2 • P b + < + Y* 1 b + 2< + 36<-l 

+ • p b + < + V' a 642i + 2^-2 


(p4*)> + « 


(p + ^ + « + i (p-j-^+24 + 2 

Figure 3. 


(p+ q r 


Now* 

(3*3) 1st 8 terms of {x 4- (1 — x)} n = 1 9 (n - $ 4-1, #) 

= | #*“*(1 — #)*~ l cfoy/a? t4 “*(l — xy^dw, 

so that (3*22) gives 

W-K+1-P& = (6 414* 1, i 4-1) 4 I g (i> 4 i 41, i 41), 

* This theorem ia due to Professor Pearson (Biometrika, Vol. xvi. p. 202), It oon be proved thua: 
If m be integral, and x=py, 


J P «* (1 - x) m da -J V +1 y l {(1 -p) + p (1 - y) } m dy 


- 5 pt-fm-rfl « _ «\r St! ? I Lt l lljg ~1±1) 

r Zo ' r!(m-r)l r(f + m-r + 2) 

_ P (i+l)r(m+l) *» (Z + m + 1) (Z + m)..,(J+ro~r-f 2) I+m ^ 4 ., n 
~ r(i+m+2) rZo r\ '* ^ 


* =/'**(!- 


*) m da? x aum of 1st (m +1) terms of {p +(I -p)} 14 ** 4 * 1 . 


Biometrika xxn 


25 
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whence, using the first of equations (3), 

(4) + 

r (n + b + 2 n — b + 2\ , fp\ b T fn + b + 2 n-b + 2\ 
or — • —2 “) + [q) 

according as w — 6 is odd or even. 

Equation (4) expresses „P t in terms of proportional areas under a Pearson’s 
Type I Curve. The mode and mean of this curve are at, respectively*, 

n + b — 1 , n + h + 1.,, 

* — 2(n—T) * nd *-2|„- ?T ) lf <"- 6 > baodd ’ 

n + b , n-f 6 + 2 , r/ , v , 

«" IT and ® = ^2) if (n-6) be even. 

As » increases, the curve becomes more and more nearly symmetrical, and the 
area under it is concentrated more and more closely round the mode, which tends 
to the limiting position x = \. 

Thus 


(5) Lt/.f 

n -*■ oo \ 


71 4“ & 4" 1 7i ■*- 6 4" 1 


)= Lt 

/ n-*- oo \ 


7t 4* 6 4* 2 — 6 4* 2 


|±*)»0,i,orl, 


according as «==* J, or x>±. 

Let P b be the probability that B will ultimately be ruined. Then by (4) and (5), 


P 6 = Lt n P»=(2) 6 if ? >i, 

n-^oo X?/ 


-1 if?^£. 

Anybody, therefore, who plays continually at a game in which he has not a 
definite advantage is morally certain f to be ruined. 

(c) The Value of B } 8 Expectation . 

Let B'e expectation, when it is agreed to limit the set to n games, be n E b . Then 
( 7 ) n E b = 2 mp m , n - 

If B has m counters, his expectation on the next game is m 4 q — p, and accordingly 

6+fi 

( 7 - 1 ) n+iE b = 2 (m + q-p)p miti ** n E b + (q-p){l- n P b ). 

1 

If p = q-\, n E b is constant from game to game, and equal to b. 


* See p. 1 of “The Numerioal Evaluation of the Inoomplete B-Function,” by H. E. Soper (Tracts 
for Computers, No. vn). 

t “En reprdsentant, oomme on le fait ordinairement, par l’unitd la oertitude absolue, oelle par 
example qui rfoulte d’une demonstration rigoureuse, on pourra regarder oomme one oertitude morale toute 
fraction variable qui, sans devenir jamais 4gale & l’unitd, pout en approoher d’aasez prfcs pour surpasser 
toute fraction ddtenninta.” AupfeBx. , 
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Accordingly, if a man embarks on a career of inveterate gambling at a fair 
game, his expectation at the outset is equal to the amount that he has deoided to 
risk, and at any subsequent moment, to the amount that he has still in hand. This 
result does not contradict the fact that he is morally certain to lose it. The chance 
that he will have anything left after » games becomes infinitely small as n increases, 
but the amount that he can expect to have, if he has anything, becomes corre¬ 
spondingly infinitely great. The objection to inveterate gambling lies in the 
practical consideration, that it is not worth while to face a very strong risk of being 
penniless, for the sake of a very slight chance of becoming a millionaire. 

These remarks apply only to the case of q = For B’a expectation on the 
(b + 2t')th game, when p and q are not equal, we have 

* - (1 1 {fT-l' 

a Cl («-D 

- V«-V» £ by (311) 


(1 + «)*+* B(b + i 




_(Ii^|;V(i-.^J^‘£ ; '««(i-.)‘^by W 

= 2 {(& + 2t) q -i} {1 - I,(b+ i+ 1, i + l)} 

— 2 {(6 + 2t) q — (b + i)) I q (b + » +1, i +1), 

or, by (4), 

(7-2) t+ K E b = 2 {bq + i (q - p)} {1 - b+K P b ] + 2 b . /, Q> + i + 1, * ■+ 1), 

whence, by (7‘1), 

(7*3) *= 2 {bq + (i + £) (q — p)} {1 — &} + 2 (^j b . I q (b + i +1, i 4* 1)- 

For q>i, Lt » +li P»=(fY, 

and t+1 iE b and b +u+iE b tend to infinity with 

~ 6+SiPft)- 

ForjcJ, Lt (1 —>+kP»)= Lt /,(6+t + l, t'+l)-0, 

t ~*>00 *-•* 00 

and accordingly 

Lt b+ nE b = Lt b +n+iE b = Lt i(q — p)(l — »+*<P») = 0, 

i-*.oo i-^oo i-*»oo 

since * (q — p)(l — » + «P») is negative for q < J, while the expectations are essentially 
positive. 

Denoting by E b B’a expectation at the outset, when no limit is imposed on the 
number of games, we have, therefore, 

(8) Ef* 0, b, or oe according as q<, •*, or > J. 


36—3 
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(d) The Probable Length of the Set. 

If q be greater than p, there is a finite probability that B will never be rained 
and the probable length of the set is infinite. 

If q^p, the probable number of games is 

The ratio of the ith and (i + l)st terms of this Beries is 

A __i£±i>_=JL Ji + I.+p (\ 

pq(b + 2i-l)(b + 2i) 4pq\ ^ 2% v \j? 
for p~q, 4pg = l, and the series therefore diverges, so that the probable length of 
the set is again infinite. 

For q<p, the series converges to the limit 

_1 (6 + 2i)po >t+ ti - bP„ + 2pq ~~ p 

_i. d (P) d 1 


— b + 2pq 


d ( pq) dp’p b 


•q ~|. 

1 — ?) J * 


this, when q<p, is the probable number of games that will be played before B is 
ruined. 


§ 3. The Solution when a and b abe Finite. 

(a) The Individual Probabilities. 

We proceed to the general case, in which A, as well as B, starts playing with 
a limited number of counters. Further modifications must now be made in our 
table of probabilities. In the case first considered, the set stopped if B lost b 
counters; now it stops also, if he wins a counters. The path representing any 
permissible sequence of games must now lie below row (a + b), as well as above 
row 0. The binomial coefficients in our table, instead of being modified, as it were 
by reflection, only in. row 0 after column b, will now be modified also, in the same 
way, in row (a + b) after column a. Then, after column (a + 26), (we suppose 6 < a), 
the modified coefficients will again be modified in row (a + 6), after column (2a + 6) 
and again after column (2a+ 36) in row 0, after column (3a+ 26) and again after 
column (3a + 46) in row (a + 6), and so on. 

Let Fbe the point (0, 6), and let Ai, A t , At, .... Bt, B%, B 9 , ... be its two sets 
of reflections in row 0 and row (a+ 6), so that A\, A%, At, ... are the points 
(0, 2a + 6), (0,-(2a + 6)), (0, 4a +36),... and B u Bt, Bt, ... the points (0, -6), 
(0, 2a + 36), (0, — (2a + 36)),.... 

We have seen that, for n<6, the entries in column 6 are the terms of the 
binomial expansion (p + q) n . We call this array, starting from V, of the terms of 
the successive powers of (p + q), the binomial table {(p + q) n , V}. For rows above 
row 0, the modification of table {(p + q) n , V } in row 0 consists in the introduction 
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of the table j— (g +p) n , jBx| ; accordingly, for rows between row 0 and row 
(a + b), the modification of these two tables in row (a + b) will consist in the intro¬ 
duction of tables j— (p + ?)", (p + g) n > -B*j, the modification of 

these, in row 0, in the introduction of tables 

{(g )^ +P ^’ ’ {“ ( g)^ +J>)n ’• 

and so on (see Figure 4). 
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For the entry at (b + 2 i, 0) we have, associated with the tables whose vertices 
are at V and Bi, a term 

6(6 + 2t —1)1 


i ! (b +*)! 


y+y, 


with the tables vertices Ai and A% a term * P b+< 9 ( > 

j3 __j d + (36 + 2a) (fr + 2t — 1) 1 t+< 

” ” ” d B> ” (t-a-6)l(a+26 + »)!^ q ’ 

and so on. 

S 

The probability that B will lose his last counter on the (b + 2t)th game is 
therefore 

to 1 6+K*(o + 2 *- 1 )M 2 - - 1 -'- 


(91) Po .i 


I r=o (*-r(a + 6))!(6 + r(a + 6) + i)l 

_ r( ° +4 y i+& 2 r(« + 5)-6 _1 ~ , 

* '• ..'+i)ip 


r»i (i-r(a + b) + b)\(r(a + b) 


a result which we may write 

ria+bX 1 — . 

/«o\ _f x b + 2r(a + b) n 
(9 2) Po,n = ] 2 --- - nPn-b- 


l r=0 


r(a+&)< 


n 

n+6 


2 r(a+b) 


""V ’ a + (2r —l)(o + 6) ] & 

■* -nt'n+i-2r(«+J)f 9 » 

r«=l « —r—') 

if n — b be even and non-negative, and zero otherwise. 

The probability that B will have m counters left after n games have been 

played is zero if (« + to — b) be odd; if (n + m — b) be even, it is, for 0 < m < a + b, 

(93) p m<n 


2r(a+6)<»+i»-6 

2 n G, 

r« 0 


2r(a+b)£n-m-b *■* n-m+b n+m-l 

n+i»-&-2r(a+6) ““ 2 nPn-m-b-2r(a+b) [ 

2 f—0 2 


2 r(a+&)«n-H»+& 2r(a+&)^»-wt+& 

2 n^«+»+&-Sr(a+6) + 2 nPn-m+b-Vr(.a+b) 

r»l g r-1 —-g-. 


P * 9* ■ 


( b ) Ellis'8 Theorem. 

Since n C n+ro .j = n C„_ m+ft , the second member of (9'3) is unaltered by inter- 
a a 

changing p with q, b with m, and a with (a + b — m); thus in the course of the set, 
during which the sum of .A’s and B’s possessions must remain constant, the 
probability, when B holds b counters, that after n more games he will hold m 
counters, is the same as the probability, when A holds m counters, that after n 
more gameB he will hold b counters. This symmetry is readily explained by the 
geometrical representation; for if we take any path permissible in one case and 

reflect it first in the line x = g and then in the line y •* , we arrive at a path 

permissible in the other ease. . 
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By (21), a like symmetry exists when a is infinite—a player R, whose ohance 
of winning is equal to B’a chance of losing, stands the name chance of having b 
counters after n games if he starts with to, as B does, of having to counters after 
» games if he starts with b. It is clear that if we use column (a — r) in the table 
of B’a chances as column r in a table of B”a chances, any path joining (0, b) and 
(«, m) represents corresponding sequences of games, and i ts chance of being described 
is the same, whether we are considering B’a or B"s possessions. 


(c) Other Expressions for the Probabilities. 

We return to equation (9‘3); it gives, for (n + m - b) even, and 0 < to < a + b : 

Pm, n 


or 


2r(a+6)<n+m-6 2r(a+6)<n-m+6 n-m+b n+m—ft 

2 «0«+M-J-2r(o+ft) + 2 nCn+m-b+ir(a+b) I J9 2 <J * 

r=o § r=l — 2 

2r(a+6)<»-w-6 2r(a+6)£«+m+6 

S n fit-m - &-2r (a-f 6) 2 nC n . n -b+2r(a+b) 

7*=0 2 r«l “ 2 

f“ -i n—m+b n+ m-b 

(9 4) jPm.n* I Sn^n+w-i*2r(a+6) —* 2 nPn~m-b±2r(a+b) \ p 2 q * \ 

L 2 2 J 


hence 


r -i n+b n-b 

(9*5) ffp,n = 2 w-l fit-fc*2r(q-f 6) 2 n-lfl w-2-6*2r(g+&) p* q* 9 

L 2 2 


(9*6) 

,n- I s 


1 [s 


*"| n- ^ 
fl*2r(a+ft) 2 n—l fit-2- a*2r(a-f6) p * J 1 , 

2 2 J 


■a n+a 


In (9*4), (9*5), and (9*6) the summations extend over all possible integral non¬ 
negative values of r. 

fH-ro-6 

Now the term independent of x in the expansion of a? * (1 + &) n is »(/»+»-6 

2 

or zero, according as (n + m-6) is even or odd. Accordingly, if we give x the 
(a 4* b) values 

008 + ^ ~* sin a^~b (»*-0,1,2 ... (o + 6-1)), 


which are the(a+6)several(a+6)th roots of unity,and add the correspondingvaluesof 

af 2 (1 + x ) n , we get (a + b) x 2 »0 n + w - b± 2 r(a+b) or zero, according as (n + m - 6) 

2 

is even or odd. The sum is 


a+6- 

2 


I (cos 
0 \ 


2nr 

a+b 


+ V-l 


sm 


n . *±”tZ 

2 nr \ * 


a + b) 


1 + 


2 nr , /—r . 
cos ——s + v - 1 sin 
a + b 


2 nr 
a + b) 


a +b-i ( 

<« £ cos 


6 —TO 

a + i» 


/—=- . 6 — TO 
4- V — 1 sm ——r nr 
a + o 


)(* 


cos 


nr \ n 

aT&J 
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The imaginary part must vanish, and 

1 a+b-i b-m ( a mr \ n „ „ 

___ J, cos^nr^cos-^j - SaO Us-y^ or 0; 

similarly 


1 •+Sr 1 6 + m/ 0 nr\ n vr , A 

according as (n + m — b ) is even or odd. In the latter case Pm, n vanishes, and the 
last two equations, with (9 , 4), (9‘5), and (9 - 6), accordingly give 


(9-7) p m ,n’ 


•»-m+6 H-fm-6 

2 n+1 p » 


a + 6 

n+b n-b 


q i »+£“i . bvir . mnr ( nr \ n 

1 - 2 sin ——, sin —cos —-v) , 

a+6 a + 6 V a+6/ 


r«0 


/DON 2’"p * q * “+* -1 . brrr .vrc nr \ n1 

v 7 ™ a + 6 r » 0 a + 6 a + 6\ a + 6/ 


and 


n—a *+a 


/o.n\ 2“p a g a 0+ i, -1 . bmr . a + 6 —1 / rir N* 1-1 

(9‘9) p a +b,n= - - t — 2 sin ——.sin ——n r (cos ——*) 

r ’ a + 6 r _ 0 a+6 a + 6 \ a + 6/ 


(9 - 7) holding for all values of m in 0 < to < a + 6. 


In (9'7), (9 - 8), and (9'9), the sums may be taken from 1 to (a + 6 —1), since 
the terms corresponding to r «■ 0 vanish. 

If we give to a any value larger that n, then equations (9'4) and (9 - 5) reduce to 
(21) and (2'3) respectively; (9’4) and (9’5) thus contain the solution to the problem, 
both when a is finite and when a is infinite. The equivalent equations, (9'7) and 
(9 - 8), accordingly give, in an infinite number of forms, the solution to the case dealt 
with in § 2. 


(d) B'a chance of Ruin. 

As before, let „Pj, be B'a chance of losing hiB last counter on or before the nth 
game. Then 

(1®) i+Bi+lP!> = b+uBb — S Po,b+ti> 

/*# 

where p 0 , p +v is given by (91). 


By (3) and (3’22) we have 

^ 0 6( (6+ 2 j)~ji ) ! pi+iqi " lst ^ +t * Brms ° f 0*+ zy*** 1 

+ lst (t +1) terms of ^ (q +p) b+ *+ 1 . 
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Thus (10) gives 
(10-1) b+v P b 

m d+K+l-P# 

■» 1st (t +1) terms of (jp + j) w * fl + 1st (t + 1) terms of (q +jp)® +,<+1 

- 1st (t - a +1)... (p + qf+* +1 - 1st (»- a+ 1)... (^y +6 (q + p) 1 *** 1 

+ 1st (i - a - b + 1)... (p + q)»+«^ 

+ lst(t — a — 6+ 1)... (Pj (g+2>) 6+ “ +1 

- 1st (* - 2a - b + 1) ... (J)^^ + g )»+«+i 

|) (q + p) b+K+t 


or, by (3-3), 

(10'2) i+tiP J = S+K+jP» 

/q\r(a+b) 

<P 

var(a-f d)<*+6 / a \{r-l)(a+b) 


t ?)** /n\rit*+m 

2 f — j I p (v (a + 6) + & + i + 1, t— r (a + 6) + 1) 

•~o \p/ 

/ a \ar(a+b)<i+b / Q \ (r-l)(a+&) 

-(J-J . ^ (J-j 7 } ,(r(a + 6) + i + l,t+6-r(a+6)+l) 

/ 0 \/ w \T(a+&) 

+ (-) 2 (*•) J,(r(a+ 6) + 6 + t+l,i-r(a+6) + l) 

\?/ r=»0 Vj/ 

— S (-) J ? (r(a + &) + i + l, i + b — r(a + b)+ 1). 


From (10*2) we can derive the well-known expressions for P b) the chance that 
B will ultimately be ruined. 

For if q < J, 

( n \br(a±b)$i /n\r(a+b) 

2 I q (r(a + &) + & + —r(a + 6) + l) 

< i: <‘ + *«)©‘('-+-?r—fi- f [(*♦v *h: 

|(2p) 6+l (4p3)*- (I)}'*' 0 88 *■ 


P-? 


t i-*ao. 


Similarly, the last sum in (10*2) tends to zero if q<\ % and the first two sums 
tend to zero if q > J. • 
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0 \r{a-H») 


Lt Iq (r (a + b) + b + 1 *f 1, i — r (a + 6) 4* 1)| m (^j 

(£)""*’7,(r(.+ ») + » + .-+M-r(. + ») + l)< (£)'"**, 

“ d r J, (?) 




Hence, by Tannery’s Theorem *, 

r(0+8)<* /p\r(a+b) 


2 

r-0 


(r (cl + b) 4- 6 4* % + 1, i — t (a 4* 6) + 1) 1 


ir 


as i-*oo. 


o-fft 


Similarly, for 5 > $ the last sum in (10’2) tends to —1. , and for 5 < J the 


1 - * 


first two sums tend to 

Thus for q < J, 

and for q >$, 
so that 

(HD 


OJ 


-© -©■ 
„ 1 - (I) 


^respectively. 


ft-ii 


-(*) 

(f)*-(fr ■©*- 


(r ©*->• 
1 - (|)‘ 




T+i 


(!>*?)• 


Pi, must clearly be a decreasing function of ^, so that its value for p — q must 
lie between the limits to which P 4 tends as ~ tends to unity from above and from 
below. But these limits are both q -. Accordingly 


( 11 - 2 ) 


(p = q). 


h a + b 

The values given in ( 6 ) are the limits of those given in (11*1) and (11*2), when 


a-*-oo. 


See Bromwich, Infinite Series, p. 186. 
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§ 4. Some Approximate Results. 

So far we have been concerned with exact results. B’a chance of being ruined 
in a given number of games, when A’s fortune is unlimited, is given very simply 
by equation (4), and until n and b become considerable its numerical value may be 
found from the Tables of the Incomplete Beta-Function shortly to be published* 
Outside the range of these tables, the integrals can be evaluated approximately, by 
Weddling, by Dr Muller’s continued fraction, or by the methods dealt with by 
Dr Wishart*. 

If p = q = B’a chance of being ruined in n games is, if n + 6 be even, 

0 *) •=}+*). 


We proceed to examine some methods of approximating to this chance, when n is 
large compared with b. 


Method A. 

The mode and the mean of the Type I Curve 


( 121 ) 


y- 


r(w+ 2 ) 

fn + 6 + 2 


n+6 


r («±| ± _2) r (n z 6 ± 2) 


n-6 

—* / 7 ?\ 3 


(1-*) 


being at i + i + 2 ( w + 2) res P eotivel y> the median is at ^ + appr0xi ‘ 

mately; accordingly we write (12) in the form 




T(n + 2 ) ff 4+ i ?+* - 

, ^+2^-64^ 


dx 


, 1 + 




/•» ■ 2n n+6 n-6 

— I as * (1 — a) * dx\ 

J b (8n+2) v 7 I 

9 + 6»(b+2) 

The second member of Dr Wishart’s equation (27) ( Biometrika , Vol. xix. p. 29) 
gives an approximation to the modal integral + of a Type I Curve in a series of 
Incomplete Normal Moment Functions. Using his result we have 


(13) 

where 


i (l - nPt,) = h[M («i) - M («*)}, 


b*Jn 

_ 4) b\Jn 


"" 3(n + 2) Vn a — 

(i , l\fi 

1 (Zn* + b*\ 1 /3n* + 

( 1 + n)| ] 

12nU*-6V 288n* \n* — 6* 


* “ The Approximate Quadrature of Certain Skew Cur yes,” Biometrika , Vol. in. 
f Not, as Dr Wishart states, to the Incomplete Beta-Function. 
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46 . . 8 w* + 36* 


.ms(tt)-- 


m 4 (w) 


3Vn(n*— 6 *) 4n(n*-6*) 

32 6 (n* + 6 *) . , , 5 ( 46* 3 («.«+10»*6* + 56*)) , , 

t (u) + e — ^w~ i 

_ 8 »(«■+g ( „ H i }**+»*»+ 

{«(«•- 6 *)}* 32 n* (n* — 6 *)* 

,512 6 * 105 6 *(n* + 36*) , , , 385 6 4 , .. 

+ 27 {w(n*- 6 *)}* , " # “ 4 »* (n* ->)* ^ “ N + 18 n*(n* - 6 *)* “ ’ 

here m* (u) = / - 7 = e"^dx and (w), m* (u),... are the 3rd, 4th,... Incomplete 
Jo v2 ir 

Normal Moment Functions tabled in Tables for Statisticians and Biometricians. 

This expansion is valid only when u% and u% are not much greater than 1 , 
that is, roughly, when n > V. In this case, since the coefficients in M ( u) are given 

only as far as terms in we lose nothing in accuracy by taking 


, -81 /7 . V\ 1 

^" 1 + 4 n V32 + 3njn*’ 


(131) 
and 

(13-2) M (*)-«o(«) +1 ^ l (l +15)««»(«)“| I (l + «•(«) 

.11 . . , 105 1 . . 

- 8 s -,^<« ) +gj-,».(»)• 

Method B. 

If we replace the Type I Curve ( 12 * 1 ) by a normal curve of the same mean and 

standard deviation, 4 + and —~ respectively, then 

* 2 (ft + 2 ) 2 (n + 2 ) > n + 8 r ' 


instead of ( 12 ) we have the approximate result 

rb V i 

(14) *<1-„P»)=| 

J o 

Method 0. 


ti + 8 

(»7+2j*^6* 1 _ 


V 2 ' 


4 **d<r. 


17r 


Bertrand* has pointed out that if we approximate to the factorials in (2*31) by 
means of Stirling’s Theorem, and make )) = { = }, then that equation becomes 

6 * 

Vfl _ A ^ 

(15) Po.w-ai* 


26 




V2w(6 + 2t)t 

thus, approximately, 

, „ 2 26 f® # _ 4 M r 2 i ^ 

1 “»+*•*» “ * Po,»+* ” -7== I /i , <'X ® 4 * 

<+i v2t r J<+1 (6 + • 


# CateuJ <&# Profea$iZ<*&, Oh. tx. 
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Writing b + 2 t — n, n«* = &*, we find 


(ifi) * (1 - n P„) - j^ n+ * *dx. 

Method D. 

We have seen that (9'8) gives the value of po,» when a is infinite, if in that 
equation we give a any value > n. Accordingly 

* 4.1 & .nr . rbrr /_ nr \* 


* 4.1 & .nr . rbrr { nr \* 

.r.-r b -S iP ..,-r t -^L r {£) s -——— - 

1 - 2 Vp? oos 

When a is large compared with b, we may replace the sum by an integral, and write 

7t-fj 6 

d n (4w) 8 /p\* f" sin r< f> sin r b<f> cos" <f> 

n p„ =p 6 - —— y J 0 -YTv^cos^ 

Putting <£+^'= w,we have,integrating separately over the ranges 0 to Jtt and Jw tow, 

f' fiin 0 s in 6 0 cos n 0 ^ ^ f * sin 0' (— l) 6 " 4 sin 60' (— l) n cos n 0' ^ , 

J *r 1—V4»(7 co8 6 Jo 1 4-V4n0cos<h' 


1 + V 4 p 2 cos 0 ' 


whence 


n 

, (_ i )*+&—i f* sin <fr s in 6 ^> cos" < /> 
i o 1 + V 4pgf cos 


<»’> -*-*-<*^*^33?* 

where n' = n — 1 or n, according as w 4 - 6 is odd or even. 

For p**q**1[, (17) becomes 

( m,« 

tr 

Let * <& = [ C0 . 8 £ sin 60 d<f>. 

Jo Bin 0 ^ 

The integrand in <& has its maximum value, 6 , at 0 = 0 , and if 8 is large 
decreases very rapidly in numerical value as 0 increases* The value of the integral 
is therefore due almost entirely to the contribution of a small range of 0 near 
0 = 0 , and for this range we have, neglecting powers of 0 above the fifth, 

1 °S mi - ■* l0 « (‘ - 1 + a) •- '■* * - l0 * (* - T+ m ) 


~‘(?-8-S+C 




\ 2 24/ ’ 8 1 V 6 120/ ' 72 

- - 4 **(»-4) - - A) - log * 

- - 4)+log {i - A^ 4 (*~ A)1 - log 4 >> 

* The method by which we proceed to equation (19) ie doe to Laplace (TMorie Analytique det 
ProbdbiUtU). 
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so that, approximately, 

cos "<f> e -44*(*-i) 

- 

The second member of this equation decreases very rapidly as <f> increases; accord¬ 
ingly, treating 


i: 


* 


{1 — A (® — tW£ 4 } sin H d<p 


as negligible, we hare, approximately, 


(18) 

whence* 

(181) 


*-r 

JO 




{1 A ( s “ iV) 0 4 } B * n 


Now 

whence 


^"Jo c_i ^ ( “ 4 ) < l ■“*(•-*)* 4 )costyd*. 

J e - ^* cos 6^ d<j> = e , 

8 / P l^-J 

-wT-jp+njpr 4X - 

Thus we have from (181), writing i (s — J) = \* => Ju*, 

S = ^{ 1_ 8^ ( X * + A) ( X _ h + T2*)} 


1 -5 


{/. 1 1 \ 

. b*( 1 , 2 \ 

1 b\ 

1 2 \\ 

s 4<r a 15a 4 ) 

1 + <r* Uff» + 15a 4 ) 

6 <^ 

&a* 15a*/) 


Now 


J*^e' - to' *3 + j V *3 46, 

thus the equation 

♦.i/iri/i.i_1 \,g/j , 2 ^ i 6 vi 

2 Jo (\ 4a a 15a 4 / o^V^o 4 15a 4 / 6 a 4 \2a 




,2<r* + 15<r« 




gives, after some reduction, 

(18*2) 4>- w f 6 _i- c -i5d6-5'i(l + _L\(i_ HL) * 

ioV^wa* 4^*^ 15a 4 /V 3a 4 ' V2? 


-i* 

a V, 


* The differentiation under the integral sign is legitimate it the resulting integral ie uniformly con¬ 
vergent ; hut this is so, for the integral obtained by omitting the trigonometrical factor in the integrand 
is absolutely convergent. A similar remark applies to the differentiations that follow. 



E. 0. Fieller 


395 


In (182) take *«»' +1, or «r* *n' +|; substitute in (17*1), and we have the 
approximate result 


(19) 


1 b 


4«' + f 




§/ V2tt (w # 4- £) 


_iJL 

e *»'+r 


(19) is a more accurate form of the equation given by Laplace (loo. cit. p. 259), 
which is, in our notation, 




_*JL 

6 *»+t. 


'V 2 w(n + $) 

If we sum from b to oo the expression for p 0>n given by (9’8), and then make 
a infinite, we get 

h b 

T sin «f> sin b<f> (c o s (ft ) 6-1 

f COS (f> 


p — ( 4 P?)* /f>\* f' sin ^ sin b<f> (t 
* 7t \q/ J o 1 — V4p5< 
whence, as for equation (17), 

ttJo 1 — 4pj cos* <J> r 


( 20 ) 


If we substitute from ( 20 ) in (17), makep« q, and then approximate to the 
two integrals by means of (18’2), we arrive at 
b b 

v 27r 

6 s 


( 21 , 


_ I _JL ( i + A _J__ Wj _ I — \ 
46 —4 \ + 15 6 —4/ \ Sb-t), 


3/V2w(6-J) 

1 _l_/ T+ ± 1 Vi 1 ^ \_L_ 

4n' +f V 1 + 15«' +V V 3V2~7r(n' +“ 




I) 


_i *L 

e s «+», 


where, as in (19), n' = n — 1 or n, according as n + b is odd or even. 

Except for small values of 6 , ( 21 ) will not give results differing significantly from 
those provided by (19); for 6 = 6 , n — 78, the true value of „P b is ’499897; (19) gives 
’499895, and (21), ’499710, so that (21) appeals to be less accurate, as well as less 
simple, than (19). 

Incidentally, by comparing (20) with ( 6 ), we have the analytical theorem 


( 22 ) 


Jo 1 — Xcos* <f> 9 K N 2 ’ 


where 0 < X < 1, and ft is the greater root of 

4/** — 4/i + X * 0. 
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We turn now to the converse problem: when 2?s fortune is known, it's un¬ 
limited, and p =■ < 7 , what number of games must we assign to make Us chance of 
ruin assume any given value ? 

In general, of course, the question cannot, strictly speaking, be answered: all 
that we can hope to do is to find an integer », even or odd with b, such that 
n Pb<P< n+»Pi„ where P is the given value. 

Approximately, n is given by the equation 
(28) 


outside the range of the Incomplete Beta-Function Tables, approximations to n can 
be found by replacing (23) by equations (14) and (16), which can be solved by means 
of tables giving the abscissa of the normal curve in terms of its area*. 

For P»i, the case discussed by Laplace (foe. cit pp. 257—260), the problem 
is the same as that of finding a Type I Curve, with a given difference between its 
indices, and having one quartile at x — '5 . If, as in equation (14), we replace the 
Type I Curve by a normal curve having the same mean and standard deviation, 
we reach the approximate result 

«+2«|^(l + y /, l + ~f+^) (« =-6744897502) 

-1-09905467 6 * (1 + Vl + 2-64761429 6 -*), 

or, slightly less exactly, 


(24) n - 21981093 6 * - *545064. 


If we put n Po = J in equation (13), take k 0 to be unity, neglect M (u t ) because 
tit is small, and retain only the first term of M ( u ±), we get 


f<7n* - b* 


V2t r 




whence 

or, approximately, 
(25) 


B= S( i +\/ i +^).. 

»« 21981093 &* + -454936, 


a result differing by 1 from that of (24). 

If we put n Pt = J in (16), we have, at once, 

(26) nm 2-1981093 5* -2. 

* 

Finally, we may apply the equation of Method D to the converse problem; 
there we take n' -* n, because the value of n required is even or odd with b. 


Tahiti for 8totUticiam and BiomtrioUmi f Fart I, Table UL, 
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If. as a first approximation, we retain only the integral term in the second 
member of (19), we obtain, for the value of n which makes equal to a half 

whence 

(27) n a® 21981093 6* — § approximately, 
an equation not very different from (24), (25), and (26). 

If we substitute this value of n in the remaining term in (19) we get 

- J f + A D (* - S* 1 ) 5 VS''*- - • 67 « 8W50 »> 

■ii ? £( 1 + AS *' 3m765727 

- - 0206*807 br* - 0025089 b~*. 

We have, therefore, for a second approximation to the value of n that makes 
n P b equal to a half, 
b 

(28) [ + * ~ e ~ 1** dx - -25 + 0206807 6"* + -0026089 &-* 

J o v2tt 

We may solve this equation either by means of Table III in Part I of Tables 
for Statisticians, or by the following approximate process. 


Let 

« — 2 [ ~L;e i** dx , 

Jo V2 tt 

so thafc £- 5/1 

Uf'*’)- “O' 

Take a ■> *5, so that* 

x- -6744897502 

and -jL. e ~ « -3177765727 - X say. 

v 

Then for small e, 

a + e-2 -^e-^dx. 

JO V 27T 

1 t m . , 

where < + ,, ~ < + 2X e + 8X? e ^ approximately. 

Take 

e * 6 • 6» V 1 + 15 W ’ 

Then as far as terms in b~*, 

t + y ** 1 1 

f + 12 + 16 5»; + 288 h 4 }’ 


# These values are taken from Kondo and Elderton’s Tables of the Normal Curve. 
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so that (21) gives 

.2 6* {, . S-<» <*/, . 4 **\ , (8 — <*)* «•)-* 

n + 3 "? I 1 + P l 1 + 15 p) + “288" PJ 


6* 3-** 3-t* f*/4 . 3-«* 8-<* 


? 6 


r/4 
6*Vi5 


v — v w — i 

+ T4 


6* 8-«* 3 —f 4 (3-*•)•) «* 


(4_ (3 -*•)•(«* 
(15 §4 J 6 s * 


whence 

(281) n - 2-19810935*-1-000844 + -0005219 5-*. 

In the table of numerical illustrations, the second and third columns show, for 
different values of 6 , the values of n provided by equations (24) and (28) respectively; 
the approximate constancy of the difference between these values indicates that for 
our purpose (28-1) is just as good as (28). To estimate the degree of accuracy to 
which (28-1) gives the value of n satisfying 
v> 

(29) M*** JL e -&d«:-'25 
J o */2ir 

1 & /\ , 4 1 \/\ 1 P \ 1 - 1 -^ n 

4n +f V 1 + 15« + $M 1 3n + fJv2V(« + ^ e " * ° 

we write --_iL=- —t + r/, where t) will be small, 
vn + S 

By Taylor’s Theorem, 

and 

1 (t + nf f, . 4 (< + uW f. l (t . 1 <* (S-fi , 4 3 —t* t»\ 

i P~ j 1 + Tfi P j j 1 — 3 ^ + 4 6 * \3 ^ 15 3 ~ P/ 

1 fi/9-5t* 4 15-7t*<*\ , 1 t /9-10t* , . 10-7<»t* N , 

+ 4 6 * [~r ‘ + 15 3 6 *j'’ + 4 P I f 3 + 4 “15“ p] ’ 

+.; 

as far as terms in rj*, therefore, 


1 4 «*\ f 1 «*/! 

46* 3 C 1 16 W — ^ f 4 6*V 


v s{ 1+ i( : 


L 1 «*/9-8$* + <« , 4 15-10«*+<* «*\ 

iPV-8- + 15-3-Pj 

18 —41f* + 14< 4 —f* . 4 60-75<* + 18«*-<*«*\ 


Neglecting terms in i f and i,, we find from this equation 

n-2 1981093P-1-090844; 
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solving the quadratic, we get, as far as terms in 6“*, 

t, - -06507946-* + 

whence 

(80) n - 219810936* — 1 090844 - 1-5287886-*. 

The terms that we have neglected in finding the last value of ij are of the order 
if, or b ~*; the value of ij may therefore be regarded as accurate as far as terms in 
b~*, so that (30) gives the solution of (29) as far as terms in 6~*. 

In the accompanying table, Columns 2 and 3 show the approximations to n, for 
different values of b, given by equations (24) and (28) respectively. Equation (27) 
would give values less by -122, equation (25) values greater by 1, than those in the 
second column. Except for small values of 6, the values from equations (28*1) and 
(30) coincide with those in the third column, and those from equation (26) are 
less than the latter by -901. In the fourth oolumn are given the values of n that 
we set out to find, in the remaining columns the values of n P b provided by equa¬ 
tions (16), (13), and (19) respectively. 


■ 

Approximations to n 


Approximations to H P h 

■ 

(i) by (24) 

(ii) by (28) 


(i) by (16) 

(ii) by (18) 

(iii) by (19) 

1 

1-653 

1*114 

1 




2 

8*247 

7-702 

6 

— 

— 

— 

3 

19*238 

18*692 

17 

— 

*480682^ 

•4806481 

4 

34-626 

34*079 

34 

— 

•j,995rm 

•4995520 

5 

54*408 

53*803 

53 

— 

•4906174. 

*4966140 

0 

78-587 

78-041 

78 

— 

*4998068 

*4998953 

7 

107-162 

100*017 

105 

*49859 

•4967030 

*4967534 

8 

140*134 

139*588 

138 

*49896 

*4975330 

•4976636 

9 

177*602 

176*950 

175 

•49873 

*4976108 

*4976290 

10 

219*206 

218-720 

218 

*50018 

*4992850 

•4992970 

20 

878*699 

878-153 

878 

*50018 

*4999620 

•4999627 

30 

1977*753 

1977-207 

1976 

*49997 

*4998690 

*4998691 

40 

3516*429 

3515-883 

3514 

*49994 

*4998850 

*4998851 

50 

5494*727 

5494-182 

5494 

•50003 

*4999929 

*4999928 

00 

7912*647 

7912*101 

7912 

•50002 

*4999971 

•4999972 

70 

10770*189 

10769-643 

10768 

*49995 

*4999672 

*4999673 

80 

14067*353 

14066-807 

14066 

*49997 

*4999876 

*4999877 

90 

17804*138 

17803-593 

17802 

*499980 

*4999809 

•49998Q8 

100 

21980*545 

21980-000 

21980 

•500008 

*4999999 

*49999990 


Until n + 6 becomes greater than 100, we can find the true value of „P b from 
tables of the Incomplete Beta-Function; these true values are shown in italics in 
Column 6 for the values 3,4,5, and 6 of 6. It will be seen that even for such small 
values of 6 (19) provides a very close approximation, and we may expect it to improve 
as 6 increases. The approximations to n P b provided by (16) and (13) diverge some¬ 
what widely from the true values when 6 is very small, but the close agreement 
between the lower portions of Columns 6 and 7 indicates that the error in (13) very 
quickly disappears. 


36—9 
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Some interest attaches to the value of n corresponding to b «100. It is for this 
value of b that Laplace says: “II y a done alors du d&avantage k parier un contre 
un que A gagnera la partie dans 23780 coups; mais il y a de l’avantage h parier 
qu’il la gagnera dans 23781 coups.” The difference between Laplace’s result and 
our own.is due in part to the fact that he was not able to refer to the tables that 
are nowadays available; but in any case Laplace would appear to have lost sight 
of the approximate nature of his result, since the odds are exactly the same that 
the set will be ended in 23780 games, as in 23781. Actually, we find from 
equation (19), 

mtPm* -516687. ' 


§ 5. Historical Note. 

The problem of the Duration of Play is one of the oldest in the Calculus of 
Probabilities*, and several of the results given above are by no means new. Perhaps 
the best known of them are the expressions for B’a chance of ultimately being 
ruined, namely 



i-(ff 


(Ill) 

T> .. \P/ 

-nr 


(11-2) 

p. ~ a 

b a + b’ 

(p=q) 

(6) 

b-(tr 

(a = oo, q>p) 


t-H 

II 

< 

(a=oo, q^p) 


and the expression for B’b chance of being ruined in a given number of games, 
when a is infinite, in the form 


(3) 6+k+iO• ! b+nJPi = jp 4 |^1 + b.pq + pV + 


b(b + 2i — 1)1 . . 
+ ii ( i i+iji-ff 


i 


# I have to thank Professor Pearson for pointing out that it was in Huygens’ small tract, Van 
Eekeningh in Spclen van Geluck, in the course of which ho considors the somewhat similar Problem of 
Points, that the Calculus of Probabilities originated. Huygens’ problem is this: Several players engage 
in a set, he that first gains a oertain number of games being the winner; given the number of games 
still required by the various players, determine their chances of winning. Huygens communicated his 
tract to his teacher, Franoiscus van Sohooten, who published a Latin translation of it in 1657 as an ap¬ 
pendix to his Exercitationum Mathematicarum Libri Quinque ; the vernacular version appeared in 1660, 
and English translations were published in 1692 or so by Dr Arbuthnot, and in 1714 by W. Browne. It 
is true that Pascal and Fermat were discussing questions of chanoe in their correspondence three or four 
yearB before Huygens’ tract appeared, and Huygens himself says in his preface, “ Sciendum vero, quod 
jam pridem inter praeetantissimos tota Gallia Geometras calculus hie agitatus fuerit, ne quis indebitam 
mihi primae inventions gloriam hao in re tribuat.” But the Pasoal-Fermat letters remained unpublished 
for another twenty years, and it was Huygens* tract that inspired the work of Montmort and de Moivre. 
In his preface to The Doctrine of Chances , de Moivre explicitly states that when he wrote his “ Specimen” 
he “had not at that time read anything oonoerning this Subject, but Mr Huygens’ Book de Ratiociniie 
in Ludo Aleae, and a little English pieoe which was properly a Translation of it.” 
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This last result was first given by de Moivre, in his discussion of Problem LXV 
in The Doctrine of Chances (3rd edition, 1756). The equivalent result ((3T2) and 
(8*22)), and the expression (9*1) for the probability when a is not infinite that B will 
lose his last counter on the ( b + 2i)th game, were also given by de Moivre ( loc . dt 
Problems lxv and lxiv), although they were developed for the present paper 
before his work on the subject was consulted. De Moivre's solutions to Problems 
lxiv and lxv are given without any demonstration, but his solutions to Problems 
Lvm to Lxm, which also deal with the Duration of Play, leave little doubt that he 
reached his results by the inductive method indicated above (§ 2). Lagrange (see 
below) supplied proofs for equations (3), (3*12), and (3*22), but we have not been 
able to find any previous demonstration of (91). 

Lagrange discusses the problem in the latter part of his “Recherches sur les 
suites r6currentes..., ou sur l'integration des Equations lin^aircs aux differences 
finies et partielles; et sur l'usage de ces equations dans la throne des hazards” 
(Nouveaux Mimoires de V Academic Roy ale , Berlin, 1775*). In his solution to 
Probleme v (pp. 253—256, and pp. 258—261), Lagrange obtains de Moivre’s two 
values for i+tiPb in the case of a infinite; in Probl&me Vi he finds for the general 
case the probability that either A or B will be broken in a given number of games, 
and indicates, without actually arriving at, a solution "qui r6pond it .la m6thode du 
Prob. Lxm...de Moivre” (pp. 261—265). Lagrange's solutions undoubtedly have, 
as he claims, the advantage of being “plus analy tuples” than de Moivre's, but whether 
they are also “plus directes” seems a more open question. 

Following Lagrange, Laplace demonstrated our equation (3) by means of his 
generating functions ( Thiorie Analytique des Probabilites, 1847 edition, p. 256) 
then Ampfero, saying “j’ai banni de ces demonstrations les m6thodes d induction, 
dont on fait, h ce qu’il semble, trop d’usage dans la throne des probability,” es¬ 
tablished equation (2*31), and thence equation (3), by purely algebraic considerations 
of the possible combinations of gains and losses ( Considerations sur la Theorie Mathi- 
matique du Jeu , Lyon, 1802). The probabilities (equations (6), (11*1), and (11*2)) 
that B will ultimately be ruined were first given by Ampere in this same memoir, 
but it is worth noticing that they follow immediately from one of Laplace's results 
(loc, dt . p. 254, equation H). He finds 




p _p b ( p a — q a ) p b ( pq) i+1 

b ~~~ ’ “““ 


P 


, 0+6 _ 


[ 0 + 4 ^ 3 ] 

2 

r-0 


a + 6 


81Q 


2(r + 1 )tt^ (r + l)far / (r + 

\ a+ b ) 


t -r~T— Sin-r 

a +6 a+b 


p*~ ipqcoB + g* 


t 


* Lagrange's paper was read in 1776 and published in 1777. 

t Laplace gives the upper limit of r in the sum, when (a + 6) is odd, as £ (a + b -1), but this is really 
the upper limit of (r+1). 
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For all non-vanishing terms in the sum, 


A .(r + 1) 7i* - 

4 pa cos* -< 1; 

^ a + 6 


accordingly, as oo each term of the sum tends to zero, giving (11*1) and (11*2), 
and thence, when we make a-* oo , (6). 

What seems to me to be the most elegant discussion of the problem is contained 
in Robert Leslie Ellis’s paper “On the Solution of Equations in Finite Differences 99 
(Cambridge Mathematical Journal , No. XXII, Vol. iv> 1844; reprinted in Mathe¬ 
matical and other Writings , 1863, pp. 203—211). Ellis obtains equations (9*7) and 
(9 # 8), but restricts m in the first of these equations to the range l<m<a-f& — 1. 
(9*7) possesses the same symmetrical character as (9*3), from which we have derived 
it; Ellis remarks on this symmetry, adding “the result, however, which is the inter¬ 
pretation of this symmetry, may probably be obtained by general considerations.” 

From (9*8) and (11 1) we have 


nPh 


-er 


““ 2 Pq. n f 

1 


(31) n P b > 


( *pq ) 2 (p\* 

a + 6 \q) 


, .nr . rbir ( nr \ n 

* _,. , sin - sin ——? I cos- T ) 

2 i a + i a + 6\ a+6/ 


1 — 2 Vpg cos - 


The sum of the rth and the (a + b — r)th terms in the second member of this 
equation is 

nr . rbir ( nr \ n . / nr \ . /, rbir \ f / nr \1 n 

BID - 7 sin —cos ——7 sm 7 T- t ) Bin ( bir - —7 Woos it - -7 ) > 

a+b a + 6V a + bJ \ a + b \ a + 6/( V a+b\ 


1 — 2v/©</COS —y 
™ a + b 

nr . rbir ( rir \ w 
a + b a + b\ a + b/ 

p*-2p?cos|~+ ? * 


1—2 cos (V — -- 


{l + 2 cos ^ + (- l) n+b_1 (l-2 s/pq cos , 


Thus (31) is equivalent to 




where n'« n +1 or a, according as (n + 6) is even or odd. 
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If we write (b + 2 t) for n and (r + 1 ) for r, (81*1) becomes Laplace’s equation H. 

Let n Qa be the probability that A will lose his last counter on or before the 
nth game. From (31) we have, by interchanging a with b, and p with q, 


nQa 


-(f) 

-(f) 


n±l a 

(4 p q) » fq\* B ^ _ 
a + b \p) r -i 


m . ran / n r \ n 

1 sin —n sm ^rr 008 —n 

1 a + b a + o \ a + 6 / 


1 — 2 *Jpq cos 


V7T 

a + b 


this equation, with (31), gives, for the probability that the set will end before the 
(71 + l)th game, 


n +1 


rir I rir \ n 
l-i S)n a'+6 ( C0S ^+b) < . 


a+b- 

x S' 

r—1 


Since sin sin -^7 , (32) reduces, when the necessary changes in 

a+b a+b v 

notation are made, to Lagrange's second solution to his Problkme VI ( loc . dt 
pp. 265—269). 

If we make 6 = a, we get, from (31*1), 

n ' +1 . rn . m / my*'" 1 

so that the probability that the set will not end in n games is 

. 2s + l 


1 — 2 *Jpq cos 
rhir 


rn 
a + b 




a +b 

2 ran 
sm 


a + b 


n'—l 9 T / *1 + 1 / 2 8 “f* 1 * 

— L^] (- 1 >* sm -T^r 2a w ) 


a 


$-u 


(3M)1 — 8 L i 

(pq) 2 

if we now make jt?« g = we get 


— 2 pj cos n + q 2 


1 [*-?]<- i), (“ s? if* i ’ r )” 


(32*3) 


1 ~nPa~ nQa— ~ % 


. 2 s +1 
sin -=— ir 
2 a 


De Moivre gives the last of these results (loc. dt. Problem lxviii), but instead 
of (32‘2) he gives, if we do not mistake him, 


n. n /A 1)* Sin ———7T fcOS 

— -- 1 


2 s +1 \" 
'2a *7 


/ \- -1 a 

(pq)* 


»-° p* — 2 pq cos —ir + (f 


(loc. dt. Problem lxix). 
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Except for those mentioned above, I believe the results of this paper to be 
new; in the case of the others, the methods by which I have established them 
seem to me to be simpler than those previously used, and to link together results that 
until now have appeared somewhat disconnected. The use of the Incomplete Beta- 
Function, in particular, renders almost intuitive the transition from B ‘s chance of 
losing all his possessions in a given number of games, to his chance of doing so 
ultimately, a transition previously effected only in the case a = oo, and by Ampfere’s 
very elaborate algebra. 

This paper originated from some remarks in Professor Pearson’s lectures on 
Laplace; I wish to thank him for his suggestions and advice. 



ON THE NATURE OF THE RELATIONSHIP BETWEEN TWO 
OF “STUDENT'S” VARIATES (z, AND z.) WHEN SAMPLES 
ARE TAKEN FROM A BIVARIATE NORMAL POPULATION. 

Br KARL PEARSON, F.R.S. 

(1) It is well known that “Student” first introduced the study of the variate 
— Mean of Sample — M ea n of Parent Pop ulation 

Standard Deviation of Sample 

as a method of testing whether a small sample has been drawn from a parent 
population of which the mean has been ascertained*. The method has been 
developed by several writers since the appearance of “Student's” original memoir. 
The value of z will certainly determine whether it be exceedingly improbable that 
the sample was drawn from the supposed parent population, but in my opinion it does 
not justify us in asserting it probably has been, if we find the value of z has a high 
degree of probability. The numerator and denominator of z are—at any rate in 
the proof provided by “ Student,” i.e. selection from a normal parent population- 
independent variables. There is nothing to check their variations being in the 
same direction, and their ratio z may take a very probable value, although indi¬ 
vidually they might be highly improbable as selections from the given parent 
population. Further, if the mean of the parent population be so well known that 
it can be safely used in the numerator, then it would appear that the standard 
deviation can also be safely determined, and we have two variates instead of a 
single one to compare with those of the sample. Such a comparison has always 
seemed to me safer than arguing from a single ratio. But “ Student ” uses his 
formula to compare two samples from two populations. Let these variates be given 
b y x and y with standard deviations and means <ri, o-g, x and y for the samples, and 
Ei, 2a, mi, m% for the corresponding parent populations, x and y may be correlated 
with correlation coefficient in the parent population = p, and in the samples * r. 
Now if x and y both follow a normal distribution, so will the difference of their 
differences from their means. In other words the ratio will be 

_ (* - mi) - (; y -™*) 

Z = - r ss s^srrrr-r ^:. 1 == =r . 

v oi* -1- oy — 2r<7i <ra 

If now we ask whether x and y are independent samples from the same population, 
then we may suppose mi = wij and r«0 to get our result. If they are not inde¬ 
pendent samples, we may put mi — m* but are not justified in putting r = 0. The 
two cases 

,-JLL* and / = y. 

v ci + a% V + o-,* — 2r<ri<r, 

* Biometrika , Vol. vx. pp. 7—8. 
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may lead us to very different conclusions. Both z and get rid of a possibly 
unknown m of the parent population, but the second does not really get rid of the 
unknown r by the simple process of finding the standard deviation of x — y. The 
wide range of the coefficient of correlation r in small samples from a population of 
correlation p is well known, and appears only to be screened in taking the standard 
deviation of the difference. It seems necessary therefore to be sure that our two 
samples are wholly independent before using z . If they turn out not to be, i.e. if m i 
is very improbably equal to m 2i then we certainly are not justified when dealing 
with correlated samples in using z* where mi is put equal to ra*. 

We may illustrate this in the following manner by asking whether the older 
generation is of less stature than the succeeding generation. We take a sample of 
fathers and a sample of sons, not sons of those fathers, and find z is sufficiently 
small for it to be probable that Wi = m 2 . We now take the fathers and sons to be 
correlated individuals, and find owing to the term in r, that z ' is so large that it is 
unreasonable to suppose that may be put equal to m* in the case of sons of the 
same fathers. It will I think be clear that z 9 cannot determine what will happen 
in the case of z . For example, if we test for the relative effectiveness of two drugs 
or two methods of factory production on the same groups of individuals and find 
a significant difference, we have not obtained evidence that there would be a 
significant difference had the same drugs or same methods of production been 
tested on different groups of individuals*. 

Notwithstanding the need for caution in the use of z , and the undesirability of 
exaggerating the efficiency of z tests, it seemed to me worth while to inquire into 
the relationship of two variates measured by “Students” ratios. 

(2) Correlation Surface of z x and z%. 

Using the same notation as in the preceding section we take 
*1 = (£ - mi)/(ri , H = (y - m*)/** , 

and we suppose the normal parent population defined by m lf m 2 X , 2* and cor¬ 
relation p. For brevity we may write s x =* 2 X Vl — p a /\/n, « 2* Vl — p % j*Jn, where 

n is the size of the sample; r will represent the correlation in a particular 
sample. Z will denote the ordinate of any frequency surface or curve and Z 2 a 
constant independent of the variates of the particular sample. The constants of 
the square brackets following a frequency curve denote the appropriate element of 
volume. The correlation surface for the five, variables x, y, a lf a 2 and r is 

n ((x-mj* Zpjx-mJiy-mJ (y-m a )*) 

v “ SiS* V J 

n ferx 6 2rp< ^ <r 2 a< | n-4 

xe ~ 2,s s 2 [dSdydatd<r t dr] 

. (»)• 

* For further illustration see Biometrika , Vol. xxn. pp. 368—270. 
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We will first integrate this expression with regard to r between the limits — 1 and 
+1. The result is given as Equation (v) of Biometrika, Vol. xvix. p. 177, and sub¬ 
stituting for a! — mi and y — m *, we have * 


i / (l+siVi 8 _ + (i+V) gy 'X 

— 7 ' P , i \ *i a «i*« »i“ ) 


Z=Z g e 


{Wt)' 


,n-l 


v /i , g? _ . p* 

V 1! (2n — 2)2!(2» -2)(2n + YfstW + "‘ 

+ p] (2n — 2) (2n + 2) (2n + 4p - 6) + ") •••(“)• 

To obtain the surface of frequency of z x> z 2 we need to integrate this for cr x and a 2% 
from 0 to oc in both cases. It is necessary first to expand the exponential term 
P Z 1*2, 


-<ri* 2 


, and we have 


Z = Zq 6 9 


1 ~^" g i 8 „ a _ 11 £ * n 2 


=D ['©*©]• 


-*p*crjpjTp _1_ 

Lo p ! (2 n - 2) (2n. + 2) ... (2 n + 4 p 

Take V\ = ^ o\, i-'j = J ^ cr a *, then dv\ = aidai *^ = Xi — — l , say, 

#1 >^2 8\ Si 

j , , 1 + zf 0*2 dtr 2 

and av 2 = (T 2 dar 2 —s— = X 2 -, say, 

$2* S 2 $2 

Z=Z'{» lSi ye- v '- v ' 8 s 2 p,+2p+n -\z lZt y ^ 

Jj'-Op-O p Ipl 


Vl i(p' + ^ + w-2) Va 4(j>' + 2p + w~2j 


X (2w — 2) (2n + 2) ... (2n + 4p — 6) * ^4 (p ; + 2/> + n) ^4 (p'+ 2p+ n) 

Integrate for v x and v 2 from 0 to 00 , and we have for the surface of frequency of 
z x and z 2 

z = Z 0 ' (si«2> n £ s 2 *' +2 * +B - 2 

v r , (i(?l+2p + ")) 


p'-»0 p«-0 

X 


p\p 


( 2 n — 2 )( 2 n + 2 )... ( 2 »^ + 4 p — 6 ) (X 1 X 1 ) 4(p ' +2p+ ”> 

We may write this in a somewhat different form, namely: 

v /, . 2 , p , (|(p > + n)y 2*/> 4 ft(j/ + «)) l (HP , + «) + D* \ 
\ l!XiX*(2n-2) 2!(X 1 X a )*(2n-2)(2w+2) + ”7 

x ^ (j (P'+ n), i (p'+ w), i (n - i), • 

* Z 0 '= 3 iT o B( 4,4 (n- 2 )). We shall however pay no attention to the changes in the constant Z 0 . 



408 On “ Student's ” Variates s, anrf a. 


But by Euler’s transformation of the hypergeometrical function 

r(h </+»).*<p'+»)■ K- 1 ). sSJ - 0 - 

x J (p' +1), — i (p' + l), H B —1)> • 

and accordingly 

„ 5 r*(i(p' + n)) f2pz t z t JXyXiY’ 

° (\i*t-p')U* +1) P*o p'- 

x f(- i (p' +1), - * (p' +1), Hn -1), ^), 

or, substituting for the Vs, 

7 _ 7 „ / (i+^)(i+V) 5 r»q<y+»» /2 P Wa+? kT+ v)y' 

0 V ((1 + V) (1 + V) -p*) n+i A p'! Ui+V)lf +&'-? ) 

* *’(-£(/+ 1 ),-H/+ 1 ), un-n ( - i + -^Ti .';?)) - (iii) - 

When p = 0, this reduces, as it should do, to 


7 — 7 n L v 1 

0 a+^)* n (l + *a a )* n ’ 

for the case of Zi and z% independent. 

I have not succeeded in reducing (iii) in the general case to any more concise form, 
and it appears too complicated for any numerical reduction for particular values of 
n and p. I leave it in the hopes that a stronger algebraist may possibly achieve 
something with it. We need not, however, despair of learning something about the 
nature of the Z\> z% frequency surface, for we can calculate its principal characters. 
I shall now proceed to determine (a) the coefficient of correlation of z\ and z% y 
(b) the regression curve of z\ on z$ f and (c) the scedasticity of the arrays of z\ for 
a given z%. 


(3) Determination of the Correlation between Z\ and z&. 

We have seen that the frequency surface of r, <ri, <t*, W, y is given by 


i n j^-wh) 3 , (y-ros) a | 

z-z a >. *w1 " “s? f 


xe 


(oi 0 , *) n ~ a (1 -r 2 ) 2 , 


with the element dV of “volume” *= dwdyd<rida%dr. Now to obtain the correlation 
of zi and z% we need, if N « number of samples, 
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or the product moment of e it z t , the integral being taken over the whole of space. 
But 

7 (•+00 r+co a ” Ji s - m j) a _ ?dh ”*» Hg- w » ) + 

p "-f , LL* v l 

x dxdy (x — rtii) (y —wij) 

fee fooN-l - 4 f* .3 + llj- »-4 

xj J j e p SlSi * ia ’ (o'jo-j )" -8 (1 — r 2 )* d<Tida t dr. 

Now the integral with regard to dxdy can be taken at once. It is 


Hence 


Ar°2Wl-p*p 


27 t Vl — p* —X p — 

n r n 




0 yo J-l 


(<7i<7|) n ~ 3 (l-r*) a daxdatdr. 


But if 7 = - r^- 5 p^> then the [ e yr (1 — r*) 2 dr is known to be # 

1“P •/-I 

B {^’ ~J~) ( 1 + ^ 2^r^ + 2l(2a-2)(2n + 2) + ‘'‘ 

+ £ 1 . _ \ 

p\ (2m — 2) (2n + 2)... (2n + 4p — 6) 

Hence, writing as before. «i = Vl— p®Si/v , M, «» = Vl — p t % t J^/n, the second integral, 
I t , in the value of P tlH reduces to 


*(»•*§ 

x (i + e* (PifA* . L . pi f^A*.. .1 

\ 2n —2 2!\*icV 2 / (2 ?i — 2)( 


_ 

pl\$i8i/ (2 n~ 


p ! \ Si8* 7 (2n - 2) (2 n + 2)... (2n + 4>p — 6) 


2) (2n + 2) " * 
\ dcr i dcr| 
" / *1 H ’ 


Now put 
and we have 


err ! cr 8 - 

—j=^* 


/a - £ (i, ^ 2 ^) (#i«a) B_ * f n J g 2 n ~ 4 e~ v i~ v >(v 1 v») * 

v , (2p)* (2p)*_ 

V If 2 n- 2 + 2 ! ( 2 n- 2 )( 2 « + 2 ) + " 

+ ( ‘p r (2n- 2)(2n + 2)... (2n + 4p - 6) + ‘ ”) dVldv ' 


Biometrika , Vol. xvn. p. 177. 
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*"‘B (i. ” ^) (r* (^) 

+ 2! 1 V 2 J(2n — 2)(2n + 2) + '' ‘ 


(2n-2)(2n + 2) 
» fn — 2 + 2»\ 


, (2p)^ 
i> ! 

» — 2 \ 


+ ~>! (2w-2)(2» + 2)...(2n + 4p-6) + 




( n ~ 2 ) 

r 1 +wi 

fn-2\ 

’(I) 

,* . 1 . 

V 2 J 

' 2n-2* 2! 1 

l 2 J 

1 (2n — 2) (2n + 2) 


/u - 2\® fn\* (n + 1\* (2p)®_1_ 

V 2 / \2/ \ 2 / 3! (2«-2)(2n + 2)(2n + 6) 

?--i, 41.4 

But by Euler’s Theorem 

JP(a, /9, 7, #) = (1 - x)y-*-f*F(y-a, 7- ft 7, p 2 ). 

Accordingly 

/, = 2«-®5 (i, n J 2 ) (W^r 2 (^) (i - P 2 )'”- S ^ (*, i, ~, p* 

Thus we have 




i-Mi’ 

n-s / 


We must now find Z Q from the relation 
N = jzdV 

- -V_V_ r® r® r-H »-4 

= Z 0 2tt\/ 1- P *^=* x (<riOt ) n ~ t (1 — r*)“ 

w Jo J 0 J —1 

/V feggifg 1 vJN 

x e *1-Vw 2,2, 2 a V daidtT t dr. 

The integration with regard to r gives the same result as before, and the sole 
difference is the term (<ricr s ) n_! instead of (o’io’j)"-®. Accordingly 

N — Zo2ir ^ (i, ^=- 2 ) 

+ I"l(w*) (2»-8)(2» + 2) + '") «“*(*) a! d («)' 
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Or, making the same transformation as before, 

z 0 2tt vny ^ (8 lSt T-'B 2 n_a 

f« /•» n-3 / 

x I J (»jVj) * ( 

(2p) 2p 


,Hz? / (2p) s «i«*_ (2p)« 

■*•1 4 » A rt * T “ 




1! 2w-2 2! (2n — 2) (2n + 2) 

1 


+ ... 


+ ' p ! (2n - 2) (2a + 2) ... (2n + 4p - 6) 


... ^ dvidvt 




( /«-1\ (2p) 2 V 2 j , (2p)‘ V 2 l 

V v 2" 7 1! 2n —2 _r 2! (2«-2)(2» + 2 

p (*y-) 


“ * vr! > (l ■ ^) 2- ,r * ("i 


Vl - p‘ 

! 

X 


2) (2n + 2) 

71 + 5 ^ 

(2p)« 

3! (2a — 2) (2» + 2) (2n + 6) 
n — 1 
2" 


-) 


Thus 

Or 


/ n — 1 p a n — 1 n + 1 p* n — 1 n +1 n + 3 p® \ 
{ 1 + ~2~ n + ~2 ~~2~ 2l "* 2 2 2~ 3i ’ / ‘ 

*«it(W.b(*, ”y 2 ) 2 n “ 8 r 2 




(1 - p 2 )"/a 
JV(1 — p 2 )"/ 2 


2^ ( Sl s t rB (i, 5-_*) 2»- 2 P (JL-i) 
Returning to Equation (iv) and substituting we have 

P^ = hpF(hi, "i 1 .p a ) r 2 (^)/r a ( 

But wc need to divide by <r Zi x to find r 2lZa . Now * 


.(v). 


7Z — 1 


Accordingly we have 


** V 71 — 3 


r a _?) 

/t-3 V 2 J 




* / rr ' i i w- 

2 ’ p 


I"( 

71—2 

2 

) 

& 

) r ( 

n-3\ 
3 J 




.(v). 


See Biometrika , Vol. vi. p. 12. 
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TABLE 1. 

Correlation of zi and z%for various Values of p and n. 


Samples of n. 


n = 

4 

5 

6 

7 

8 

9 

10 

11 

12 

pm . 0*0 

*0000 

•0000 

•0000 

*0000 

*0000 

•0000 

•0000 

*0000 


0-1 

•0638 

*0786 

•0850 

•0884 

•0906 

•0921 

•0932 

•0940 

•0946 

0*2 

•1282 

•1579 

•1705 

•1773 

•1816 

•1845 

•1867 

•1883 

•1896 

0*3 

•1940 

•2384 

•2570 

•2671 

*2734 

•2777 

•2808 

•2832 

•2850 

0-4 

•2620 

• 3*209 

•3453 

•3584 

•3665 

•3720 

*3759 

•3789 

•3813 

0-5 

•3333 

•4063 

•4360 

•4517 

•4614 

•4678 

•4726 

•4760 

•4787 

0*6 

•4097 

•4960 

•5302 

•5480 

•5587 

• 56 h 8 

•5709 

•5747 

•5776 

0-7 

•4936 

•5919 

•6293 

•6482 

•6594 

•6667 

•6718 

•6766 

•6785 

0-8 

•5933 

*6976 

•7357 

•7541 

•7646 

•7713 

•7760 

•7793 

•7819 

0-9 

•7129 

•8204 

•8540 

•8687 

•8766 

•8814 

•8847 

•8869 

•8887 

1*0 

1-0000 

1-0000 

1-0000 

1-0000 

l'OOOO 

1-0000 

1-0000 

1-0000 

1-0000 

n— 

13 

14 

15 

16 

17 

18 

19 

20 

21 

p = 0-0 

•0000 

*0000 

•0000 

•0000 

•0000 

•0000 

•0000 

•0000 

•0000 

o-l 

•0952 

•0956 

•0960 

•0963 

•0965 

•0968 

•0970 

•0971 

•0973 

0*2 

•1906 

•1914 

*1921 

•1927 

•1932 

•1937 

•1941 

•1944 

•1947 

0*3 

•2865 

•2877 

•2887 

*2896 

•2903 

•2909 

•2915 

•2920 

•2924 

0-4 

•3831 

•3847 

•3859 

•3870 

•3879 

*3888 

•3895 

•3901 

•3906 

0-5 

•4808 

*4826 

•4841 

•4853 

•4864 

•4873 

•4881 

•4888 

•4894 

0-6 

•5799 

•5818 

•5834 

•5847 

•5858 

•5868 

•5876 

•5884 

•5890 

0*7 

•6807 

•6826 

•6841 

•6854 

•6865 

•6875 

•6883 

•6890 

•6896 

0-8 

•7839 

•7855 

•7868 

•7879 

•7888 

•7896 

•7903 

•7909 

*7915 

0-9 

•8900 

•8910 

•8919 

•8926 

•8932 

•8937 

•8941 

*8945 

•8948 

1-0 

1*0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

l *( XXK ) 

1-0000 


22 

23 

24 

25 

26 

27 

28 

29 

30 

p ~ 0-0 

•0000 

*0000 

•0000 

•0000 

•0000 

•0000 

•0000 

• 0 ( XX ) 

•0000 

o-i i 

•0974 

•0976 

*0977 

•0978 

•0979 

•0980 

•0980 

•0981 

•0982 

0-2 

•1950 

•1952 

•1955 

•1957 

•1959 

! - I 960 

•1962 

•1963 

•1965 

0-3 

•2928 

•2932 

•2935 

*2938 

•2941 

•2943 

•2946 

•2948 

*2950 

0*4 

•3911 

•3916 

•3920 

•3923 

•3927 

•3930 

•3933 

•3935 

•3938 

0*5 

•4900 

•4905 

•4910 

*4914 

*4918 

•4921 

•4924 

•4927 

•4930 

0*6 

•5896 | 

•5902 

•5906 

•5911 

•5915 

•5918 

*5922 

•5926 

*6927 

0*7 

•6902 

•6907 

•6912 

•6916 

•6920 

•6923 

•6926 

•6929 

• G 932 

0*8 

•7919 

•7924 

•7928 

•7931 

•7934 

•7937 

•7940 

•7942 

•7944 

0*9 

•8951 

•8954 

•8956 

•8958 

•8960 

•8962 

•8964 

•8965 

*8966 

1*0 

1-0000 

1*0000 

1-0000 

1-0000 

1-0000 

1-0000 

1-0000 

1*0000 

1-0000 


50 

52 

100 

102 

400 

402 


oc 


p = 0’0 

■PM 




■ill 





0*1 


•0990 

•0995 

•0995 

•0999 

•0909 


■ EZS1 


0*2 

•1980 

•1980 

•1990 

•1990 

•1998 

•1998 

*1999 



0*3 

•2971 

•2972 

•2986 

•2986 

•2997 

•2997 

*2999 

' : . 


0*4 

•3964 

•3966 

•3983 

•3983 


•3996 

‘3998 

' . . 

4 

0-5 

•4960 


•4981 

•4981 

•4995 

•4995 

•4998 

•5000 


0*6 

•5959 


•5980 

•5980 

•5995 

•5995 

•5998 

•6000 


0-7 

Mm pm- 

•6963 

• 6981 , 


•6995 

•6996 

•6998 



0-8 

•7969 

*7970 

•7985 

•7985 

•7096 

•7996 

•7999 



0-9 

•8981 

•8982 

•8991 

•8991 

•8998 

•8998 

•8999 



1*0 

1*0000 


■l'OOOO 




1*0000 
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But by Biometrika , Vol. XI. p. 336, the mean value of a correlation coefficient in 
samples of n is given by 



Change n to (n — 2) and we have the result that: The mean value of the correlation 
coefficient in samples of (n — 2) from a parent population of correlation p is equal 
to the correlation of z x and z 2 in samples of size n from the same parent population . 

This is a somewhat remarkable theorem; it enables us at once to provide values 
of r 2%tt from those already calculated for f n . These are given in Table I. 


(4) Determination of the Regression Equation. 

A knowledge of the correlation coefficient of z x with z 2 is, however, of small 
service, if, the regression being non-linear, we have not some measure of its approach 
to linearity. We will therefore find the true regression of z x on z%. 

Let z x be the mean value of the array of z x for a given value z% of z 2 . We have, 
if n H denote the frequency of the array of z x s for the given z 2t 

r-f-oo r oo foo 

n h x 2, = I Zzidaidatdzi, 

J -00 Jo Jo 


where Z is the ordinate of the frequency surface. Hence 


r» r mo -hU’i- /*»?)'- 

n z x zi - Z 0 \ dai da 2 e ' 1 - 

Jo Jo J-® 

X e 4 ~ - pz 2 pi + pz t p') (o-jff,)"- 1 Qdz, 

ai\[ *1 #a) «a/ 


where Q is the series 
1 + 


pV,W _p 4 cr/<7 a 4 

1! (2 n -2) s x V 2! (2 m - 2) (2n + 2) s^s* 4 


pflp < t, 8 p 


p ! (2n - 2)(2n + 2)... (2n + 4p- 6)s 1 ^s i t » 


+ .... 


Writing *e a = 1 + z £(1 — p a ) and Zi~ — pzt — = u, we have 

8 » 

n lt xh = Z» jj dai da t J + °°e" 4 “*^(u + p^p)d«(c, <ra ) n!_1 Qe " 4 (*? + ’) 


But 


j: 


^ e 4 ** du = V2 tt. Thus 


e 2 udu 0 and [ 

J -OO 

00 2 4^4 * 

* 2i = [ d<r x f der% pt% ~ — (<ri eri) tt ~ 1 Qe * ,a e f# 

Jo Jo 0*1 *2 


Biometrika rxu 
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Now pat } -i m Vi and ^ — v% and we find 


n„ 




~ V 1 - V « 

pZf e e 
i o Jo 

n “ ** -1 + 9p 


p-0\*/ 


2 ir, 2 dVjdv* 


, 7 */»= ®iJ^ n o n_l p "o® /2p\* 2 VJ~ 

• «*« 2 <“*,£,(«) pl(2»-2)(S 

'VS^rVr^rfi!)^ 


p 1 (2n - 2) (2n + 2)... (2» + 4p - 6) 

s°(*e\ tp i r (~'3~ + p ) r (~j~ +j> ) 

-oV*/ p\(2n — 2)(2n + 2) ... (2n + 4p — 6) 
/n-2\ „/n+l\ /. D*\-* n 


-V/BgfrWfr 2 ) *■(¥)(>-$)' 

by Euler’s transformation, 

-^SSrW-r (i^- 2 ) r (”-±i) (x - £) 

2). 


It remains now to find n f| . We have 


(I JO J -a> 


Z deader %dz x 


CO foo f + co - J 


(?-*?)■ 


_ 4 v -4^\» 

e *>*« *»* Q(cr 1 <T it ) n_1 dcrida^. 


Integrating out for d^, there results 

/ f 06 f ® Si " i Ti -It* 8 

n„«Z 0 \/2wl I - 1 * *> « *» s 


0 JO O’! 


Changing again to t>i and v% we find 


Q (ffi«ri) n-1 da* d<r*. 


«- 2 , 


. -7,/vo H *!Vrr/\' , '?W 1 «i ». 2 dv x dv % 

H Z ° 22 «" Jo J(. fU) p! (2n - 2) (2n + 2)... (2n + 4p — 6) 

or ./S= o’*"* c A>\* 1 r ("T" + r (2 + P ) 

= Z 0 V2w2 

«z 0 V2w2 n - t ^r(tr_ 1 ) r g) 

( » —In »-ln+ln/» \ 

t . _ 2 2 (2p\* . 2~ ”2“ 2V2 + 1 ) (2 p\« . 1 

1 + ft(i»-i)U/ + ~2"!(in-i)(in + 2) UJ + ”7’ 


x\ 1 + 
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The series reduces to 

1 + 2 *,+ 

2 K' 

Thus 




1.2 




p*\~i* 


H - r (*-^).r (!) (1 - gr. 

Dividing (vii) by (viii) we reach, on substituting for k * 




3 (*-2) l 1 “ n -1 1 


+ (1 - />*)*»* 


1).(“)• 


Vl+(l- P *)*** 

This may be put into the simple form 

2,= 7 (l + -I— TT^TT^t) .(ix)**. 

«-2 1 + (1 -p*)*»* / 

This is the regression equation of Z\ on z % . 

We see that if n be finite it is by no means linear. As n grows indefinitely 
large, it tends to 

s _ 

1 Vl + (l-p a )* 2 a ' 

but, if we remember that the standard deviation of * 2 is 1 /Vn, — 3, z 2 a will be negli¬ 
gible before z 2 , and accordingly we have 

n-+ 00 , zx-**pz 2 . 

The form of the curve is algebraically somewhat complicated. It has a point of 
inflexion at the origin and for asymptotes has the horizontal lines 

n -1 p 

Zl= n-2Vf^y‘ 

There are further points of inflexion given by 


(n-l + 2p a )(l-p a )’ 
but these will be imaginary if n — 1 > 3p a , which it will be if n * 4, and for practical 
purposes it is hard to conceive a problem where correlations could be based on 
samples of 2 or 3. The tangent at the origin, i.e. that at the point of inflexion, is 




H — 1 


n-2 


■ pz t 


.(x). 


If n — 1 > 3p a the tangent (x) does not meet again the curve (ix). The general 
form of (ix) is given diagrammatically in Fig. 1 on p. 416. 

Clearly linearity increases more and more as n approaches nearer to infinity. 
Our figure of the regression line is drawn for the case when n is * or > 4, and 
accordingly the two other points of inflexion vanish. 

The accompanying Table II, prepared by Mr E. C. Fieller, indicates how, for 
various values of p, the ordinate z% and the size of the sample n, the mean value of 
iu differs (i) from the z\ of the tangent at the point of inflexion, and (ii) from the 

27—2 
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line z x = pz t , the regression straight line. Three values of z% are taken respectively 

equal to once, twice and thrice the standard deviation, - ~ , of z %; these will 

yti — 3 

cover the really important part of the regression curve. It will be seen that the 
deviation from linear regression can be fairly considerable even for a sample of 50. 




(5) Scedasticity of Arrays. 

We shall now show that the arrays of z x for a given value of z 2 are hetero- 
scedastic. In order to obtain the variance of an array we require first to determine 

r + co r co f oo 

x = I Z z?dz x da x da % 

J -oo Jo JO 

= Z 0 (“da, [" da t re-i u! (u + p z^Ydu a 4Q 
Jo Jo J- oo \ #*/ 

x (wtT-'e v ) t 

the symbols having the same significance as on p. 413. Hence 

«*, x *m'mi = Z « f f dor * (l + p*z a * y*) yjj x (triff ,)”- 1 

Jo Jo \ OJ / <T\ 


00 

x S 


p -o p! (2« - 2) (2n + 2)... (2m + 4p - 6) a^af* 


. C? 


W 1 J2*r.m+r 



TABLE n. 

Regression Values of 2 * on Z\. 
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2*p 


fr 1 ) 


(2ot — 2)(2» + 2)... (2» + 4p — 0) p^n -1 | ^ ’ 


x5 


r C-j- 8 +?) 

r lT^) 




t 2 p‘t,' T {" 2 H 'g) r (l+? + 1 ) 

'■ r (”~ ♦,) 




But 


thus 


vk 2-* r (i^ 1 ) r (!) (i - g)-, 

. ('-ava+'Kv! 




p ^ o («-3 +2p) WV p! 


2 (i + (« + 2p)pV 

pir + *» 


) 


We have two series to consider, namely 

r (! + ") 


8- 


° r(^(n-3 + 2p) 

r 


feYl 

\K*) pi’ 


and 

The latter 


s' W + 2 P 
o (n - 3 + 2p) 


G +p ) f p*f i 

,#V pV 




s r (i +|l ) /pYi 
1 r ^ p ! 


® 3 

+ 8 


r (H 


eVI 


p! o («-3 + 2p) \«*/ jpI 


( 1_ S?) 


+ 38 


■s^y 


pv i 


0 (n-3 + 2p) p/n^ V**/ pV 





Karl Pearson 


419 


Thus we have, if we write the first series 2, 


"A... -^r+i 1 -ff (> + ~r) s . 

v_, 1 . P* ■ j»(|n + I)p* 

n-3 + (n-l)l!* 4 (« + l)2! ac*' 1 ’'” 

- J u n ~* ~ "i w *) ^ du .(xiv). 


The series for 2 converges, sinoe if t 9 be the pth term 


W * (^ + o7 


V n+p/ 


and the first factor can be made to approach as near to unity as we please by 
indefinitely increasing p, the second and third factors are always less than unity; 
thus the series approaches a geometrical series of radix p*/# 8 . It converges, however, 
far too slowly to be of service for computing. We need to transform the integral 

into a more rapidly converging series. We put ^ u % ■» =-, and find if Vq be given 

fC 1 T V 

by that 

J k* 1 + w 0 

u n ~* ^1 — M*j * du 

Integrating by parts, raising the power of v, we find 

* - 4 s ra+%>• v? (> - 4 i r4* - 5^FT, (r?s)’ 


- 

1) \1 + Vo' 


1.3 _ f Vo \ 8 _ 1.3.5 _/ v 0 \ 4 \ 

1) (n. + 1) (n + 8) \1 + iv (n - 1 j (n + 1) (» + 3) (« + 5) U + v 0 / 6 / * 


a sufficiently converging series for practical purposes. 
Substituting for v 0 we have 


3 


1 (i 1 P*_i_ Pi 

^ _ ply?' n_1 ** («-i)(«+i)* 4 


1.8 p • 1.3.5 p® 

(n -1) ('» +1) (n + 3) ac® (n - 1) (« + 1) (n + 3) (n + 5) *® 

11*, 

- —--rrs X S. say. 

(> £4 

Accordingly we have from (xiii) 


®-).(*v) 


(i+4s o - *) + 4 s (> ■- a*.<-">• 






TABLE HI. 


Measurement of the Scedastidty of Z\for a given s t . Exact Value and Approximations. 




P- 

•2 



/>= 

•4 



True ^ 

Formula (xxi) 

V n-8 

Jlzl 

V n-8 

True o-ifj.jr, 

Formula (xxi) 


JIE? 

V n-8 

Umm 10 

Ify/n-li 

•371586 

•371645+ 

•37132 

•370328 

•351067 

•351273 

•35024 

•346410 


•376630 

•375679 

n 


*366949 

•367142 

11 


3 !*Jn - 3 

•379065+ 

•379106 

» 

»i 

•381290 

•381670 

11 

” 

»*= 50 

l/Vn-3 

•142981 

•142981 

*14298 

•142918 

•133923 

•133923 

•13392 

•133687 

2/\/»-3 

•143318 

•143318 



•135195“ 

*135195+ 

ii 

>» 

3/\/n^3 

•143802 6 

*143802 6 

» 

ii 

•137055“ 

•137055+ 

ii 

»» 

w = 100 

ljh/n-3 

•099504 

•099504 

•09950+ 

•099483 

•093136 

•093136 

•09314 

•09:1058 

2 /\AT ~ 3 

•099622 

•099622 

»♦ 


•093581 

•093581 

ii 

11 

3/Vw~3 

•099805+ 

•099805+ 

» 

ii 

•094274 

•094274 

ii 

11 

=500 

l/Vn-3 

•043952 

•043952 

•04395“ 

•043950“ 

•041118 

•041118 

•04112 

•041111 

2j»Jn- 3 

•043962 

•043962 

h 

ii 

•041157 

•041157 

n 

ii 

3/V» -3 

•043979 

•043979 

ft 

a 

•041222 

•041222 

” 

ii 



P = 

■6 



P~ 

*8 


w-10 

l/Vw-3 

•311304 

•311647 

*31032 

•302372 

•238098 

•238426 

'23839 

•226779 

2/Vn^i3 

•346172 

•345559 

» 

ii 

•288839 

•289299 

ii 

ii 

3/Vw-^3 

•379422 

*379827 

» 

ii 

•350873 

•351495“ 

a 

ii 

71 = 50 


•117150“ 

*117150+ 

•11714 

•116692 

•088122 

•088122 

•08812 

•087519 


•119685“ 

•119685+ 

11 

ii 

•091570 

•091571 

11 

n 

3/%/n - 3 

•123502 

•123503 

11 

ii 

*096991 6 

•096992 

1> 

i» 

7* = 100 

l/V»-3 

•081380 

•081380 

•08138 

•081228 

•061123 

•061123 

•06112 

•060921 

2/V» — 3 

•082260 

•082260 

n 

n 

•062307 

•062307 

a 

M 

3/\Zw-3 

•083653 

•083653 


ii 

•064225+ 

•064225+ 

a 

11 

»*600 



l/\/»-~3 

•035897 

•035897 

•03590 

•035885“ 

•026931 

•026931 

•02693 

•026914 

2J\/n~-3 

•035976 

•035976+ 


H 

•027035“ 

•027035“ 

» 

>i 


•036103 

•036103 

»» 

11 

•027206 

•0272QJ8 

»» 

»» 
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and for the variance of the array of z{a for a given z t by (ix) 

i l+ „4- s (i -£)*'- gE-i)’(i - ,r- i S‘} + »- 3 (‘ ■- £) s ' 


A 


.(xvii). 


It is now possible to compute cr Zx , Zt for given values of p , z% and ?*, remembering 
that S' is given by 

1 p 4 1.3 


. \ £ _ A_ . £ _ __ 1 •»__. £ 

~ ft—l # 2 (7i — l)(?i + i)# 4 (n — l)(ft + l)(ft + 3)* 6 


1.8.5 


and that 


(ft — 1) (n + 1) (ft 4- 3) (w 4* 5) * 8 


— etc. 


.(xviii), 


It is clear, however, that g\,z % is a fairly involved function of z 2 , or, in other words, 
the system is far from homoscedastic. Table III gives the true values of <r Zl .t % for 
selected values of p, z% and n in the first column of each section corresponding to 
a given p; in the third column is given the homoscedastic value, i.e. 


a *i 


Vn — 3 


VI -r* tl29 , 


where r ZlZ% is the correlation of z x and z 2 , and in the fourth column the homo¬ 
scedastic value 

r ' = 1 jtztz* 

*’ H fcs p ’ 

where p is the correlation in the parent population. Finally in the second column 
is given the approximation to <r Zx , t% now to be found, where we assume that terms 

of the order 7—^774 may be neglected. 


(71 — 3) 4 

To find an Approximation for in terms o/l/(ft —3). 

We first find 2i a , 

*-© , <-5D , K4i©T 


Now 




_ 1 _ o__ 

3 (n-3)* + (w-3)*’ 


and 


(1 _ j_ „ 1 _ JL el+ _J_ e 4 

\ B-lW n — 1 ** + (« — l )** 4 

_ 1 _ el . 1 e! + ( 2 +el \ 

~ L n—3** + (»—3 )*ac* v + (»- 3 >»*n + *V‘ 
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On “ Student'8” Variates «, and s. 


Combining these we have 




In the same manner we find 


{rb? $(*-$)) <“> 

Substituting (xix) and (xx) in (xvii) we reach, after some reductions, 

2 1 (1-P 8 )(H^ 

n-sa+a-V )***) 1 

( i ,1 -rfdV) i p«(p»-h2(i^p»)(n-(i + ^)V)) 

( w-3 p l+(l~V)*a* (n-sy ... 

.(xxi). 

This is the expression of o* Xl , H up to the third order terms in-^. 


It will be remarked on examination of Mr Fieller’s table, Table III, that after 
n « 50, the approximate formula (xxi) agrees with the true value of <r Zl . Zt practically 
to a unit in the sixth decimal place. For statistical practice it is really efficient down 
to n = 25, i.e. it will only differ in the fifth decimal place. For lower values of n it will 
be needful to evaluate the full series 2' of formula (xviii). We note further that 
the distribution is not adequately homoscedastic even for n = 500, the distribution 
of Z\ for a given z 2 continues to increase in variability as we increase z 2 . Of the two 
suggested formulae for homoscedastic values that for which we. use the correlation 
of z x and z% gives a better result than that for which we use the correlation of the 
parent population. 

Clearly the non-linearity of the regression and the heteroscedasticity of the arrays 
are not in favour of using z 1 and z% as variates in samples drawn from a parent 
population with correlated variables. The investigation of the probability that an 
observed z t should be associated with an observed z 2> if the parental population 
had known means and a given correlation, would require much arithmetical labour. 


I have to thank heartily my colleague Mr E. C. .Fieller for his help in the 
preparation of this paper. 


* This Equation for samples of 25 and over will give very accurately the mean value of for a 
given 




MISCELLANEA. 


X. Note on Teste for Normality. 


In an earlier part of the present volume of Biometrika I have given certain approximate 
tables of the 6 °/ 0 and 1 % points for >1 fa and fa in sampling from a normal population. The 
results were based on expansions in series of inverse powers of w, the sample size, which it 
had been possible to derive as far as the terms in n“ 8 *. Since the publication of this paper 
Dr E. A. Fisher has been able to obtain exaot expressions for the moment-coefficients of the 
sampling distribution of these two constants in the case of a normal population t. The quantities 
with which he deals are 


.w. 


and from these relatione, and making use of the value of «(4 4 ) given above by Wishartf, it is 
possible to obtain the following results: 

Distribution of «/ft. 


j) ( 9 .) 

V*. (»+l)(»+3) . {) ' 

n ,jfT\ ? i 36(»-7)(»»+2»-6) 

(Vft)-3+ ( -_ 2) (n+5)(n+7) j n + 0) .(3), 

_ /- 640{» T +60» # —131w s —2798» 4 —3629» s +21352» a +32943»-70070} 

+ (« - 2)* (»+5) (w + 7) (n+9) (« +11 j (»+13) (n+16) •" W ' 

Distribution of fa . 

Mean ft-.(5), 


q 24 n (n - 2) (n - 3) 

®A"(» + l)*(»+3)(»+5) . 

- . 216 (»+3) (»+6) (» a — 5» + 2) a 

1 n (»— 3) (n- 2) (n+7)*(»+9)*. 

36 (15»« - 36n» - 628» 4 +982» s +B777»* - 6402»+900) 
ft(ft)-3+ n(n- 8) (» - 2) (n+7) (»+9) (n+11) (ra+18)" 


■( 6 ), 

■(7), 

.( 8 ). 


As a check on the previous work it is satisfactory to find that the expressions (2), (3), (6), (7) 
and (8). give on expansion as far as the terms in w 8 exactly the same coefficients as those 
contained in equations (10), (11), (21), (22) and (23) of my earlier paper. For the standard errors 
of »Jfa and fa the approximate expressions that I had used at n««50 and n—100 respectively are 
identical with the true values to four places of decimals. Further the values of B%(*/fa) are as 
follows: 

n=50 n=75 n—100 

True B t . 3*462 3*361 3*284 

Value used in making tables 3*46 3*36 3*28 


* The results were based on the investigations of E A Fisher, Proc . Lond, Math. Soc . (2), Vol. xxx. 
(1929), pp. 199—288, and J. Wishart, Biometrika , Vol. xxn. pp. 224—288. 
t Proceedings of the Royal Society , Series A, Vol. 180, No. A 812, pp. 16—28. 

X P. 288, Equation (15). 
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And for the distribution of ft: 

7*=100 71=150 w = 100 n=150 

True B\ 1;631 1*192 True B t 6*774 6*826 

Value used 1*63 1*19 Value used 6*86 6*84 

Although I have not refitted the curve, I have little doubt that the error in ft (ft) for n«*100 
could only affect the values tabled for the 5 % and 1 % points at the most by two units in the 
second decimal place, and probably only by one unit. Any approximation which may be found 
to exist will therefore not be due to the use of the first four terms in the series instead of the 
true values of the moment-coefficients, but to the assumption that Type VII and Type IV 
curves may be used to find the two probability limits. This point cannot be completely solved 
until the actual frequency laws for ft and ft have been found. 

Egon S. Pearson. 


II. Some recent Researches in the Theory of Statistics and Actuarial 
Science. By J. F. Steffensen. Cambridge: published for the Institute of 
Actuaries, at the University Press, 1930. Price 5s. net. 

This little volume gives, in a somewhat extended form, the substance of the three lectures 
delivered by Professor Steffensen for the University of London in the spring of 1930, and will 
enable them to reach, as they deserve, a much wider audience. Its modest bulk of fifty-two pages 
is packed with matter. 

Professor Steffensen took as the general subject of his lectures some of the efforts he had mado 
“to introduce more rigour into certain questions of theoretical statistics and actuarial science.” 
In mathematics we have a science which investigates the relations between numbers. Observations 
may contradict each other, but mathematical relations are not allowed to contain contradictions : 
theory must be presented in such a form that the theoretical relations or assumptions contain 
no contradictions. The first lecture is devoted to showing how we may be led astray by neglect 
of this principle. The opening sections make a critical examination of the notion of Biometric 
Function* (Life Table functions). A number of interesting inequalities are obtained, and some 
common but loose modes of statement or assumption, e.g. the assumption of an “oldest possible” 
age at which the l x column abruptly terminates, come in for useful discussion. The author then 
turns to the thorny question of “presumptive values” of frequency constants, taking as an illus¬ 
tration presumptive values of the moment-coefficients. Here we are brought up rather sharply 
by an apparent paradox. The mathematical expectation of the second moment-coefficient about 
the mean in a sample of n is (n — l)/n times the second moment-coefficient in the universe sampled: 
hence the not-infrequently used formula n/(n -1) times the sample value for the “presumptive 
value” in the universe. But the mathematical expectation of a moment-coefficient of any order 
about a fixed origin is identical with the value in the universe; and the value about the mean 
is expressible in terms of the values about a fixed origin. The presumptive values are therefore 
identical with those in the sample. Professor Steffensen concludes (p. 20); “ It appears thus that 
neither of the two systems of presumptive values of frequency-constants...is free from contradic¬ 
tions, and that a strong case can be made even agaiust the time-honoured Gaussian formula 

5ft s= ~~j tw 2 . If, on the other hand, we use the uucorreoted [sample moments] as the best 

available approximations to [the moments in the universe] we are at least sure that no contra¬ 
dictions can ever be met with.” The conclusion is comforting to one who has always worked with 
the sample values. But in this case it looks as if precisely the same assumptions led to con¬ 
tradictory conclusions, and Professor Steffensen does not seem to show how they do so. What is 
the source of the discrepancy ? 



Miscellanea 


425 


In the second lecture the author considers problems of approximation and interpolation. Two 
objects of interpolation are distinguished. When the problem is to find the value of a defined 
function for a certain Value of the argument, the function being tabulated for certain other 
arguments, the problem is one of approximation . When the problem is to fill up in a reasonable 
way a gap in a series of values of an undefined function, the process is more analogous to gradua¬ 
tion and, it is suggested, might be termed intercalation. We are here on different ground, and it 
is a question of “plausibility” rather than “accuracy” of the result. Illustrations are drawn from 
the life-table and again some useful inequalities are obtained. 

Mathematics are also used for describing facts of observation. Formulae used for the purpose 
may be empirical, or may be based on theoretical considerations, and theoretical reasons may be 
given for believing that one formula is likely to fit the facts better than another. Theoretical 
foundations are therefore of importance, and frequency-functions are chosen as the subject of the 
third lecture. Professor Karl Pearson’s methods and those associated mainly with the names of 
Thiele, Oharlier and Bruns are disc ussed and contrasted. One of the earliest pupils of Professor 
Pearson may perhaps be allowed the pleasure of citing from the fifth paragraph of the lecture 
(p. 35): “It is the lasting merit of Professor Karl Pearson of the University of London to have 
pointed out convincingly that the natural source of practically useful types of frequency-functions 
is the elementary calculus of probabilities. What nature does in producing a new individual, 
practically couies to the same thing as drawing from various urns and mixing up the results. 
This explains the great success of Pearson’s types.” And again from the conclusion (p. 48): “We 
are therefore inclined to think that the apparent generality of (28) [the general series] is rather 
a disadvantage than otherwise, and that Pearson’s types are as a rule preforable.” 

Every statistician who is interested in theory should possess the volume. 

G. Udny Yule. 


III. A Problem in Probability. 


Positive quantities x l9 x 9y ...x* are taken at random subject to the conditions 
1 ^1 ^ ^ 2^2 ^ ^ ^ 0 ), 
II a t a i#j -1- 02 « 2#2 + a 3 a 3 x 3 4- ... 4- a n a n x n *= I («<> 0 )* 


What are the mean values of x l9 x 2 , ••• x n ? 


Keprosent the set of quantities x l9 x 3 ,... x n by the point P (x lf x 2f ... x n ) in S n . All points 
corresponding to sets satisfying the given conditions lie in r, the (n — 1 )-dimensional simplox cut 
out by the primes 

/ a x x t = 


( 1 ) 


from the prime 

( 2 ) 


rtjjJFg — a$x jj 


On#* - 0, 


flj 4"»4“ L 


If we omit the rth of equations (1) and solve the remainder with (2), wo get for the coordi¬ 
nates of P r> the rth vertex of r, 

(3) 2 Op (t = l...r), 


»0 


(t>r). 


Subject to conditions involved in I, ... #*-1 may be taken at random, and x n is then 

determined by II. The chance that x x should lie between x x and x x + dx x , between x$ and 
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xt+dx 9 , ... between x n _ t and JC n -. x +dx H „i is proportional to dx x dx % ... dx %mmu which is the 
content of the hyper-rectangle in which the projection of P on #*«=0 must lie. But the content 
of this hyper-rectangle is proportional to the content of the portion of r of whioh it is the ortho¬ 
gonal projection. 

It follows that all positions of P in r are equally likely, so that the mean values x v ... £ n 
of x u # 3 ,... are the coordinates of the centroid of r; thus 

*.-i 5 (>/.. i *)■ 

n rwsB \ f / 

Corollary . If we put a t — a% ■■...« a* « 1 * «i ■» a 2 = ... *a*, we get, for the mean values of 
positive quantities chosen subject to the conditions 

a>*8— 

4?2 + 4? 8 -f ... + #* = 1, 



This is the result that Laplace uses for his theory of voting, when he says*: “Donnons k 
chaque votant, une urne qui renfermo un nombre infini de boules; et supposons qu’il les dis- 
tribue sur les diverses propositions, en raison des probability respectives qu’il leur attribue.... 
Le probl&me se r&iuit done k determiner les oombinaisons dans lesquelles les boules seront 
^parties, do mani&re qu’il y en ait plus sur la premiere proposition du billet, que sur la seconde; 
plus sur la seconde que sur la troisi&me, etc.; & faire les sommes de tous les nombres de boules, 
relatifs k chaque proposition dans ces diverses oombinaisons; et k divisor cette somme, par le 
nombre des oombinaisons: les quotiens seront les nombres de boules, que l’on doit attribuer aux 
propositions sur un billet quelconque. On trouve par l’analyse, qu’en partant de la dernifcre 
proposition, pour remonter it la premiere; ces quotiens sont entre eux, comme les quantity 
suivantes: 1° l’unitd divisde par le nombre des propositions ; 2° la quantity prdeddente augments 
de l’unitd divisde par le nombre des propositions moina une; 3° cette seoonde quantity augmentde 
de l’unitd divisde par le nombre des propositions moins deux; et ainsi du reste.” 

It is worth noticing that Laplace’s wording, as it stands, is somewhat ambiguous ; moreover, 
as Professor Pearson points out, the assumption of equal probability for all modes of division is 
hardly likely to be justified in practice. 


* Mtiai philosophise sur les probabilitys. 
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Laplace insists on his voters’ dividing up all their balls between the various proposals, but 
the result holds without this condition. An argument similar to that used above shows that the 
mean vfilues x t of quantities x t chosen at random subject to the conditions 

I Oj x x > a % x % > a $ x 3 > ... > a n x n (a<>0), 

And IF a x «i x 1 -f a%a%x % 4* Oa«3^ 3 4*... 4* cc n OnX n < 1 («< >0), 

are the coordinates of the centroid of the ^dimensional simplex 0P\P *... P r ... P n * Thus 

so that the generalization of condition II does not alter the ratios of the mean values. 

G. C. Fuller. 
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